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Let A be a self-adjoint operator with discrete spectrum; let A, ..., A, ... be the

» oy

eigenvalues of A, each eigenvalue being counted as many times as its multiplicity;
denote by ey, ... the corresponding eigenvectors. The operator A is such

5 71’ vee

that
1
ZA—@O (A, #0). (1)
k k
Consider the operator C' = A 4+ B, where B is a bounded self-adjoint operator.
Asis known, C' also has a discrete spectrum gy, ... , fi,,, .... In the work of Halberg
and Kramer (?) the following theorem is proved.
If
Z — ;) <oo and Z Bey, €;,) < 00
k=1
then
D (=) =) (Bey,e)- (2)
k=1 k=1

In our paper a somewhat stronger condition than (1) is imposed on A, but it
is proved that, under this condition, for the existence of the right-hand side of
equality (2) it is necessary and sufficient that its left-hand side exist. In addition,
the question of the relation between

o0 o0

Z Bey,e;,) and Z<Bfk7fk>
= k=1

1
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for orthonormal bases {e;}7° and {f},}5° that are close in a certain sense is
considered.

For simplicity of exposition we shall assume the operator A to be positive defi-
nite, with the \,, arranged in increasing order. By condition (1), there exists a
sequence of neighboring pairs Ap,» An,+1 such that

Introduce the notation w,, = A, .1 —A; v, = (A, + A,41)/2.

Theorem 1. For any n > 2 there exists an M such that, for sufficiently large
N;, the inequality

=

N, ’ y .
Z(Nk — ) — Z(Bek;a ep)| <M (1 + Ni) Z ﬁ

k=1 -1 WN, ) = |VNi -

bl

In what follows we shall omit the index 4.

Theorem 1 follows from several preliminary lemmas, which are proved by com-
puting and estimating contour integrals.

Lemma 1.
A Sp Rf\‘(BRj\“)"(E + BR:{‘)*1 d\ — 0
Cr

as R — oo, where Ry = (A — AE)"!, and Cj is an arc of the circle |\| = R;
Re X < wy.

Lemma 2.
VN +100

/ A Sp R{4(BR{)™(E + BR{) 1 d)\ < A, ﬁj Z

VN —100 WN k= /\k|
Lemma 3.

SO |
Sp(BRf)" dA < A, _

where C)y is a contour containing the points Ay, ..., Ay; n > 2.
Lemma 4.
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N
/ Sp(BRYY) d\ = —ZWiZ(Bek, ey)-
Cn

k=1

The lemma is obvious.

Lemma 5.

1
A Sp R{(BR{)™ d\ = —5/ Sp(BR$)™ d.
c

C'N N

Proof of the theorem. Choose the contour Cp 5 in the complex plane as
follows: the arc of the circle |\| = R, Re\ < vy, and the segment cut out by
this circle on the line Re A = vy. For sufficiently large N this contour contains
the points A, ..., Ay and pq, ..., pp, since |u, — A,,| < |B|. We shall next use
the identity

1

N
> (=) =5 [ ASP(RY — RS, 0
k=1 Cr.N

where R = (C — AE)~!. But

RS = R{(E + BR{) ™,

(B+BR{) ™ = S (—)HBRAE + (—1)" (BROME + BRY) . ()

Substituting (4) into (3) and using Lemmas 1-5, we obtain our theorem.

Corollary. If

V. s 1
14+ — —— — 0 as N, = oo,
( W&) kZ:; |UN1 — Al ’

then for the existence of the sum
E (e — Ap)
k=

1

it is necessary and sufficient that the sum
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o0
E (Bey, e)
k=

1

exist, and in that case they are equal.

Example. If \, = O(n®) and the multiplicity of ), is O(n?), then it can be
shown that in this case our theorem gives

; A - S(B <y N
;(Mk_ k)_;< e ep)| < N nlla—B)—1-1°

if, however, & — 8 > 1, then, by virtue of the arbitrariness of n, the assertion of
the corollary holds.

Thus, in order to compute

NgE
=

B
Il
—

in many cases it is sufficient to be able to compute

M]3

(Bekv ek)v

>
Il
—

where {e;,}° is a proper basis of the operator A. Therefore the question of the
connection between the matrix traces of the operator B in various orthonormal
bases of Hilbert space is of interest.

Let {e;,}5° and {f;}5° be two orthonormal bases such that

o0
Z If, — exll® < oo
=1

Let Uey, = f,, U= E + S, where S is a Hilbert-Schmidt operator.

Theorem 2.

Z Bey, e;,) Z Bfy: fi) = ) _([SBley, ex) + o(1).
k=1 k=1 k=1
Proof.
n n n
Z(Bek,ek) Z Bfk:7fk Z Bek,ek Z(U_lBUek,ek)
k=1 k=1 k=1

((S*B + BS + S*BS)e, e4),
k=1
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since U~! = E + S*. The operator S*BS is nuclear; therefore
Sp(S*BS) = Sp(SS*B);

UU'=E=E+S+ 5" +55%
whence, in view of the fact that

n

Z(S*BSek,ek Z (SS*Bey, e,.) + o(1 Z ((SB + S*B)ey, ;) + o(1),

n
k=1 k=1 k=1
our theorem follows.

Corollary 1. If the matrix trace [SB] exists in the basis {e;}7°, then for the

convergence of
oo

> (Bfy, fr)

1

it is necessary and sufficient that the series

Z(Bekv ey)

k=1
converge, and in this case
Z(Bfka fi) = Z(Bekv er) + Z([BS]%’ er)-
k=1 k=1 k=1

Corollary 2. If f, =e, + g, +¢,, where

oo o0
D gkl <oo and )y < oo,
k=1 k=1

ie., it S = T, + T,, where T, is a nuclear operator, then in the assertion of
Corollary 1 one may replace S by Tj.

Indeed,
[BS] = [BTy] + [BT],

but

p[BTy] = Y ([BTley €;) = 0.
k=1

Example. Consider the Sturm-Liouville problem

-y + Ay =0, y'(0) — hy(0) =0, y'(m) + Hy(m) = 0.

The eigenvalues of this problem have the asymptotics
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H+h 1
A, =n?+ * +O<—2).
nm n

The eigenfunctions have the asymptotics:

2 h H+h 1
fulz) = [{cosmc—i—sinmc— + xsinna:}—i—O(—z) .
7r n nm n

Let pu,, be the eigenvalues of the problem

—y" +q(x)y+py =0

under the same boundary conditions.

Here the operator B is multiplication by ¢(z), where ¢(z) is continuously differ-
entiable and its mean value is equal to 0. In order to compute

S (8BS

k=1

we use Corollary 2.

2 2 si H+h
e,(x) = \/7(308 nw, Tye,(z) = \/7smnx {h ot x} ,
T T n T

S Bl f) =S (B ew) + > (BTieper).
=1

0
k=1 k=1

Put

but it can be shown that

Z BTl ek,ek = O
k=1
whence we obtain
Z(Mk - - Z ) cos® nx dr = — Z q(z) cos 2nx dx =
=1 T = T =1
_ 4(0) +q(m)
4 )
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which is well known (1).
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