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Abstract
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MATHEMATICS

Yu. N. Bibikov

On the Convergence of Solutions of the Cartwright–
Littlewood Equation
(Presented by Academician V. I. Smirnov, 10 IV 1967)

Consider the equation

̈𝑦 + 𝑘𝑓(𝑦) ̇𝑦 + 𝑔(𝑦) = 𝑘𝑏𝑝(𝑡), (1)

where the functions 𝑓, 𝑔, 𝑝 ∈ 𝐶2(−∞, +∞), and 𝑘 is a large parameter. Let the
following assumptions be satisfied.

A. 𝑝(𝑡) is 2𝜋-periodic, its mean value is equal to 0; 𝑝(𝑡 + 𝜋) = −𝑝(𝑡); 𝑝(𝑡) = 0 if
and only if 𝑡 = 𝜋/2 (mod 2𝜋). Denote by 𝑃(𝑡) that antiderivative of 𝑝(𝑡) whose
mean value is 0, and normalize 𝑝(𝑡) so that the greatest value of 𝑃(𝑡) is equal
to 1 and corresponds to 𝑡 = 𝜋/2 (mod 2𝜋).
B. 𝑓(𝑦) is even, has a unique pair of zeros ±1, 𝑓 ′(1) > 0, and

inf
𝑦≥2

𝑓(𝑦) > 0.

Put

𝐹(𝑦) = ∫
𝑦

0
𝑓(𝑦) 𝑑𝑦, 𝑏0 = 𝐹(−1).

By 𝐻 and 𝐻0 we denote the largest roots of the equations 𝐹(𝑦) = 𝑏 and 𝐹(𝑦) =
𝑏0, respectively.

C. 𝑔(𝑦) is odd and 0 < 𝑙1 < 𝑔′ < 𝑙2.

These conditions are satisfied by the equation

̈𝑦 + 𝑘(𝑦2 − 1) ̇𝑦 + 𝑦 = 𝑘𝑏 cos 𝑡.
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In what follows we assume that 𝑏 > 𝑏0, and 𝑘 is sufficiently large. Everywhere
by 𝐿 we mean a positive constant independent of 𝑘 and not fixed in the absence
of an index, even within the same proposition. 𝜉 > 0 always denotes a quantity
𝑂(exp{−𝐿𝑘}).
The case 0 < 𝑏 < 𝑏0 was considered in detail in (1). There the hypothesis was
also put forward that, in the case 𝑏 > 𝑏0, all solutions of equation (1) converge
as 𝑡 → +∞. Below the validity of this hypothesis is proved.

Theorem. If 𝑏 > 𝑏0, then there exists 𝑘0 such that for all 𝑘 > 𝑘0 and any two
solutions 𝑦1(𝑡) and 𝑦2(𝑡) of equation (1),

lim
𝑡→+∞

|𝑦1(𝑡) − 𝑦2(𝑡)| = 0, lim
𝑡→+∞

| ̇𝑦1(𝑡) − ̇𝑦2(𝑡)| = 0.

Below a scheme of the proof is given, with some details made more concrete.

Wendell proved (2) that for any 𝜀 > 0 one can specify 𝑘0(𝜀) and 𝑛0(𝜀) such that,
for all 𝑘 > 𝑘0(𝜀) and 𝑛 > 𝑛0(𝜀), the inequalities hold (𝑛 are natural numbers)

|𝑦(±𝜋/2 + 2𝑛𝜋) ∓ 𝐻| < 𝜀, | ̇𝑦(∓𝜋/2 + 2𝑛𝜋)| < 𝐿𝑘1/2. (2)

In what follows all solutions are considered only for

𝑡 > 𝜋/2 + 2𝑛0(𝜀)𝜋,

where 𝜀 is sufficiently small. It also follows from the arguments in (2) that there
exists 𝛿 > 0 such that |𝑦(𝑡)| > 𝐻0 for 𝑡 ∈ (𝑍−3𝛿, 𝑍+3𝛿) and 𝑡 ∈ (𝑍′−3𝛿, 𝑍′+3𝛿).
Here and below 𝑍 = 𝜋/2 (mod 2𝜋), 𝑍′ = −𝜋/2 (mod 2𝜋), and in all statements
formulated further only neighboring 𝑍 and 𝑍′ are considered.

Using the fact that 𝑝(𝑡) > 0 for 𝑡 ∈ (𝑍′, 𝑍) and 𝑝(𝑡) < 0 for 𝑡 ∈ (𝑍, 𝑍′), it is
easy to obtain the following result.

Lemma 1. For every 𝑑 > 0 one can specify an 𝐴 > 0 such that ̇𝑦(𝑡) > 𝐴 for
𝑡 ∈ (𝑍′ + 𝑑, 𝑍 − 𝑑) and ̇𝑦(𝑡) < −𝐴 for 𝑡 ∈ (𝑍 + 𝑑, 𝑍′ − 𝑑).
Lemma 1 makes it possible to determine the moments 𝑈, 𝐾′ ∈ (𝑍, 𝑍′) and
𝑈 ′, 𝐾 ∈ (𝑍′, 𝑍) by means of the equalities 𝑦(𝑈) = 1, 𝑦(𝑈 ′) = −1, 𝑦(𝐾) =
1
2 (1 + 𝐻0), 𝑦(𝐾′) = − 1

2 (1 + 𝐻0). Let us also put ̇𝑦(𝑢) = 𝑣, ̇𝑦(𝑈 ′) = 𝑣′. In what
follows all results are formulated for one of the semiperiods (𝑍, 𝑍′) or (𝑍′, 𝑍),
but they are valid (with obvious modifications) also for the other.

Using (1), it is not difficult to obtain the estimates

𝐿𝑘1/3 < 𝑣′ < 𝐿𝑘1/2; (3)
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𝑣′ + 𝑘[𝑏0 − 𝐹(𝑦)] ≤ ̇𝑦(𝑡) ≤

≤ 𝑣′ + 𝑘[𝑏0 − 𝐹(𝑦)] + 𝐿[(𝑣′2 + 𝐿𝑘(𝑦 + 1))1/2 − 𝑣′] (4)

for 𝑡 ∈ (𝑈 ′, 𝐾), and moreover mes(𝑈 ′, 𝐾) < 𝐿𝑘−1/2.

Now we can prove the following lemma.

Lemma 2. If (𝑡1, 𝑡2) ⊂ (𝑈 ′, 𝐾), then

𝐿1
̇𝑦(𝑡2)
̇𝑦(𝑡1) < exp {− ∫

𝑡2

𝑡1

𝑓(𝑦) 𝑑𝑡} < 𝐿2
̇𝑦(𝑡2)
̇𝑦(𝑡1) .

Proof. Put 𝜂 = 𝑦 + 1. Then from (4) we have

𝑣′ + 𝑘𝐺(𝜂) ≤ ̇𝑦 ≤ 𝑣′ + 𝑘𝐺(𝜂) + Φ(𝜂); (5)

Φ(𝜂) = 𝐿[(𝑣′2 + 𝐿𝑘𝜂)1/2 − 𝑣′], 𝐿𝜂2 < 𝐺(𝜂) = 𝑏0 − 𝐹(𝑦) < 𝐿𝜂2. (6)

Let 𝜂1 = 𝜂(𝑡1), 𝜂2 = 𝜂(𝑡2) and 𝜂∗ = 𝑘−1/3. Then

−𝑘 ∫
𝑡2

𝑡1

𝑓(𝑦) 𝑑𝑡 = ∫
𝜂2

𝜂1

𝑘 𝑑𝜎
̇𝑦 . (7)

Consider the case 𝜂1 ≤ 𝜂∗ ≤ 𝜂2. The estimates below follow from (3), (5), (6).
From (5) we have

𝑣′ ≤ ̇𝑦(𝑡1) < 𝐿𝑣′. (8)

Further, by virtue of (7),

−𝑘 ∫
𝑡2

𝑡1

𝑓(𝑦) 𝑑𝑡 ≤ ∫
𝜂∗

0

𝑘 𝑑𝐺
𝑣′ + ∫

𝜂2

𝜂∗

𝑘 𝑑𝐺
𝑣′ + 𝑘𝐺,

whence

−𝑘 ∫
𝑡2

𝑡1

𝑓(𝑦) 𝑑𝑡 ≤ 𝑘𝐺(𝜂∗)
𝑣′ + ln 𝑣′ + 𝑘𝐺(𝜂2)

𝑣′ + 𝑘𝐺(𝜂∗) < ln 𝐿 ̇𝑦(𝑡2)
𝑣′ . (9)

Put
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𝐼 = ∫
𝜂2

𝜂∗

𝑑Φ
𝑣′ + 𝑘𝐺 + Φ.

By virtue of (7),

−𝑘 ∫
𝑡2

𝑡1

𝑓(𝑦) 𝑑𝑡 + 𝐼 > ∫
𝜂2

𝜂∗

𝑑(𝑣′ + 𝑘𝐺 + Φ)
𝑣′ + 𝑘𝐺 + Φ .

A direct calculation shows that 𝐼 < 𝐿. Then

−𝑘 ∫
𝑡2

𝑡1

𝑓(𝑦) 𝑑𝑡 > ln 𝑣′ + 𝑘𝐺(𝜂2) + Φ(𝜂2)
𝑣′ + 𝑘𝐺(𝜂∗) + Φ(𝜂∗) − 𝐿 > ln 𝐿 ̇𝑦(𝑡2)

𝑣′ ,

Hence, and from (9),

𝐿 ̇𝑦(𝑡2)
𝑣′ < exp {− ∫

𝑡2

𝑡1

𝑓(𝑦) 𝑑𝑡} < 𝐿 ̇𝑦(𝑡2)
𝑣′ ,

and the assertion of the lemma follows from (8). Finally, the validity of the
lemma when 𝜂1, 𝜂2 ⩽ 𝜂∗ and 𝜂1, 𝜂2 ⩾ 𝜂∗ follows from the case considered.

Let us now consider two arbitrary solutions 𝑦1(𝑡) and 𝑦2(𝑡) of equation (1). If
𝑋 is a function of the solutions, then put Δ𝑋 = 𝑋(𝑦2) − 𝑋(𝑦1). Further, let

𝑤 = 𝑦2 − 𝑦1, 𝑢 = Δ𝐹/𝑤, 𝛾 = Δ𝑔/𝑤 (𝑙1 < 𝛾 < 𝑙2),

𝑇 = 𝑘 ∫
𝑡

𝑍′
𝑢 𝑑𝑡.

By the indices 1 and 2 we denote quantities connected with 𝑦1(𝑡) or 𝑦2(𝑡). Fi-
nally, put 𝑐(𝑡) = 𝑤̇ − ̇𝑇 𝑤. From (1) we obtain

𝑐(𝑡2) − 𝑐(𝑡1) = − ∫
𝑡2

𝑡1

𝛾𝑤 𝑑𝑡. (10)

The following two results are basic for what follows.

Lemma 3. There exists 𝜁∗ with the following property: if 𝜁∗ < 𝑤(𝑍) < 𝑘−11,
then 0 < 𝑤(𝑡) < 𝑘−5 for 𝑡 ∈ (𝑍, 𝑈 ′

2), and the ratio of any two of the quantities
𝑘𝑤(𝑍), 𝑘𝑤(𝑍′), 𝑐(𝑍), 𝑐(𝑍′), 𝑐(𝑈1), 𝑐(𝑈 ′

2) lies between two 𝐿’s.

Lemma 4. For any 𝜁′, if |𝑤(𝑍)| < 𝜁′, then |𝑤(𝑡)|, |𝑤̇(𝑡)|, |𝑐(𝑡)| < 𝜁(𝜁′) for
𝑡 ∈ (𝑍, 𝑈 ′), where 𝑈 ′ = min{𝑈 ′

1, 𝑈 ′
2}.
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Lemmas 3 and 4 are analogues of Lemmas 24 and 25 of (1), with the difference
that in (1) these lemmas are valid only for solutions belonging to a certain
class. For solutions of this class, a lemma (Lemma 12 in (1)) analogous to
Lemma 2 is valid, but its proof is based on facts which do not hold in the case
under consideration. Using Lemma 2, and also Lemma 1 and the inequality
mes(𝑈 ′, 𝐾) < 𝐿𝑘−1/2, we may, in proving Lemmas 3 and 4, follow (1), the
arguments even being simplified; we omit the proofs and refer the reader directly
to (1) (Lemmas 13–25).

Lemma 5. If 𝑤(𝑍) > 𝜁∗, then 𝑤(𝑡) > 𝐿𝑘−1𝑐(𝑈1) for 𝑡 ∈ (𝑍′ + 𝛿, 𝑍′ + 2𝛿).
Proof. Up to the first intersection after 𝑍′ of the trajectories 𝑦1(𝑡) and 𝑦2(𝑡)
in the 𝑦𝑡-plane, 𝑤(𝑡) > 0, and, consequently, the inequality (1), p. 55, is valid:

𝑤(𝑡) ∫
𝑡

𝑍′
𝑒𝑇 𝑑𝑡 ≥ 𝑐(𝑍′)𝜑(𝑡) [∫

𝑡

𝑍′
𝑒𝑇 𝑑𝑡 − 𝑤(𝑍′)

𝑐(𝑍′) 𝜓(𝑡) − 𝜒(𝑡)] , (11)

where

𝜑(𝑡) = 𝑒−𝑇 ∫
𝑡

𝑍′
𝑒𝑇 𝑑𝑡, 𝜓(𝑡) = 𝑙2 ∬

𝑍′≤𝜉≤𝜂≤𝑇
exp{𝑇 (𝜂) − 𝑇 (𝜉)} 𝑑𝜉 𝑑𝜂,

𝜒(𝑡) = 𝑙2 ∭
𝑍′≤𝜉≤𝜂≤𝜁≤𝑡

exp{𝑇 (𝜉) − 𝑇 (𝜂) + 𝑇 (𝜁)} 𝑑𝜉 𝑑𝜂 𝑑𝜁.

Put now

𝜏(𝑡) = 𝑘 ∫
𝑡

𝑍′
𝑓(𝑦1) 𝑑𝑡.

Since 𝑓(𝑦1) > 𝐿 for 𝑡 ∈ (𝑍′, 𝑍′ + 2𝛿), it follows that

𝜏 ≥ 𝐿𝑘(𝑡 − 𝑍′).

Therefore, for 𝑡 ∈ (𝑍′ + 𝛿, 𝑍′ + 2𝛿),

∫
𝑡

𝑍′
𝑒−𝜏 𝑑𝑡 < ∫

𝑡

𝑍′
𝑒−𝐿𝑘(𝑡−𝑍′) 𝑑𝑡 < 𝐿𝑘−1; (12)

𝐿𝑘−1 < 𝑒−𝜏 ∫
𝑡

𝑍′
𝑒𝜏 𝑑𝑡 < 𝐿𝑘−1. (13)

∬
𝑍′<𝜉<𝜂<𝑡

exp{𝜏(𝜉) − 𝜏(𝜂)} 𝑑𝜉𝑑𝜂 = ∫
𝑡

𝑍′
𝑑𝜂 (𝑒−𝜏(𝜂) ∫

𝜂

𝑍′
𝑒𝜏(𝜉) 𝑑𝜉) < 𝐿𝑘−1. (14)
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By Lemma 3, 0 < 𝑤(𝑡) < 𝑘−5 for 𝑡 ∈ (𝑍′ + 𝛿, 𝑍′ + 2𝛿), and therefore ̇𝜏 =
𝑇 + 𝑂(𝑘−4) and exp{±𝑇 } = exp{±𝜏}(1 + 𝑂(𝑘−4)). Hence it follows that the
estimates (12)—(14) remain valid if 𝜏 is replaced in them by 𝑇 . Then

𝜓 < 𝐿 (∫
𝑡

𝑍′
𝑒𝑇 (𝜂) 𝑑𝜂) (∫

𝑡

𝑍′
𝑒−𝑇 (𝜉) 𝑑𝜉) < 𝐿𝑘−1 ∫

𝑡

𝑍′
𝑒𝑇 𝑑𝑡,

𝜒 < 𝐿 (∫
𝑡

𝑍′
𝑒𝑇 (𝜁) 𝑑𝜁) (∬

𝑍′<𝜉<𝜂<𝑡
exp{𝑇 (𝜉) − 𝑇 (𝜂)} 𝑑𝜉𝑑𝜂) < 𝐿𝑘−1 ∫

𝑡

𝑍′
𝑒𝑇 𝑑𝑡

by virtue of (12) and (14). Hence, from Lemma 3 and from (11) and (13), we
obtain, for 𝑡 ∈ (𝑍′ + 𝛿, 𝑍′ + 2𝛿),

𝑤(𝑡) > 𝐿𝑘−1𝑐(𝑍′) > 𝐿𝑘−1𝑐(𝑈1).

Lemma 6. If |𝑤(𝑍)| < 𝑘−11, then

|𝑐(𝑈 ′
2)| < (1 − 𝐿𝑘−1)|𝑐(𝑈1)| + 𝜁.

Proof. If |𝑤(𝑍)| ≤ 𝜉∗, then the assertion of the lemma is trivial in view of
Lemma 4. Let now 𝑤(𝑍) > 𝜉∗. Then 𝑤(𝑡) > 0 for 𝑍 ≤ 𝑡 ≤ 𝑈 ′

2, and by Lemma
3 and from (10) we have

𝑐(𝑈 ′
2) − 𝑐(𝑈1) < −𝐿 ∫

𝑈′
2

𝑈1

𝑤 𝑑𝑡.

Hence, by Lemma 5,

𝑐(𝑈 ′
2) − 𝑐(𝑈1) < −𝐿𝑘−1𝑐(𝑈1),

which proves the lemma.

Proof of the theorem. By Lemma 6, for any two solutions of equation (1)
for which |𝑤(𝑍)| < 𝑘−11, either 𝑐(𝑈1), 𝑐(𝑈 ′

2) = 𝑂(𝜁), or 𝑐(𝑈1), 𝑐(𝑈 ′
2) decrease

in absolute value (though slowly for large 𝑘) and eventually become quantities
of order 𝜁. Then, by Lemma 4, 𝑤(𝑡), 𝑤̇(𝑡) = 𝑂(𝜁) for all sufficiently large 𝑡.
This proves convergence to within 𝜁. The proof of true convergence is the same
as in (1) (§§ 55–56). As a result we obtain convergence under the condition
|𝑤(𝑍)| < 𝑘−11. But from (2) it follows that then lim𝑡→+∞ 𝑤(𝑡) = 0 for any
two solutions of equation (1), and lim𝑡→+∞ 𝑤̇(𝑡) = 0, since 𝑤̇(𝑡) is bounded as
𝑡 → +∞.
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The theorem is proved.
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