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1968, Volume 179, No. 2

UDC 517.934+62.50  CYBERNETICS AND CONTROL THEORY

Corresponding Member of the Academy of Sciences of the USSR N. N.
KRASOVSKII

REGULARIZATION OF THE PROBLEM OF
THE MEETING OF MOTIONS
Consider the controlled motions 𝑦[𝑡] and 𝑧[𝑡], described by the equations

̇𝑦 = 𝐴(1)𝑦 + 𝐵(1)𝑢, (1)

̇𝑧 = 𝐴(2)𝑧 + 𝐵(2)𝑣, (2)

where 𝑦, 𝑧 are 𝑛-dimensional vectors of phase coordinates; 𝑢, 𝑣 are 𝑟-vectors of
control forces, whose realizations 𝑢[𝑡] and 𝑣[𝑡] are constrained by the condition

‖𝑢[𝑡]‖ ≤ 𝜇, ‖𝑣[𝑡]‖ ≤ 𝜈 (essentially); (3)

𝐴(𝑖), 𝐵(𝑖) are given matrices. The symbol ‖𝑞‖ denotes the Euclidean norm of the
vector 𝑞. The vectors under consideration will be treated as column vectors;
the superscript will denote transposition; the symbol {𝑄}(𝑚) will denote the
matrix composed of the first 𝑚 rows of the matrix 𝑄. The restriction (2) can
be replaced by the more general condition

𝑢[𝑡] ∈ 𝑈, 𝑣[𝑡] ∈ 𝑉 , (4)

where 𝑈 and 𝑉 are bounded, convex, and closed sets. In this case, however,
concrete calculation is, generally speaking, complicated.

The problem of the meeting of motion (1) with motion (2) consists in such a
choice of the control 𝑢 as ensures the equality

‖{𝑦[𝜗] − 𝑧[𝜗]}(𝑚)‖ = 0 (5)
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at the terminal time 𝑡 = 𝜗 (for every possible initial state 𝑦[𝑡0], 𝑧[𝑡0] from the
chosen domain 𝒴). The solution of game problems for controlled objects de-
scribed by differential equations, including the solution of the meeting problem
(5) under the condition that the control 𝑢[𝑡] is formed in the form

𝑢[𝑡] = 𝑢[𝑦[𝑡], 𝑧[𝑡]], (6)

encounters many difficulties (1−18). One of the ways of overcoming these diffi-
culties (3) is connected with introducing, among the arguments of the function
𝑢, the realized values of the quantity 𝑣. In the present note another form of reg-
ularization of the problem is discussed, connected with weakening the meeting
condition (5), described in works (15,18).
Let, for a given 𝜀 > 0, for the initial state 𝑦[𝑡0], 𝑧[𝑡0] and for the given realizations
𝑢[𝑡] and 𝑣[𝑡], the quantity 𝑇 𝜀

𝑢,𝑣 be defined as the least nonnegative number 𝑇
satisfying the condition

‖{𝑦[𝑡0 + 𝑇 ] − 𝑧[𝑡0 + 𝑇 ]}(𝑚)‖ ≤ 𝜀. (7)

We shall consider piecewise-constant realizations of the control 𝑢 of the form

𝑢[𝑡] = 𝑐𝑘 for 𝜏𝑘 ≤ 𝑡 < 𝜏𝑘+1, (8)

where 𝜏𝑘 is the chosen sequence of numbers, 𝜏𝑘+1 − 𝜏𝑘 = 𝛿 > 0. We shall say
that a certain method of forming the control 𝑢, giving realizations (8), ensures
that the motion 𝑦[𝑡] converges to the motion 𝑧[𝑡] no later than in time 𝑇 = 𝛾𝑢,
if

𝛾𝑢 = sup
𝜀>0

{lim sup
𝛿→0

[sup
𝑣

𝑇 𝜀
𝑢,𝑣]} < ∞. (9)

In regular cases the time 𝑇0 until the guaranteed encounter (5) of motion (1)
with motion (2) is determined by the instant 𝜗0 of absorption (16) of process
(2) by process (1), when the attainability region 𝐺(2) of motion (2) first lies
in the attainability region 𝐺(1) of motion (1). The control 𝑢 = 𝑢[𝑡] is then
constructed in the form of an extremal control attracting the motion 𝑦[𝑡] to the
point 𝑥0, where the boundaries of the regions 𝐺(1) and 𝐺(2) are tangent. In the
less regular cases considered by us, when the index (9) is used, the instant 𝜗𝜀
of 𝜀-absorption participates in the matter in an analogous way. This quantity is
defined as follows. Suppose that from the given initial state 𝑦[𝑡0], with 𝑢(𝑡) ≡ 0,
the motion 𝑦(𝑡) at the instant 𝑡 = 𝜗 is brought to the state 𝑦(𝜗) = 𝑥. We shall
call the set of all those points 𝑦 for which one can ensure the inequality

∥{𝑦(𝜗) − 𝑦}(𝑚)∥ ≤ 𝜀 (10)
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by choosing a programmed control 𝑢(𝑡) (𝑡0 ≤ 𝑡 ≤ 𝜗), constrained by the
condition ‖𝑢(𝑡)‖ ≤ 𝜇, the 𝜀-attainability region and denote it by the symbol
𝐺(1)

𝜀 [𝜗 − 𝑡0, 𝑥]. The region 𝐺(2)
𝜀 [𝜗 − 𝑡0, 𝑥] is defined in an analogous way. The

instant 𝑡 = 𝜗 at which the region 𝐺(2)
0 [𝜗 − 𝑡0, 𝑧(𝜗)] first lies in the region

𝐺(1)
𝜀 [𝜗 − 𝑡0, 𝑦(𝜗)] will be called the instant of 𝜀-absorption. In what follows

we shall need the notion of regular absorption of process (2) by process (1) for
0 ≤ 𝑡 ≤ 𝜗. Regularity of 𝜀-absorption for 0 ≤ 𝑡 ≤ 𝜗 is based on the following
two conditions (for every sufficiently small 𝜂 > 0):

I. For all 𝑦, 𝑧 and 𝜂 ≤ 𝜏 ≤ 𝜗 for which the region 𝐺(2)
0 [𝜏 , 𝑧] is contained in the

region 𝐺(1)
𝜀 [𝜏 , 𝑦], the boundaries of these regions are tangent at no more than

one point 𝑥𝜀.

II. In a neighborhood of the point 𝑥𝜀, the boundary of the region 𝐺(2)
0 has

greater curvature than the curvature of the boundary of the region 𝐺(1)
𝜀 .

Let 𝑥0 be the point of the region 𝐺(1)
0 closest to the point 𝑥𝜀, and let 𝑥(1)

𝜑 be the
point of intersection with the boundary of 𝐺(1)

𝜀 of the ray drawn from the point
𝑥0 and making an angle 𝜑 with the vector 𝑥𝜀 − 𝑥0. Then the condition

∥𝑥(1)
𝜑 − 𝑥(2)

𝜑 ∥ ≥ 𝛽𝜑2 (|𝜑| < 𝛼),

must be satisfied, where 𝛼, 𝛽 are positive constants (depending, perhaps, on 𝜂);
𝑥(2)

𝜑 is the point of intersection of the ray 𝜑 with the boundary 𝐶(2)
0 (if there is

no such point, we regard the condition as satisfied).

We shall call the absorption of process (2) by process (1) regular for 0 ≤ 𝑡 ≤ 𝜗
if, for 0 ≤ 𝑡 ≤ 𝜗, the 𝜀-absorptions are regular for all sufficiently small 𝜀 > 0.

The problem of programmed control of a linear system is a problem of moments
(19). Hence it follows (20) that all points 𝑤 constituting the regions 𝐺(𝑖)

𝜀 [𝜏 , 𝑥],
respectively, are obtained from the inequalities

𝜀‖𝑙‖ + 𝜇(𝑣) ∫
𝜏

0
∥{𝐹 (𝑖)[𝜏 − 𝑡]𝐵(𝑖)}∗

(𝑚)𝑙∥ 𝑑𝑡 − (𝑤 − 𝑥)∗𝑙 ≥ 0, (11)

which must be satisfied for every vector 𝑙. Here 𝐹 (𝑖)[𝑡] is the fundamental matrix
of solutions of equation (𝑖) (𝑖 = 1, 2). From the inequality

from (11) an effective notation for the conditions of regular absorption of (2)
by process (1) is derived. We note that inequality (11) is most convenient
to use for recording regularity conditions of absorption analogous to condition
II, but expressed in terms of the angle 𝜑 that the supporting vector 𝑙 (i.e.,
the vector 𝑙 normal to the supporting hyperplane for the domain 𝐺(1)

𝜀 ) makes
with the supporting vector 𝑙0 to 𝐺(1)

𝜀 , reconstructed at the point 𝑥𝜀. Then
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from (11) there follows an effective form of writing the condition of regular
absorption in the form of the inequality 𝜌[𝑙, 𝑙0] ≥ 𝛽𝜑2, where 𝜌[𝑙, 𝑙0] is the
distance, computed from (11), from the hyperplane 𝐻(1)

𝑙 , supporting 𝐺(1)
𝜀 , to

the domain 𝐺(2)
0 . (Incidentally, the effectiveness of such a notation is relative,

since computational difficulties arise in concrete cases. The exception is perhaps
only the case of objects of the same type (18) and some other analogous cases.)

Let us finally define the quantities 𝜗[𝜏𝑘]. For 𝜏0 = 𝑡0, as 𝜗[𝜏0] one chooses the
moment of absorption of process (2) by process (1). Suppose the quantity 𝜗[𝜏𝑘]
has been realized. We find, for the initial state 𝑦[𝜏𝑘+1], 𝑧[𝜏𝑘+1], the moment of
absorption 𝜗𝑘+1. If 𝜗𝑘+1 ≤ 𝜗[𝜏𝑘], then 𝜗[𝜏𝑘+1] = 𝜗𝑘+1. If, however, 𝜗𝑘+1 > 𝜗[𝜏𝑘],
then 𝜗[𝜏𝑘] is the moment of 𝜗𝜀 𝜀-absorption, for some 𝜀 > 0; then we put
𝜗[𝜏𝑘+1] = 𝜗[𝜏𝑘].
The following assertion is valid: If the initial state 𝑦[𝑡0], 𝑧[𝑡0] is such that 𝜗[𝑡0] <
∞, and if for 0 ≤ 𝜏 ≤ 𝜗[𝑡0] − 𝑡0 process (1) absorbs process (2) regularly, then
one can construct a control

𝑢[𝑡] = 𝑢[𝑦[𝜏𝑘], 𝑧[𝜏𝑘], 𝜗[𝜏𝑘]], (12)

which ensures that motion (1) is brought together with motion (2) no later than
within the time 𝑇 = 𝜗[𝑡0] − 𝑡0.

The given control 𝑢, solving the problem of bringing together, is constructed
as an extremal control which at the moment 𝑡 = 𝜏𝑘 aims the motion 𝑦[𝑡] at
the point 𝑥0 nearest to the point 𝑥𝜀, where the boundaries of the domains
𝐺(2)

𝜀 [𝜗[𝜏𝑘], 𝑦(𝜗[𝜏𝑘])] and 𝐺(2)
0 [𝜗[𝜏𝑘], 𝑧(𝜗[𝜏𝑘])] touch.

This control 𝑢[𝑡], for 𝑡 = 𝜏𝑘, is determined from the maximum condition

ℎ∗[𝑡]𝑢[𝑡] = 𝜈∗(𝐹 (𝑖)[𝜗𝜀𝑡]𝐵(𝑖)){𝑚}𝑢[𝑡] = max
𝑢

for ‖𝑢‖ ≤ 𝜇.

At the same time it is sometimes also expedient to regularize the control 𝑢[𝜏𝑘]
by averaging 𝑢[𝑡] over 𝜏𝑘 ≤ 𝑡 < 𝜏𝑘+1.

In conclusion we note that the regularization of the meeting problem under
consideration is naturally coarser than the regularization of this same problem
using the value 𝑣 in the formation of the control 𝑢. However, under the regu-
larization described by us, the motion 𝑧[𝑡] is no longer discriminated quite so
explicitly.

We also note that the described method of forming the control 𝑢 in a number
of typical cases ensures the minimax of the time 𝑇 until the objects come to-
gether. Namely, suppose it is known that for any control 𝑢[𝑦[𝑡], 𝑧[𝑡]] there exists
a realization 𝑣[𝑡] which ensures the inequality

‖{𝑦[𝑡] − 𝑧[𝑡]}{𝑚}‖ > 𝜘[𝜀] > 0
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for 𝑡0 ≤ 𝑡 ≤ 𝜗0[𝑡] − 𝜀 (𝜀 > 0). Then the above-described method of control
ensures the natural minimax

min
𝑢

𝛾𝑢 = 𝜗0[𝑡0] − 𝑡0.

Such a situation occurs, in particular, in the case of linear objects of the same
type.

Finally, it should be said that the regularization described in this note, associ-
ated with freezing the moment of absorption 𝜗𝜀, proves useful also in sufficiently
regular cases when, however, the roots of the equation determining 𝜗𝜀 are un-
stable with respect to small changes in the position 𝑦[𝜏], 𝑧[𝜏 ] of the system.

An example of such a case may be the problem (moreover, even a sufficiently
regular one) of the meeting of free material points 𝑚(1) and 𝑚(2), controlled by
forces of arbitrary direction, but constrained by the condition ‖𝑢‖ ≤ 𝜇, ‖𝑣‖ ≤ 𝜈,
with 𝜇/𝑚(1) − 𝜈/𝑚(2) = 1, and with the initial data as follows: the initial
coordinates of the first point are 𝜉(1)

1 = 𝑦1 = −3
√

2/4, 𝜉(1)
2 = 𝑦2 =

√
2/4, the

initial velocities ̇𝜉(1)
1 = 𝑦3 =

√
2, ̇𝜉(1)

2 = 𝑦4 = 0; the initial coordinates and
velocities of the second point {𝜉(2)

𝑖 , ̇𝜉(2)
𝑖 } = {𝑧1, … , 𝑧4} are zero. The meeting is

realized only in the coordinates (𝜉(1)
𝑖 = 𝜉(2)

𝑖 (𝑖 = 1, 2)).
Sverdlovsk Branch of the V. A. Steklov Mathematical Institute of the Academy
of Sciences of the USSR
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