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CYBERNETICS AND CONTROL THEORY
V. P. ZAROVNYI

AUTOMATON MAPPINGS AND MATRICES
OVER THE SYMMETRIC SEMIGROUP OF
AN ABELIAN GROUP
(Presented by Academician V. M. Glushkov on 12 II 1968)

In this note we set forth results of an investigation of automaton mappings
admitting representations by matrices over the symmetric semigroup of an al-
phabet in which the structure of an additive semigroup with zero is defined or,
in particular, the structure of an abelian group; a special case of such mappings
are those representable by matrices over a ring with identity or an almost field
defined in the alphabet, including linear automaton mappings over a commuta-
tive ring with identity, studied by Nērōde (see (1)). These results were obtained
by applying the theorems and methods of the author’s paper (2), to which the
present note is adjacent.

1. Let the alphabet 𝑋 be endowed with the structure of an additive semigroup
with zero 0, which we shall denote by (𝑋, +). Addition in 𝑋 naturally in-
duces addition in 𝑆′(𝑋), with respect to which the latter set forms a semigroup
(𝑆′(𝑋), +) with zero 𝜁0 (in general, 𝜁𝑎 for 𝑎 ∈ 𝑋 denotes the mapping from
𝑆′(𝑋) sending any element 𝑥 ∈ 𝑋 to 𝑎).
Consider square matrices of order 𝑘 (𝑘 = 0, 1, … , ∞) over 𝑆′(𝑋), and in the
case 𝑘 = ∞ impose the condition that the rows be finite. Since in 𝑆′(𝑋) two
operations are defined—addition and multiplication—addition and multiplication
of matrices of the same order are defined in the usual way, and the definition
of multiplication is correct in view of the finiteness of the rows. A matrix over
𝑆′(𝑋) all of whose elements are endomorphisms of the semigroup (𝑋, +) will be
called endomorphic; such matrices, in the case when (𝑋, +) is an abelian group,
were studied by Z. M. Kishkina (see (3,4)) in connection with the problem of
describing the endomorphism ring of a direct sum of abelian groups.

To a matrix (𝜑𝑖𝑗) of order 𝑘 over 𝑆′(𝑋) there corresponds a mapping 𝜑 of the
semigroup (𝑋𝑘, +) into itself if, for 𝑥 = (𝑥0, … , 𝑥𝑘−1), we put
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𝜑𝑥 = 𝑥′ = (𝑥′
0, … , 𝑥′

𝑘−1), where 𝑥′
𝑖 =

𝑘−1
∑
𝑗=0

𝜑𝑖𝑗𝑥𝑗 (𝑖 = 0, 1, … , 𝑘 − 1).

This definition is correct in connection with the condition that the rows be finite.

The operation of addition in 𝑋 defines a function 𝑎(𝑥), given on 𝑋 with values in
𝑆′(𝑋), which for any 𝑦 ∈ 𝑋 is specified by the equality 𝑎(𝑥)𝑦 = 𝑥+𝑦. By means
of this function, to each infinite triangular matrix (𝜑𝑖𝑗) (𝑖, 𝑗 = 0, 1, … ; 𝜑𝑖𝑗 = 𝜁0
for 𝑗 > 𝑖) over 𝑆′(𝑋) we associate the functional semimatrix (𝑎𝑖𝑗(𝑥))𝑗≤𝑖 =
(𝑎(𝜑𝑖𝑗𝑥))𝑗≤𝑖 (see (2)).
Proposition 1. An infinite triangular matrix (𝜑𝑖𝑗) over 𝑆′(𝑋) and the corre-
sponding semimatrix (𝑎(𝜑𝑖𝑗𝑥))𝑗≤𝑖 induce one and the same automaton mapping.

We shall call a triangular infinite matrix (𝜓𝑖𝑗) over (𝑆′(𝑋), +) the derivative
with respect to the vector a ∈ 𝑋𝑠 (𝑠 < ∞) of a triangular infinite matrix (𝜑𝑖𝑗)
over (𝑆′(𝑋), +), if

𝜓𝑖𝑗 = {𝜁𝜑(𝑠+𝑖)0𝑎0
+ 𝜁𝜑(𝑠+𝑖)1𝑎1

+ ⋯ + 𝜁𝜑(𝑠+𝑖)(𝑠−1)𝑎𝑠−1
+ 𝜑(𝑠+𝑖)𝑠, if 𝑗 = 0;

𝜑(𝑠+𝑖)(𝑠+𝑗), if 𝑗 > 0;

we shall denote it by (𝜑𝑖𝑗)′
𝑎.

An infinite triangular matrix (𝜑𝑖𝑗) over (𝑆′(𝑋), +) will be called periodic if the
submatrix (𝜑𝑖𝑗)𝑗≤𝑖 lying below its main diagonal is periodic (see (2)).
Theorem 1. Let an automaton mapping 𝛼 in the alphabet 𝑋, under some
structure (𝑋, +) of an additive semigroup with zero 0 in 𝑋, be given by an
infinite triangular matrix (𝜑𝑖𝑗) over 𝑆′(𝑋). Construct an automaton whose
states are the matrices (𝜑𝑖𝑗)′

𝑎, and whose transition and output functions are
given by the formulas

𝛿[(𝜑𝑖𝑗)′
𝑎, 𝑥] = (𝜑𝑖𝑗)′

𝑎𝑥, 𝜆[(𝜑𝑖𝑗)′
𝑎, 𝑥] = (𝜑𝑖)′

𝑎𝑥;

as the initial state we choose (𝜑𝑖𝑗).
The automaton constructed is the minimal automaton inducing the mapping 𝛼.

If the matrix (𝜑𝑖𝑗) is periodic, then the mapping is finite-automaton, and the
constructed minimal automaton has no more than (𝑘+𝑚)𝑛𝜒+𝜇 states, where 𝑘, 𝑚
are, respectively, the numbers of elements before the period and in the period for
the sequence of columns of the submatrix (𝜑𝑖𝑗)𝑗≤𝑖; 𝜒𝑗, 𝜇𝑗 are the same numbers
for its 𝑗-th column, 𝜒 = max(𝜒0, … , 𝜒𝑘+𝑚−1), 𝜇 = l. c.m.(𝜇0, … , 𝜇𝑘+𝑚−1).
The set of automaton mappings induced, for a given semigroup (𝑋, +) with zero,
by infinite triangular matrices is closed.
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Proof is obtained by passing from (𝜑𝑖𝑗) to the corresponding functional sub-
matrix (𝑎(𝜑𝑖𝑗𝑥))𝑗≤𝑖 and applying Theorem 1 of [2].

Theorem 2. In order that an automaton mapping 𝛼 in the alphabet 𝑋 be in-
duced by an infinite triangular matrix (𝜑𝑖𝑗) over (𝑆′(𝑋), +), under some struc-
ture (𝑋, +) of a semigroup in 𝑋 with zero 0, it is necessary and sufficient that
the functions of its representation

𝛼 = [𝛼0, 𝛼1(𝑥0), … , 𝛼𝑟(𝑥0, … , 𝑥𝑟−1), …] (1)

as an element of the wreath product of the symmetric semigroups 𝑆′(𝑋) admit
decompositions of the form

𝛼𝑟(𝑥0, … , 𝑥𝑟−1) = 𝛼(𝜑𝑟0𝑥0) … 𝛼(𝜑𝑟−1𝑥𝑟−1)𝜑𝑟𝑟

(𝑟 = 0, 1, …) with some function 𝛼(𝑥) satisfying the conditions:
1) 𝛼(0)𝑦 = 𝑦, 𝛼(𝑥)0 = 𝑥 for arbitrary 𝑥, 𝑦 ∈ 𝑋, and 2) 𝛼(𝜑𝑦) = 𝜑𝛼(𝑦) for
arbitrary 𝜑 ∈ 𝛼(𝑋) and 𝑦 ∈ 𝑋.*

2. Let now (𝑋, +) be an Abelian group. Then both (𝑆′(𝑋), +) and (𝑋𝑘, +)
are Abelian groups. A matrix (𝜑𝑖𝑗) over (𝑆′(𝑋), +) will be called homoge-
neous if, for all 𝑖, 𝑗, 𝜑𝑖𝑗0 = 0. A matrix (𝜑𝑖𝑗) will be called equivalent to
zero if all its elements are constant functions and the sum of the elements
of each row is equal to the zero 𝜉0 of the group (𝑆′(𝑋), +).

Proposition 2. Matrices of order 𝑘 equivalent to zero form a subgroup in the
additive group of all matrices of order 𝑘 over (𝑆′(𝑋), +).
We shall call two matrices of order 𝑘 equivalent if they belong to the same coset
with respect to this subgroup.

Proposition 3. Two matrices of order 𝑘 are equivalent if and only if they
induce one and the same mapping of the set 𝑋𝑘 into itself.

Proposition 4. Two equivalent homogeneous matrices are equal.

We shall agree to say that a matrix (𝜑𝑖𝑗) has normal form if all its off-diagonal
elements are homogeneous in the sense that they leave 0 fixed.

Proposition 5. In each equivalence class of matrices of order 𝑘
of order over (𝑆′(𝑋), +), there exists, moreover, a unique matrix of normal form.

We shall represent mappings that admit specification by matrices over
(𝑆′(𝑋), +) exclusively by matrices of normal form. We restrict ourselves to
infinite triangular matrices; the mappings of the set 𝑋∞ into itself induced by
them are automaton mappings.

Theorem 3. For an automaton mapping in the alphabet 𝑋 with the structure
of an Abelian group (𝑋, +), induced by a triangular matrix of infinite order
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over (𝑆′(𝑋), +), to be finite-automaton, it is necessary and sufficient that the
matrix of normal form defining it be periodic.

3. Let the alphabet 𝑋 be endowed with the structure (𝑋, +, ⋅) of a ring with
identity or of a near-field (see (5)). A matrix (𝑎𝑖𝑗) over (𝑋, +, ⋅) of 𝑘-
th order defines, in the usual way, a mapping of the set 𝑋𝑘 into itself.
The same mapping is induced by the matrix (𝜇𝑎𝑖𝑗

) over 𝑆′(𝑋), where 𝜇𝑎
denotes the mapping 𝑥 → 𝑎𝑥 (𝑎, 𝑥 ∈ 𝑋) of the set 𝑋 into itself. This makes
it possible to solve the problem of synthesizing a minimal automaton for an
automaton mapping given by an infinite triangular matrix over (𝑋, +, ⋅)
on the basis of Theorem 1. In addition, it follows from this that

Theorem 4. For an automaton mapping 𝛼 in the alphabet 𝑋 with the struc-
ture (𝑋, +, ⋅) of a ring with identity or of a near-field, specified by an infinite
triangular matrix (𝑎𝑖𝑗) over (𝑋, +, ⋅), to be finite-automaton, it is necessary and
sufficient that the matrix (𝑎𝑖𝑗) be periodic. In this case the number of states
of the minimal automaton inducing 𝛼 does not exceed (𝑘 + 𝑚)𝑛𝜒+𝜇, where the
meanings of the notations 𝑘, 𝑚, 𝜒, 𝜇 are the same as in Theorem 1.

From Theorem 4 one obtains, in particular, results for linear automaton map-
pings in the alphabet 𝑋 with the structure (𝑋, +, ⋅) of a commutative ring
with identity; and from them, by means of the transformation (𝑎𝑖𝑗) → (𝑎𝑖−𝑗,𝑗),
one can obtain the criterion for finite-automaton-ness of an automaton linear
mapping obtained by Nerode (see (1)).

4. Consider the binary alphabet 𝑋 = ⟨𝑥, 𝑦⟩. There are only two structures of
Abelian (cyclic) groups of the second order in 𝑋, and they are completely
determined by which of the two elements 𝑥 and 𝑦 is to be taken as zero
0. We give necessary and sufficient conditions, in the language of regular
expressions (see (6)), for the representability of a finite-automaton map-
ping by a matrix over (𝑆′(𝑋), +) for at least one of these group structures
(𝑋, +).

Let i = (𝑖0, … , 𝑖𝑘−1) be a 𝑘-dimensional (𝑘 < ∞) vector with components from
the set ⟨0, 1⟩. We shall call it even if an even number of its components are
equal to 1, and odd otherwise. We denote the set of even 𝑘-dimensional vectors
by 𝑂𝑘, and the set of odd ones by 𝐼𝑘. A product of the form 𝐴(0)

𝑖0
𝐴(1)

𝑖1
⋯ 𝐴(𝑘−1)

𝑖𝑘−1
of subsets of the alphabet 𝑋, where 𝑖0, 𝑖1, … , 𝑖𝑘−1 = 0, 1, will be denoted by
𝐴[0,𝑘−1]

𝑖 ; moreover, below always, if 𝐴0 ⊆ 𝑋, then 𝐴1 = 𝑋 ∖ 𝐴0.

A regular expression 𝑊 will be called (0, 𝑥)-normal if it has the following struc-
ture:

1) 𝑊 = 𝑃 ∨𝑟+𝑞−1 𝑅; 2) 𝑃 =
𝑟

⋁
𝑘=0

𝑃𝑘 (𝑞, 𝑟 < ∞);

3) For each 𝑘 = 0, 1, … , 𝑟 + 𝑞 − 1 there exists a sequence of subsets
𝑃 (𝑘,0)

0 , 𝑃 (𝑘,1)
0 , … , 𝑃 (𝑘,𝑘)

0 of the alphabet 𝑋 such that
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𝑃 = ⋁
i∈𝑂𝑘+1

𝑃 (𝑘,0)
𝑖0

𝑃 (𝑘,1)
𝑖1

⋯ 𝑃 (𝑘,𝑘)
𝑖𝑘

(𝑘 = 0, 1, … , 𝑟 + 𝑞 − 1);

4) If 𝑘 ≠ 𝑙, then 𝑥 ∈ 𝑃 (𝑘,𝑙)
0 ; 5) 𝑅 =

𝑠−1
⋁
𝑖=0

𝑅𝑖 (𝑠 < ∞);

6) There exist sequences 𝐴(𝑖,0)
0 , … , 𝐴(𝑖,𝑟−0)

0 , 𝐵(𝑖,0)
0 , … ,

… , 𝐵(𝑖,𝑠−1)
0 ; 𝐶(𝑖,0)

0 , … , 𝐶(𝑖,𝑞−1)
0 of subsets of the alphabet 𝑋, such that

𝑅𝑖 = ⎛⎜
⎝

⋁
𝑖𝑘𝑙∈𝑂𝑟+𝑖+𝑞+1

𝐴(𝑖,[0,𝑟−1])
𝑖 𝑆𝑖𝐵(𝑖,[0,𝑖])

𝑘 𝐶(𝑖,[0,𝑞−1])
1

⎞⎟
⎠

∨

∨ ⎛⎜
⎝

⋁
𝑖𝑘𝑙∈𝐼𝑟+𝑖+𝑞+1

𝐴(𝑖,[0,𝑟−1])
𝑖 𝑇𝑖𝐵(𝑖,[0,𝑖])

𝑘 𝐶(𝑖,[0,𝑞−1])
1

⎞⎟
⎠

;

7) 𝑥 ∈ 𝐴(𝑖,𝑗1)
0 , 𝐵(𝑖,𝑗2)

0 , 𝐶(𝑖,𝑗3)
0 (𝑗1 = 0, … , 𝑟−1; 𝑗2 = 0, … , 𝑠−1; 𝑗3 = 0, … , 𝑞−1);

8) 𝑆𝑖 = {𝐵𝑖
0 ∨ 𝐵𝑖

𝐼{𝐵𝑖
0}𝐵𝑖

𝐼}; 𝑇𝑖 = {𝐵𝑖
0} ⋅ 𝐵𝑖

𝐼{𝐵𝑖
0 ∨ 𝐵𝑖

𝐼{𝐵𝑖
0}𝐵𝑖

𝐼};

9) 𝐵𝑖
0 = ⋁

𝑘∈𝑂𝑠

𝐵(𝑖,[0,𝑠−1])
𝑘 , 𝐵𝑖

𝐼 = ⋁
𝑘∈𝐼𝑠

𝐵(𝑖,[0,𝑠−1])
𝑘 .

A regular event in the alphabet 𝑋 will be called (0, 𝑥)-normal if among the
regular expressions representing it there is a (0, 𝑥)-normal expression.

Theorem 5. In order that a finite-automaton mapping 𝛼 in the alphabet
𝑋 = ⟨𝑥, 𝑦⟩, specified by the canonical system of events ⟨𝑊𝑥, 𝑊𝑦⟩, be induced
by a matrix over (𝑆′(𝑋), +) under such a group structure in 𝑋, when the
letter 𝑥 serves as the zero 0, it is necessary and sufficient that the event 𝑊𝑥
be (0, 𝑥)-normal. If, moreover, (𝜑𝑖𝑗) is the matrix for 𝛼, ⃗𝛼𝑖 = (𝛼𝑖

0, … , 𝛼𝑖
𝑟−1),

⃗𝛽𝑖 = (𝛽𝑖
0, … , 𝛽𝑖

𝑠−1), ⃗𝛾𝑖 = (𝛾𝑖
0, … , 𝛾𝑖

𝑞−1) are vectors determining it by the lemma
on periodic semimatrices (2), then the equalities

𝑃 (𝑘,𝑗)
0 = 𝑃 𝜑𝑘𝑗

𝑥 , 𝐴(𝑖,𝑗1)
0 = 𝑃 𝛼𝑗1

𝑖

𝑥 , 𝐵(𝑖,𝑗2)
0 = 𝑃 𝛽𝑗2

𝑖

𝑥 ,

𝐶(𝑖,𝑗3)
0 = 𝑃 𝛾𝑗3

𝑖

𝑥

hold

(𝑗 ≤ 𝑘; 𝑗, 𝑘 = 0, 1, … , 𝑟 + 𝑞 − 1; 𝑖 = 0, 1, … , 𝑠 − 1; 𝑗1 = 0, … , 𝑟 − 1;
𝑗2 = 0, … , 𝑠 − 1; 𝑗3 = 0, … , 𝑞 − 1),
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where 𝑃 𝜑
𝑥 for 𝜑 ∈ 𝑆′(𝑋) denotes the complete inverse image of the letter 𝑥

under the mapping 𝜑. This makes it possible to pass from specifying 𝛼 by a
matrix to specifying it by regular (0, 𝑥)-normal expressions, and conversely.

Let a (0, 𝑥)-normal expression 𝑊 be given. Construct a new expression 𝑊 ,
satisfying conditions 1), 2), 3), 4), 5), 6), 7)—9), where 3) is obtained from 3)
by replacing 𝑂𝑘+1 by 𝐼𝑘+1, and 6) is obtained from 6) by replacing 𝑆𝑖 by 𝑇𝑖
and conversely. Such an expression will be called (1, 𝑦)-normal, and the event
represented by it a (1, 𝑦)-normal event conjugate to the (0, 𝑥)-normal event 𝑊 .

**Theorem 5*.** In order that a finite-automaton mapping 𝛼 in the alphabet
𝑋 = ⟨𝑥, 𝑦⟩, specified by the canonical system of events ⟨𝑊𝑥, 𝑊𝑦⟩, be matrix
under such a group structure in 𝑋, when 𝑥 = 0, it is necessary and sufficient
that the event 𝑊𝑦 be (1, 𝑦)-normal, conjugate to the (0, 𝑥)-normal event 𝑊𝑥.

Theorem 6. In order that a finite-automaton mapping 𝛼 in the alphabet
𝑋 = ⟨𝑥, 𝑦⟩, specified by the canonical system of regular expressions ⟨𝑊𝑥, 𝑊𝑦⟩,
be matrix under some group structure in 𝑋, it is necessary and sufficient that
𝑊𝑥 be either (0, 𝑥)-normal or (1, 𝑥)-normal, or, equivalently, that 𝑊𝑦 be either
(1, 𝑦)-normal or (0, 𝑦)-normal, respectively.

The author expresses deep gratitude to V. M. Glushkov and A. L. Letichevskii
for discussion of the results set forth above.

Kiev Polytechnic Institute
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