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1°. Consider in the Hilbert space L?(0,0) the self-adjoint operator H, gener-
ated by the differential expression

Lf =d'f/dz* +q(2)f (1)

and by the boundary conditions

f(0) = f(0) =0. (2)

In what follows we shall assume that the function ¢(z) is real-valued, infinitely
differentiable on the interval [0,a], 0 < a < oo, and vanishes for x > a, while
g(a) # 0. For definiteness we shall assume that g(a) > 0. Let s = o + it
be a complex number; denote by y.(z,s) (k = 1,2,3,4) the solutions of the
homogeneous equation

Lf=s'f, (3)
satisfying the initial conditions
(a5) = (i > yg(a,s) = (=) j=0,1,23;
(0 s) =y5(0,s) = y5(0,s) = 0; vy (0,8) = 1; (4)
44(0,8) = y4(0, ) y1(0,5) =0;  yy'(0,8) =

Denote the Wronskian of the solutions y,(x,s) (k= 1,2,3,4) by d(s). It is easy
to verify that the resolvent R, of the operator H, for all values of the parameter
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s=o+1ir (1 >0, 0 >0) for which §(s) # 0, is an integral operator. Denote
its kernel by R(z,t,s).

By virtue of the initial conditions (4),

6(s) = y1(0, 5)y5(0,5) — y5(0, 5)y1 (0, 5). ()

Along with the operator H, consider the boundary-value problem H,,, generated
in the space C(0,a) by the differential expression (1) and by the boundary
conditions

f(0) = f7(0) = 0; (6)
(i + 1)f”<av 5) - S(S(i - 1)f(a> 8) - Qf/(aa S)) =0, (7)

(i+1)f"(a,s) + s*(2isf(a,s) + (i —1)f'(a,s)) = 0.

The aim of the present work is to establish a connection between the self-adjoint
boundary-value problem defined in the space L,(0, 00) by the fourth-order differ-
ential expression (1) and the boundary conditions (2), and the boundary-value
problem defined in C(0,a) by means of the same differential expression (1) and
the boundary conditions (6)—(7), depending on the spectral parameter s.

For the case of a second-order equation, an analogous problem was considered
in the works of T. Regge (%) and A. O. Kravitskii (*).

Theorem*. The following assertions are true:

1. The spectrum of the problem H| consists of a countable number of eigen-
values s,,, which, except possibly for a finite number, are simple;

2. The kernel R(z,t,s) of the resolvent of the operator H, for fixed values
x > 0 and t > 0, considered as a function of the spectral parameter s, is
a meromorphic function whose poles coincide with the numbers s,,;

3. Any four infinitely differentiable functions f;(x) (j = 0,1,2,3) on the
interval [0, a], vanishing at the points x = 0 and = = a together with all
their derivatives, admit an expansion in uniformly convergent series in the
eigenfunctions ¢, (x) of the problem H,,

fi(@) =) Cushpy, (@), (8)

where the coefficients C,,, in the case of simple numbers s,,, are determined by
the formula
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| 6ol + 50,0 + 5,800 + () (o) do
c - o

’ 45%/0 on(@)de +3(i + 1)s307(a) +is, 0, (a)gr,(a) — (1 =) (¢, (a))

>
(9)
4. The expansion (8) is unique.

2°. 'We proceed to the proof of the formulated theorem. The proof of the
theorem is based on several lemmas.

Lemma 1. The resolvent R? of the problem H, has the form

Rgg(x)z/ R(z,t,s)g(t) dt. (10)
0

As is known ([1]), the entire complex s-plane can be divided into 8 sectors by
means of the bisectors of the coordinate angles in such a way that, for each sector
T}, the different fourth roots of unity w, can be ordered so that, for s € T},

Re sw; < Resw, < Reswy < Resw,. (11)

Lemma 2. Let s € T} and let w;, (k = 1,2,3,4) satisfy the inequalities (11);
then there exist 4 linearly independent solutions of equation (3), ¢.(z,s), k =
1,2, 3,4, regular for sufficiently large |s| and such that, for j =0,1,2,3:

1) uniformly for 0 < z < a, the relations

gpgcﬁ(m, ) = sleswn® (wfc + 0(1/53)> ; (12)
2) at the point = = a,
(3) : = 1
@k] (a, S) = S]eswk,a (az_l w?nga + O (35>> y (13)

where
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* We note that the assertions of the theorem remain valid under weaker condi-
tions on the smoothness of the functions ¢(z) and f;(x). In addition, one may
restrict the requirements of vanishing at zero for x = 0 and x = a to only a
finite number of derivatives of the functions f;(z).

The proof of the first part of the lemma is given in the monograph (!). The
second assertion of the lemma is established analogously.

We now introduce into consideration the functions z;(z,s) (j = 1,2,3,4), s €

T;, which are solutions of equation (3) and satisfy the conditions z@)(a,s) =

J
(sw;)?, p=0,1,2,3; j=1,234.

Define the function

05,5, (8) = 2;,(0,8)25, (0, 8) — 25 (0,8)2, (0, 5). (16)

From the definition of the functions zj(x, s) it follows that, depending on the
choice of the sector T, the functions y,(z,s) and y,(z,s) will coincide with
some pair of functions z; (z,s) and z; (z,s), so that y,(z,s) = 2; (v,s) and

J j J
Yo(z,8) = 2;, (2, 8), and the Wronskian 6(s) =4 ;.(s).

Lemma 3. Let the function d, ; (s) be defined by formula (16) and let s belong

to one of the sectors Tj; then, for large |s|,

o — e—sa(wy+wy) _ j11(8> bj21<s) ( (i)
(o) = e e ) | U0 i
_ b, (s) b, (s) 1
te sa(w1+w3)(w _w) J11 J21 (1_‘_0(7 —I—O(l),
T by (8) by(s) 5%
where
0(1/s°), for j < k,
1
Quis)+0( ). for j = k,
buts) = 11 @l =055 )
1 .
Qi I Qu(s)+0(—5), for j > k.
15 14k 5

We denote by T} the sector of the complex plane singled out by the conditions
s=o+ireT),ifoc>0,7>0,0>r7;then, for j=1,2,3,...,8,

T; = e "aU-0T.

Lemma 4. The eigenvalues s, = o, + i1, of the problem H, are arranged
symmetrically with respect to the line o = 7. In the sectors T, and T}, for large
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|s|, the eigenvalues are simple and are determined by the following formulas: if
s, € Ty, then

O = 7“"47"‘0() Tk:—gln;—f—%ln?—f—O(l)’ (19)

whereas if s € T, then

B () 2 k7r 7wk sm

In the sectors T} and T there can be only a finite number of eigenvalues of the
problem H,.

The first two assertions of the theorem follow from Lemmas 1-4.

3°. For the proof of the last two assertions of the theorem the following lemmas
are used.

Lemma 5. Let the function g(x) be infinitely differentiable and, at the points
x = 0 and x = a, vanish together with all its derivatives; then the equality

Rlg=—— 3 204 RULY) (21)

holds.
Let the functions fj(ac)7 j=0,1,2,3, satisfy the conditions of the theorem.

Define the function

3
—> IR, (22)
3=0

From formula (21) we find

where

ka 3 RO(L4f)

3 3 )
TERES 9 DL/ gLl 2

k=1 j=0 =0
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Denote by I'; the boundary of the octagon in the complex s-plane with vertices
7; (4 = 1,...,8), having coordinates v, = (Ry, RY); 72 = (Ry, —RY); 73 =
(P]?H_PN); Y4 = (_P]%a_PN)7 where 0 < a < 17

T T T 5T
=—@2N+1)+ — Py=—@2N+1)+ —.

2a( + )+4a’ N 2a( + >+4a

The remaining vertices are located symmetrically to these vertices with respect
to the line o = 7.

Ry

Lemma 6. Let the function ¢ (x, s) be defined by formula (24) and let N — oo;
then, uniformly in z € [0, a],

hm?{ shp(x,8)ds =0 (j=0,1,2,3).
r

N

Consider the integral

1 .
Iy = 5 751\, P(z,s)ds, (25)

where the function ®(z,s) is defined by formula (22). Passing to the limit as
N — oo and using the residue theorem, we obtain, uniformly in z € [0, a],

lim Iy = ZRes (s7®(x, 8)) s—s, (N — 00).
1

On the other hand, substituting expression (23) for ®(z, s) in formula (25) and
using Lemma 6, we obtain

lim Iy = f;(z) = ZRes (sjé(x,s))s:sl.
1

N—oco

Computing the residues of the function ®(z, s) at the points s;, which are zeros
of the function d(s), we arrive at formulas (8) and (9).

The third assertion of the theorem is easily proved using the uniform convergence
of the series (8). The method of proof of the theorem generalizes to the case
of equations of higher orders, and also to the case of a complex-valued function

q(z).
In conclusion, the authors take this opportunity to express their gratitude to
Prof. A. G. Kostyuchenko for posing the problem and for useful discussions.
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