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MATHEMATICS

I. A. KIPRIYANOV

ON GÅRDING’S INEQUALITY FOR DEGEN-
ERATE ELLIPTIC OPERATORS
(Presented by Academician S. L. Sobolev on 29 XI 1967)

Let Ω be a bounded domain of the (𝑛 + 1)-dimensional Euclidean space of
points 𝑥 = (𝑥1, … , 𝑥𝑛, 𝑥𝑛+1). Let 𝑚 be a fixed natural number. Suppose that
for every 𝑧 ∈ Ω there is given a real homogeneous form 𝑎(𝑧, 𝜉) of the real
variables 𝜉1, … , 𝜉𝑛, 𝜉𝑛+1 of degree 2𝑚, with: 1) the coefficients of the form suf-
ficiently smooth and uniformly continuous; 2) inf|𝜉|=1 𝑎(𝑧, 𝜉) having a positive
lower bound in Ω. With every such form one can associate the Dirichlet form

∑
|𝛼|=|𝛽|=𝑚

𝑎𝛼𝛽(𝑧)𝐷𝛼𝑢𝐷𝛽𝑢, (1)

where the coefficients 𝑎𝛼𝛽(𝑧) are real, symmetric, satisfy condition 1), and, more-
over,

∑
|𝛼|=|𝛽|=𝑚

𝑎𝛼𝛽(𝑧)𝛿𝛼𝛿𝛽 = 𝑎(𝑧, 𝜉). (2)

As is known, such forms exist. If 𝑚 = 1, then there exists only one Dirichlet
form, and this form is positive definite. For 𝑚 > 1 it may happen that no
Dirichlet form is positive definite. From some Dirichlet form belonging to the
form 𝑎(𝑧, 𝜉) we construct the Dirichlet integral

𝐼(𝑢, 𝑢) = ∫
Ω

∑
|𝛼|=|𝛽|=𝑚

𝑎𝛼𝛽(𝑧)𝐷𝛼𝑢𝐷𝛽𝑢 𝑑𝑧. (3)

The following assertion is valid.

Gårding’s inequality (1). There exist positive constants 𝐶1 and 𝐶2 such that

𝐼(𝑢, 𝑢) ≥ 𝐶1‖𝑢‖2
𝑊 𝑚

2
− 𝐶2‖𝑢‖2

𝐿2
. (4)

sovietrxiv.org/items/ru-196801.17855 Machine Translation

https://sovietrxiv.org/items/ru-196801.17855


This inequality, as is known, plays an important role in the use of functional
methods in the theory of partial differential equations.

In the present note we indicate a class of degenerate elliptic operators for which
Gårding’s inequality (1) retains its validity. Let 𝐸+

𝑛+1 denote the half-space
𝑦 > 0 (𝑥𝑛+1 = 𝑦) of the Euclidean (𝑛+1)-dimensional space of points 𝑧 = (𝑥, 𝑦)
(𝑥 = (𝑥1, … , 𝑥𝑛)). We shall consider a bounded domain Ω+ lying in the half-
space 𝑦 > 0 and adjacent to the hyperplane 𝑦 = 0. Let 𝐶∞

0 (Ω+) denote the set
of infinitely differentiable functions having compact support contained in Ω+.
On this set we consider the differential operator

𝐷̃𝑘
𝑦𝑢 = 𝑦𝑘 𝜕𝑘𝑢

(𝑦𝜕𝑦)𝑘 = 𝜕𝑘𝑢
𝜕𝑦𝑘 +

𝑘
∑
𝑖=1

𝐶(𝑘)
𝑖

𝜕𝑘−𝑖𝑢
𝑦𝑖𝜕𝑦𝑘−𝑖 . (5)

For every point 𝑧 ∈ Ω+ we prescribe a real homogeneous form 𝑎(𝑧; 𝜉, 𝜂) of the
real variables 𝜉1, … , 𝜉𝑛, 𝜂 of degree 2𝑚. In this case

we shall assume that the coefficients satisfy conditions 1) and 2) and, as 𝑦 → 0,
behave in a definite manner (see below).

To each such form we associate a Dirichlet form of the type

∑
|𝛼|+𝑘=𝑚

∑
|𝛽|+𝑙=𝑚

𝑎𝑘𝑙
𝛼𝛽(𝑧) 𝐷̃𝛼+𝑘𝑢 𝐷̃𝛽+𝑙𝑢, (6)

where 𝐷̃𝛼+𝑘 = 𝐷𝛼
𝑥 𝐷̃𝑘

𝑦, 𝐷̃𝛽+𝑙 = 𝐷𝛽
𝑥𝐷̃𝑙

𝑦; the coefficients 𝑎𝑘𝑙
𝛼𝛽 are real, symmetric,

satisfy the conditions indicated above, and possess the property that

∑
|𝛼|+𝑘=𝑚

∑
|𝛽|+𝑙=𝑚

𝑎𝑘𝑙
𝛼𝛽(𝑧) 𝜉𝛼𝜏𝑘𝜉𝛽𝜏 𝑙 = 𝑎(𝑧; 𝜉, 𝜏). (7)

Let us take one of these Dirichlet forms and, from it, form an integral of Dirichlet
type

̃𝐼𝛾(𝑢, 𝑢) = ∫
Ω+

∑ 𝑎𝑘𝑙
𝛼𝛽(𝑧) 𝐷̃𝛼+𝑘𝑢(𝑧) 𝐷̃𝛽+𝑙𝑢(𝑧) 𝑦2𝛾 𝑑𝑧. (8)

If the coefficients are constant, then in the Fourier—Bessel images the form (8)
is written as follows:

̃𝐼𝛾 = 𝐶(𝑚)
𝛾 ∫

𝐸+
𝑛+1

𝑎(𝑠, 𝑡) ∣ ̃𝑓𝛾− 1
2
(𝑠, 𝑡)∣

2
𝑡2𝛾 𝑑𝑠 𝑑𝑡, (9)

where 𝑎(𝑠, 𝑡) is a homogeneous form of degree 2𝑚 with constant coefficients,
and ̃𝑓𝛾− 1

2
is the mixed Fourier—Bessel transform (see (4)). To obtain a lower
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estimate for the forms just indicated, we introduce the corresponding functional
space, considered by the author earlier in papers (2−4). The space 𝑊 𝑘

𝑦,2,𝛾(Ω+)
is defined as the closure of 𝐶∞

0 (Ω+) in the norm

‖𝑢‖2
𝑊 𝑘

𝑦,2,𝛾
= ∫

Ω+
|𝑢|2𝑦2𝛾 𝑑𝑧 + ∫

Ω+
|𝐷̃ 𝑘

𝑦 𝑢|2𝑦2𝛾 𝑑𝑧. (10)

We shall characterize differential properties in all the remaining directions as
follows. Let 𝑙𝑖 be an integer nonnegative number. The functional spaces
𝑊 𝑙𝑖

𝑥𝑖,2,𝛾(Ω+) (𝑖 = 1, 2, … , 𝑛) are defined as the closure of 𝐶∞
0 (Ω+) in the usual S.

L. Sobolev norm with the weight factor 𝑦2𝛾. The space 𝑊 𝑙,𝑘
𝑥,𝑦,2,𝛾(Ω+) is defined

as the intersection of the corresponding spaces with the norm determined by
the formula

𝑛
∑
𝑖=1

‖𝑢‖2
𝑊 𝑙𝑖

𝑥𝑖,2,𝛾(Ω+) + ‖𝑢‖2
𝑊 𝑘

𝑦,2,𝛾(Ω+). (11)

This space has many remarkable properties, and for it, in terms of Fourier—
Bessel images, there is an equivalent norm (see (4)).

If on 𝐶∞
0 (Ω+) we introduce the scalar product

(𝑢, 𝑣)𝛾
𝑗 = ∫

Ω+
∑

|𝛽|+𝑘=𝑗
𝐷̃𝛽+𝑘𝑢(𝑧) 𝐷̃𝛽+𝑘𝑣(𝑧) 𝑦2𝛾 𝑑𝑧 (𝑗 = 0, 1, 2, … , 𝑚) (12)

and complete the set 𝐶∞
0 (Ω+) in the norm

‖𝑢‖2
𝑗 = (𝑢, 𝑢)𝛾

𝑗 + (𝑢, 𝑢)𝛾
0 , (13)

then we obtain a Hilbert space
∘

𝐻𝛾
𝑗 with norm equivalent to the norm of 𝑊 𝑚,𝑚

𝑥,𝑦,2,𝛾.
Using the apparatus of the mixed Fourier—Bessel transform, we prove the fol-
lowing assertion:

Theorem 1. There exist positive constants 𝑐1 and 𝑐2 such that

̃𝐼𝛾(𝑢, 𝑢) ≥ 𝐶1‖𝑢‖2
𝑊 𝑚

2,𝛾
− 𝐶2‖𝑢‖2

𝐿2,𝛾
. (14)

Let us now consider the ordinary Dirichlet form of the type

∑
|𝛼|+𝑘=𝑚

∑
|𝛽|+𝑙=𝑚

𝑎𝑘𝑙
𝛼𝛽(𝑧)𝐷𝛼+𝑘𝑢(𝑧)𝐷𝛽+𝑙𝑢(𝑧) (15)
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with all the preceding restrictions on the coefficients 𝑎𝑘𝑙
𝛼𝛽, and, in addition, as-

sume that they satisfy the inequality

∣𝑎𝑘𝑙
𝛼𝛽(𝑧)∣ ≤ 𝐶𝑦𝑘+𝑙−2 (𝑘, 𝑙 ≥ 1). (16)

For this form we construct the Dirichlet integral

̃𝐼𝛾(𝑢, 𝑢) = ∫
Ω+

∑ 𝑎𝑘𝑙
𝛼𝛽(𝑧)𝐷𝑘+𝛼𝑢(𝑧)𝐷𝛽+𝑙𝑢(𝑧)𝑦2𝛾 𝑑𝑧. (17)

Then the following assertion holds.

Theorem 2. There exist positive constants 𝐶′
1 and 𝐶′

2 such that

̃𝐼𝛾(𝑢, 𝑢) ≥ 𝐶′
1‖𝑢‖2

𝑊 𝑚
2,𝛾

− 𝐶′
2‖𝑢‖2

𝐿2,𝛾
. (18)

Upper estimates in inequalities (14) and (18) are obtained quite simply. Let us
now consider the following problem. Let ℒ be a formally self-adjoint operator
of order 2𝑚,

ℒ = (−1)𝑚 ∑
|𝛼|+𝑘=|𝛽|+𝑙≤𝑚

𝐷𝛼+𝑘 (𝑦2𝛾𝑎𝑘𝑙
𝛼𝛽(𝑧)𝐷𝛽+𝑙𝑢(𝑧)) (19)

with coefficients satisfying the restrictions indicated above. The non-self-adjoint
case can be reduced to this one.

Dirichlet problem. In the domain Ω+ a function 𝑔 ∈ 𝐻𝛾
𝑚(Ω+) is given, and

an infinitely differentiable function ℎ such that ‖ℎ‖𝐿2,𝛾
. Find a solution 𝑢 of the

equation

ℒ𝑢 = ℎ

such that 𝑔 − 𝑢 ∈ 𝐻̇𝛾
𝑚. The Dirichlet problem is solvable for arbitrary 𝑔 and ℎ,

if the homogeneous problem has only the zero solution. The pair of equations
𝑄𝑢 = ℎ and 𝑄∗𝑣 = 𝑔, where 𝑄∗ is the operator formally adjoint to 𝑄, forms a
Fredholm pair. One can study the existence and properties of solutions of the
equation

𝑄𝑢 − 𝜆𝑢 = 0,

belonging to 𝐻𝛾
𝑚, etc.

Voronezh State
University
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