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MATHEMATICS

V. V. FILIPPOV

ON FEATHERED PARACOMPACTS
(Presented by Academician P. S. Aleksandrov, 1 IV 1967)

In (1,2) A. V. Arhangel’skii introduced the concept of a feathered space (= 𝑝-
space). To the class of feathered paracompacts one has succeeded in extending
a number of theorems concerning metric spaces, paracompact spaces complete
in the sense of Čech, and bicompacts.* Here we shall present some results of
this type.

Theorem 1. *Let 𝑓 ∶ 𝑋 → 𝑌 be a closed mapping**; let 𝑋 be a feathered
paracompact. Then

𝑌 =
∞
⋃
𝑖=0

𝑌𝑖,

where 𝑌𝑖 is discrete for 𝑖 = 1, 2, …, and 𝑓−1(𝑦) is a bicompact if 𝑦 ∈ 𝑌0.*

For some special cases the assertion of the theorem can be obtained trivially from
results contained in (3−6). The problem in this formulation was first considered
by K. Morita in (7) for the quite simple case of paracompact locally bicompact
spaces. A. V. Arhangel’skii (8,9) and N. S. Lašnev (10) proved the assertion
respectively for weakly paracompact spaces complete in the sense of Čech and
for metric spaces.

Let us turn to the proof of Theorem 1.

I. In the space 𝑋 there exists a countable family of locally finite coverings***
𝛾𝑛, 𝑛 = 1, 2, …, satisfying the following conditions:

10. [𝛾𝑛𝑥] ⊆ Γ𝑛−1 ∈ 𝛾𝑛−1 for every 𝑥 ∈ 𝑋****.

20. ⋂
𝑛

𝛾𝑛𝑥 is a bicompact for every 𝑥 ∈ 𝑋.

30. The sets 𝛾𝑛𝑥 form a neighborhood base of the bicompact ⋂
𝑛

𝛾𝑛𝑥.

40. If 𝑥𝑛 ∈ 𝛾𝑛𝑥, then the sequence {𝑥𝑛} has limit points***** in ⋂
𝑛

𝛾𝑛𝑥 and

only there.

II. Let 𝑓(𝑥𝑛) = 𝑓(𝑥′
𝑛) = 𝑦𝑛, where the points 𝑦𝑛 ∈ 𝑌 are pairwise distinct.

Then the set {𝑥𝑛} is discrete in 𝑋 if and only if the set {𝑥′
𝑛} is discrete.
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Indeed, by virtue of the closedness and continuity of the mapping 𝑓 , either of
these sets is discrete if and only if the set {𝑦𝑛} is discrete.

* All these spaces are 𝑝-paracompacts.

** Only continuous mappings of completely regular spaces are considered.“Cov-
ering”always means “open covering.”

*** The existence of such coverings follows, for example, from the following
considerations. Every 𝑝-paracompact can be perfectly mapped onto a metric
space 𝑌 (see (1,2)). The inverse images of a sequence of locally finite open
coverings of the space 𝑌 , twice star-refined into one another, evidently have the
required properties. We note that condition 40 follows from conditions 10—30.

**** By 𝛾𝑀 , where 𝛾 is some family of sets and 𝑀 is a set, is meant the star
of the set 𝑀 with respect to the family 𝛾, i.e. the union of all elements of 𝛾
intersecting 𝑀 .

***** We recall that a point 𝑥 is called a limit point for a sequence {𝑥𝑛} if every
neighborhood of the point 𝑥 contains points 𝑥𝑛 for an infinite set of indices 𝑛.
In particular, if the point 𝑥 occurs in the sequence an infinite number of times,
then it is a limit point of the sequence.

III. For each 𝑥 ∈ 𝑋, denote by 𝑀𝑥* the set of those points 𝑥′ ∈ 𝑋 for which
there exists a countable set {𝑦𝑛} ⊆ 𝑌 of pairwise distinct points of the
space 𝑌 such that 𝛾𝑛𝑥 ∩ 𝑓−1(𝑦𝑛) ≠ ∅ and 𝛾𝑛𝑥′ ∪ 𝑓−1(𝑦𝑛) ≠ ∅ for every 𝑛.

The definition of the set 𝑀𝑥 is symmetric in the sense that 𝑥′ ∈ 𝑀𝑥 ⇔ 𝑥 ∈ 𝑀𝑥′ .
It is not difficult to show that 𝑀𝑥 is bicompact, but we shall not need this
below.

Let the points 𝑦𝑛 ∈ 𝑌 be pairwise distinct, 𝑥𝑛 ∈ 𝑓−1(𝑦𝑛), 𝑥′
𝑛 ∈ 𝑓−1(𝑦𝑛), 𝛾𝑛𝑥 ∋

𝑥𝑛, and let 𝑥′ be a limit point of the set {𝑥′
𝑛}. We shall show that 𝑥′ ∈ 𝑀𝑥.

From the sequence {𝑥′
𝑛} pass, if necessary, to a subsequence {𝑥′

𝑚(𝑛)}, where
𝑚(𝑛) > 𝑛, 𝑚(𝑛1) ≠ 𝑚(𝑛2) when 𝑛1 ≠ 𝑛2, and 𝛾𝑛𝑥′ ∋ 𝑥′

𝑚(𝑛). Then

𝑥𝑚(𝑛) ∈ 𝛾𝑛𝑥 ∩ 𝑓−1(𝑦𝑚(𝑛)), 𝑥′
𝑚(𝑛) ∈ 𝛾𝑛𝑥 ∩ 𝑓−1(𝑦𝑚(𝑛)),

which proves the inclusion 𝑥′ ∈ 𝑀𝑥.

IV. Let {𝑥𝑛} ⊆ 𝑋, 𝑥′
𝑛 ∈ 𝑀𝑥. The sequence {𝑥𝑛} is discrete if and only if the

sequence {𝑥′
𝑛} is discrete.

Let the point 𝑥 be a limit point of the sequence {𝑥𝑛}. We may assume that
𝑥𝑛 ∈ 𝛾𝑛+1𝑥. Otherwise pass to a subsequence.

Choose pairwise distinct points 𝑦𝑛 ∈ 𝑌 ,
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𝛾𝑛+1𝑥𝑛 ∩ 𝑓−1(𝑦𝑛) ≠ ∅, 𝛾𝑛+1𝑥′
𝑛 ∩ 𝑓−1(𝑦𝑛) ≠ ∅.

Let 𝑥″
𝑛 ∈ 𝛾𝑛+1𝑥𝑛 ∩ 𝑓−1(𝑦𝑛) ⊆ 𝛾𝑛+1𝑥𝑛 ⊆ 𝛾𝑛𝑥, 𝑥‴

𝑛 ∈ 𝛾𝑛+1𝑥′
𝑛 ∩ 𝑓−1(𝑦𝑛). The

set {𝑥″
𝑛} has a limit point in ⋂𝑛 𝛾𝑛𝑥, therefore (by II) there exists a point 𝑥′,

a limit point of the set {𝑥‴
𝑛 }. Then 𝛾𝑛+1𝑥′ ∋ 𝑥‴

𝑚(𝑛) for some 𝑚(𝑛) > 𝑛, and
𝛾𝑛𝑥′ ⊇ 𝛾𝑛+1𝑥‴

𝑚(𝑛) ⊇ 𝛾𝑚(𝑛)+1𝑥‴
𝑚(𝑛) ∋ 𝑥′

𝑚(𝑛).

By I, in ⋂𝑛 𝛾𝑛𝑥′ there is a point that is a limit point of the sequence {𝑥′
𝑛},

which, thus, is not discrete. The second part of assertion IV follows from what
has just been proved, in view of the inclusion 𝑥𝑛 ∈ 𝑀𝑥′𝑛

.

V. We shall now show that the set 𝑌𝑚 of points of the space 𝑌 whose inverse
images are not contained in any element of the family 𝜎𝑚 = {𝛾𝑚𝑀𝑥, 𝑥 ∈ 𝑋}**
is discrete. If this is not so, then in 𝑋 there is a point 𝑥 that is a limit point
for the set 𝑓−1(𝑌𝑚 ∖ {𝑓(𝑥)}). This means, in particular, that for every 𝑛 there
is a 𝑦𝑛 ∈ 𝑌𝑚 such that 𝛾𝑛𝑥 ∩ 𝑓−1(𝑦𝑛) ≠ ∅, 𝑓−1(𝑦𝑛) ∖ 𝛾𝑚𝑀𝑥 ≠ ∅, where the
points 𝑦𝑛 are pairwise distinct. Choose points 𝑥𝑛 ∈ 𝑓−1(𝑦𝑛) ∩ 𝛾𝑛𝑥 and 𝑥′

𝑛 ∈
𝑓−1(𝑦𝑛) ∖ 𝛾𝑚𝑀𝑥. The set {𝑥𝑛} has a limit point in ⋂𝑛 𝛾𝑛𝑥; therefore, by I, the
set {𝑥′

𝑛} also has a limit point, which, by III, lies in 𝑀𝑥 and at the same time,
by virtue of the closedness of 𝑋 ∖ 𝛾𝑚𝑀𝑥, lies in 𝑋 ∖ 𝛾𝑚𝑀𝑥. The contradiction
obtained proves the discreteness of the set 𝑌𝑚.

VI. We shall show that 𝑓−1(𝑦) is bicompact if 𝑦 ∈ 𝑌0 = 𝑌 ∖ ⋃∞
𝑚=1 𝑌𝑚. For

each 𝑛 there exists a point 𝑥′
𝑛 such that 𝑓−1(𝑦) ⊆ 𝛾𝑛𝑀𝑥𝑛

. Take arbitrarily
𝑥′ ∈ 𝑓−1(𝑦) and 𝑥′

𝑛 ∈ 𝛾𝑛𝑥′ ∩𝑀𝑥𝑛
≠ ∅. The sequence {𝑥′

𝑛} has limit points
in ⋂𝑛 𝛾𝑛𝑥′, and therefore the sequence {𝑥𝑛} is not discrete.

Let {𝑥″
𝑛} ⊆ 𝑓−1(𝑦), 𝑥‴

𝑛 ∈ 𝛾𝑛𝑥″
𝑛 ∩ 𝑀𝑥𝑛

. The sequence {𝑥‴
𝑛 } is not discrete and

there exists a point 𝑥″, a limit point of {𝑥‴
𝑛 }. Passing, if

* The set 𝑀𝑥 may also be empty.
** The family 𝜎𝑚 is not required to cover 𝑋.

need, to a subsequence {𝑥″
𝑚(𝑛)} such that 𝑚(𝑛) > 𝑛, 𝛾𝑛+1𝑥″ ⊃ 𝑥𝑚(𝑛). Then

𝛾𝑛𝑥″ ⊃ 𝛾𝑛+1𝑥″
𝑚(𝑛) ⊃ 𝛾𝑚(𝑛)𝑥″

𝑚(𝑛) ⊃ 𝑥𝑚(𝑛). The set {𝑥″
𝑛} has a limit point

in ⋂𝑛 𝛾𝑛𝑥″, which, by virtue of the closedness of 𝑓−1(𝑦), lies in 𝑓−1(𝑦). We
have proved the compactness of 𝑓−1(𝑦). But a compact paracompact space is
bicompact—the theorem is proved.

Corollary 1. Under a closed mapping of a paracompact 𝑝-space, the cardinality
of the set of points of the image whose inverse images are not bicompact does not
exceed either the weight of the space being mapped or the weight of the image.

Corollary 2. A closed image of a paracompact 𝑝-space is everywhere, except
for some 𝜎-discrete set of its points, a space of point-countable type (see (12,13)).
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In Theorem 1 one cannot dispense with the requirement that the space 𝑋 be
feathered. Here is a simple example. Define the space 𝜃 as follows. Take a
certain set of points of cardinality continuum and one further, specially distin-
guished point 𝜏 . We shall call a set closed if it is finite or contains the point
𝜏 .* Consider the product 𝜃 × 𝐼 , where 𝐼 is the ordinary interval. We obtain
the paracompact 𝑋 ⊂ 𝜃 × 𝐼 by throwing out the end-points of each interval
𝑎 × 𝐼 , where 𝑎 ∈ 𝜃 is an isolated point. Then the natural projection 𝜋 ∶ 𝑋 → 𝜃
is a closed mapping, but nevertheless the set of points whose inverse images
are not bicompact—the set of all isolated points of the space 𝜃—is certainly not
𝜎-discrete.**
We shall now extend to 𝑝-paracompacts a statement proved in (11) by A. S.
Mishchenko for the case of bicompacts, making essential use here of his con-
structions (see the lemma).

Theorem 2. Let 𝑋 be a paracompact 𝑝-space and 𝐵 its base. If the cardinality
of the set of elements of the base 𝐵 containing an arbitrary point 𝑥 ∈ 𝑋 does
not exceed ℵ𝜆, then in 𝑋 there exists a base which decomposes into some set of
locally finite families, the cardinality of which does not exceed ℵ𝜆.

The proof of the following assertion is textually the same as the proof of the
theorem from (11).
Lemma. Let 𝐵 be some family of subsets of the set 𝑋, whose cardinality at
each point does not exceed ℵ𝜆. Then the cardinality of the set of finite minimal**
covers of the set 𝑋 by elements of the family 𝐵 does not exceed ℵ𝜆.

Since 𝑋 is a 𝑝-paracompact, we can map 𝑋 perfectly onto some metric space 𝑌 .
In 𝑌 there is a base 𝐵̄ decomposing into a countable set of locally finite families
𝛾𝑛 (𝑛 = 1, 2, …). By the lemma, the cardinality of the set 𝑁Γ of finite minimal
covers of the form {𝐺1, … , 𝐺𝑠} (where 𝐺1, … , 𝐺𝑠 ∈ 𝐵) of the inverse image Γ
of an arbitrary element of the base 𝐵̄ does not exceed ℵ𝜆. We enumerate the
set 𝑁Γ by transfinite numbers smaller than 𝜔ℵ𝜆. Denote by 𝛿𝑛𝛼 the family of
sets of the form 𝒢 ∩ Γ, where Γ ∈ 𝑓−1𝛾𝑛, and 𝐺 ∈ 𝐵 is an element of that cover
of the set Γ belonging to 𝑁Γ which received the number 𝛼. It is easy to see
that the family 𝛿𝑛𝛼 is locally finite. 𝛿 = ⋃𝑛,𝛼 𝛿𝑛𝛼 is some base of the space 𝑋.
Indeed, let 𝑥 ∈ 𝐺𝑥 ⊂ 𝑋, 𝐺𝑥 ∈ 𝐵. For every point 𝑥′ ∈ 𝑓−1𝑓(𝑥) we find 𝐺𝑥′ ∈ 𝐵,
𝑥′ ∈ 𝐺𝑥′ , 𝑥 ∈ 𝐺𝑥′ for 𝑥 ≠ 𝑥′. From this cover of the bicompact 𝑓−1𝑓(𝑥) we
choose a finite minimal one {𝐺1, … , 𝐺𝑠}; 𝐺𝑥, obviously, is an element of this
cover. The inverse images of elements of 𝐵̄ form a base

* The space 𝜃 is, obviously, the simplest hereditarily feathered, hereditarily
paracompact nonmetrizable bicompact.

** The first example of this kind was constructed by J. Wattel.

*** A cover is called minimal if it contains no proper subcover.

of inverse images of points from 𝑌 , therefore there is a Γ—the inverse image of
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an element 𝐵—such that

𝑓−1𝑓(𝑥) ⊆ Γ ⊆
𝑠

⋃
𝑖=1

𝐺𝑖.

Then 𝐺𝑥 ∩ Γ ∈ 𝛿𝑛𝛼 (for some 𝑛 and 𝛼), 𝑥 ∈ 𝐺𝑥 ∩ Γ ⊆ 𝐺𝑥.

An immediate consequence of what has been proved is

Theorem 3*. A paracompact 𝑝-space with a point-countable base is metrizable.

I am pleased to express my gratitude to my adviser A. V. Arhangel’skii.

Moscow State University
named after M. V. Lomonosov
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References Cited
1 A. V. Arhangel’skii, DAN, 151, No. 4, 751 (1963).
2 A. V. Arhangel’skii, Matem. sborn., 67 (109), 1, 55 (1965).
3 I. A. Vainshtein, DAN, 57, 319 (1947).
4 I. A. Vainshtein, Uch. zap. MGU, 155, 3 (1952).
5 A. H. Stone, Proc. Am. Math. Soc., 7, 690 (1956).
6 K. Morita, S. Hanai, Proc. Japan. Acad., 32, 10 (1956).
7 K. Morita, Proc. Japan. Acad., 32, 536 (1956).
8 A. V. Arhangel’skii, DAN, 153, No. 4, 743 (1963).
9 A. V. Arhangel’skii, Matem. sborn., 69 (111), 1, 13 (1966).
10 N. S. Lashnev, DAN, 165, No. 4, 756 (1965).
11 A. S. Mishchenko, DAN, 144, No. 5, 985 (1962).
12 A. V. Arhangel’skii, Tr. Mosk. matem. obshch., 13, 3 (1965).
13 A. V. Arhangel’skii, UMN, 21, issue 4 (130), 133 (1966).
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