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The present note is devoted to the investigation of structural properties of sets
of solutions of systems of equations with one unknown in a free group. All
concepts which are not defined here but are needed for understanding the note
may be found in (1).

The first result concerning the problem of an effective description of the set
of solutions of a system of equations with one unknown in a free group was
obtained by R. Lyndon (2,*). Although he did not explicitly consider systems
of several equations, nevertheless his results remain valid for systems with any
number of members. The next step was made by the author in (1), where it was
shown that the set of solutions of a system of equations with one unknown in a
free group is representable by a finite number of parametric words (for details
see (?)) of the form AS*BTYC, AS*BTHC (A,S,B,T,C are elements of the
free group; u, v are parameters taking arbitrary natural values).

Using the latter, one can prove a more precise result.

Theorem 1. If a system of equations with one unknown in a free group is soluble,
then the set of its solutions is representable by a finite number of parametric
words of the form AB*C' (A, B,C are elements of the free group; u is an inleger
parameter).

We note that in parametric words of the form AB*C' the element B may be the
identity of the group. Equations can easily be constructed which require, for
the representation of the set of their solutions, only one parametric word. Such,
for example, are the equations

AX 1 =1, (1)

AXAIX! =1, 2)
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where A is an element of the free group distinct from the identity of the group.
Equation (1) has the unique solution X = A, whereas equation (2) has infinitely
many solutions. Attempts to construct examples of another kind, i.e. equations
or systems of them requiring, for the representation of the set of their solutions,
more than one parametric word, encountered difficulties. Therefore one might
have supposed that there are no systems of equations with one unknown in a free
group requiring, for the representation of the set of their solutions, more than
one parametric word of the form ABH#C. A careful analysis, however, showed
the untenability of such a supposition.

Theorem 2. Whatever the natural number n, in the free group & with gener-
ators G1,Gy one can construct an equation with one unknown having a finite
number m > n of solutions.

The proof of Theorem 2 is contained in Lemmas 1 and 2, for the formulation of
which one definition is necessary.

Definition 1. We shall consider functions ¢(X) in the group &, defined by
elements of the free group ® x with generators G, G5, X,

i.e., forms of the type AgX®A; X . A" A . where A; (i =0,1,....,n+1)
are elements of the group &, and ¢, (i = 0,1,...,n) are numbers equal to +1.
According to what has been said, the notation

P(X) = Ag XA X L ANA L

means that the function ¢(X) assumes the value

=0

o(U) = (f[(Af;;)) A

when the argument has the value X = U, where U € &.
Define the class of functions ® as follows.

I. The function

o(X) = G XG,G, X 1G I X 1GL, X GGG Gy
X 1GI XG, XGTI G X 1GEG, Gt

belongs to the class ®.
II. If the function

P(X) = AgX©0A, X . ADA, L,
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belongs to the class @4, and B! is some value of this function different from
G, then the function

O (X) = Ag XA X L ATGA, 1 BGL AT
X~ A X AT X A B!
also belongs to the class ®.

Lemma 1. For each function ¢(X) € &4 there are only finitely many values
m > 3 of the argument X for which ¢(X) assumes the value G;.

Lemma 2. If p(X) € @ is such that the word XG,G; X 1G5 X 1G, X enters
into its defining form exactly n times, then there are log, n + 3 distinct values
of the argument X for which the function p(X) assumes the value G;.

We note that the function p(X) = G531 XG,G1 X 1G5 X 1G4 X assumes the
value G only for X =1 and X = Gj.

Theorem 3. Whatever natural number n > 1 is given, in some free group one
can construct an equation with one unknown such that:

I. The set of solutions of this equation is representable by n parametric words
of the form A* with A # 1.

II. No system of parametric words of the form AB*C, containing fewer than
n members, is a representation of its set of solutions.

This theorem is a simple consequence of Lemma 3, whose formulation requires
one auxiliary notion.

Definition 2. Suppose that a free group &’ of rank n > 2 is given. Define in
this group a class of equations as follows:

I. The class Jg/ contains any equation of the form

G’ XGG'XGEX 'GP XG X6 X

G X 'Gixai *X Gz, =1, (3)

where G;, G are distinct free generators of the group &’.

II. Suppose that the equation

w(X) =1 (4)

belongs to the class Jg; then, if G;2 is the first coefficient in order of equation
(4), and the free generator G, of the group &’ does not -

is a coeflicient of this equation, then the class Jg/ also contains the equation
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G’ XGixG,,(X)G XGTI XTGP X
G XTIG(w(X)) G = L. ()

Lemma 3. For any natural number m (2 < m < n), in the class of equations
Jer one can specify an equation whose set of solutions is representable by a
system of parametric words GY,GY, ..., Gh,.

A modification of the construction of the class of equations .Jy, makes it possible
to avoid increasing the rank of the group &’ depending on the given number of
parametric words. But this strengthening has so far been obtained only at the
cost of weakening Theorem 3 in other respects.

Theorem 3’. For any natural numbern > 1, in a free group & of rank 2 one can
construct an equation with one unknown which requires, for the representation
of the set of its solutions, no fewer than n parametric words of the form AB*C
with B # 1.

The results obtained suggest the following hypothesis: if an equation with one
unknown in a free group is solvable, then its set of solutions is representable
either by parametric words of the form AB*C' with B # 1, or by parametric
words of the same form with B = 1. The following theorem shows that the
proposed uniformity does not occur.

Theorem 4. For any pair of natural numbers m,n (m > 0, n > 0), one can
construct, in some free group, an equation

w(X) =1 (6)

with one unknown such that:

I The set of solutions of equation (6) is representable by a finite system of
parametric words of the form AB*C, containing: a) exactly m such words with
B #1; b) no fewer than n parametric words with B = 1.

II. Any system of parametric words of the form AB*C containing fewer than m
such words with B # 1, or fewer than n parametric words with B =1, is not a
representation of the set of solutions of equation (6).

We indicate the construction of the equations referred to in Theorem 4. De-
note by &* the free group with generators G,, G5, G5, relative to which the
free group & with generators G,,G, is a subgroup. Suppose that the form
AgXo A X AL A, defines a function ¢(X) € @ taking the value G for
n > 0 values of the argument X. It is easy to show that one can find an element
C € & such that S = CG{'4, #1, T = A, ,1,C! # 1, and moreover S, T are
cyclically reduced. The equation

GIXG, X 15X %A, X . ANTXG5 X 162X

sovietrxiv.org/items/ru-196801.13985 Machine Translation


https://sovietrxiv.org/items/ru-196801.13985

G X 1T X @Al X AL X 0S8 1XG,X 1 =1

will be the desired one for m = 1.

The corresponding equations for m > 1 can be constructed by the inductive
method of Definition 2.

It should be noted that the equations whose existence is asserted in Theorem 4
can already be constructed in a free group of rank 2. An example of this kind
is the equation

Gyl XGoG X 1GI X 1GLX2GI X = 1. (7)
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