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In papers (*®) the concept of the probable spectrum A, (A) of the linear system
of differential equations

i=A(t)z (1)

(x € E™, A(t) is bounded and uniformly continuous on the line) was introduced
and studied.

We shall say that the probable spectrum of system (1) is stable if, for every
invariant measure y on the dynamical system D, (see (%)), there exists a set

M C Ry, u(M) =1, such that for every A(t) € M the system

~

z=A(t)x (2)

has stable exponents (see (°)) (R, denotes the space of the dynamical system
D,).

In the present paper the following question is solved.

Suppose that A(t) is recurrent (i.e., the dynamical system D 4 is such that each
of its trajectories is everywhere dense). Under what conditions is the probable
spectrum of system (1) stable?

The results are then applied to the investigation of systems with almost periodic
coefficients. In addition, at the end of the note an example is given of a system
(1) with almost periodic coefficients that is not almost reducible (see (2), § 21).
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The following concept is fundamental for what follows.

Definition 1. We shall call system (1) absolutely regular if there exists a
Perron transformation z = U(t)u reducing it to triangular form

(Pn(t) pln(t))
W=Pltyu,  Pt)= - :

0 pa(®)

which satisfies the following conditions:

1) there exist

1/t
A; = lim 7/ py; (1) dT (i=1,2,...,n); (4)
0

[t|—o0 T

2) for every € > 0 there is a T" such that the set ¥, 1 of those h for which,
for at least one 7, |7| > T, the inequality

1 T
’/ pii(h+&)dE—N\| > ¢,
T Jo
holds,
has relative measure on the line
— 1
hmH+°°27t mesY_ N[t t] <e. (5)

The following theorems hold, which show that, on the one hand, almost all
systems (1) are absolutely regular and, on the other hand, these systems possess
very special properties.

Theorem 1. Almost every (in the sense of any invariant measure on D ,)

~

A(t) € R, is such that system (2) is absolutely regular.

Theorem 2. Almost every (in the same sense as in Theorem 1) system (2)
is reduced, by some Perron transformation x = U(t)u, to triangular form (3),
satisfying conditions 1), 2) of Definition 1 and such that A\; > \; for i < j.

For such a system (2) there exists a normal basis (see (?), p. 28) of solutions

x1(t), z5(t), ..., z, (1),

having the properties:

D dim e = A (=1,2,..,0); (6)

[t| =00
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2) For every i = 1,2,...,n we have: for every £ > 0 there exists a T such
that the set H_ r of those h for which, for at least one 7, |7| > T, for
at least one solution z(t) of system (1), which is a linear combination of
those x,(t) for which A, = );, the inequality

|z(h +7)]

EOI

1
—1In >e
-

)

has relative measure on the line

— 1
limt_)_HX)% mes H_ N [~t,1] <e.

I omit the proof of these theorems. With their help one proves

Theorem 3. Let A(t) be recurrent. Let the probable spectrum of system (1)
be stable. Then system (1), by some Lyapunov transformation x = L(t)y (such
that L(t) is uniformly continuous on the line), is reduced to triangular form (3),
which satisfies the conditions:

a) if \; = A, then A\, = \; for every k lying between i and j;

b) for eachi,j=1,2,...,n either

APM@)*P““) >0,
or
)\Pn‘@)*ij(t) <0,
or
Apn(ﬂ—lljj(t) - )‘pi,;(t)fpjj(t) =0,
where
7 t
Apy =, lim t—r/T p(§) d§,

A= lim 1/p<s>ds

=Pt T st t — T

(i.e. system (1) satisfies the conditions of integral separatedness—closeness (see
(), Supplement § 17).
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I omit the proof. (The converse theorem follows from Theorem 15.2.1 (?).)

Let a Lyapunov transformation « = L(t)y be fixed (L(t) is uniformly continu-
ous on the line), reducing system (1) to triangular form (3), and suppose that
requirements a) and b) of Theorem 3 are fulfilled. Define on

~

space R, of the dynamical system D4 of the functions §,;(A(t)) by the formula

Bi(A(t)) = lim A(t, +1t) = lim Y p,(t; +1) (7)
k—oo k—oo P
(i=1,2,...,n)

(lim in (7) means not the limit, but any limit point of the sequence (in the sense

~

of uniform convergence on intervals); thus, the functions j3,(A(t)) are a priori
multivalued).

Theorem 4. Let A(t) satisfy the conditions of Theorem 3. Let the functions
B;(A(t)) be defined as indicated above.

Then the functions B;(A(t)) (i = 1,2,....n) are single-valued and continuous
everywhere on R 4.

Let us now consider an important special case.

Theorem 5. Let the probable spectrum of system (1) be stable and let the
dynamical system D 4 be strictly ergodic (see (1), p. 531). Then system (1) is
almost reducible.

We shall now apply the results obtained to the study of systems (1) with almost
periodic coefficients.

It is easy to prove
Lemma 1. Let A(t) be almost periodic in t. In order that the exponents of

system (1) be stable, it is necessary and sufficient that the exponents of every

~

system (2) (A(t) € R,) be stable.
From Lemma 1, Theorem 5, and Theorem 15.2.1 (?) it follows that

Theorem 6. Let A(t) be almost periodic in t. In order that system (1) be
almost reducible, it is necessary and sufficient that its exponents be stable.

Theorem 7. There exists a system (1), not almost reducible (of any order
n > 2), with almost periodic coefficients.

This system (n = 2) is constructed as follows: fix a series > a; such that

oo
> ay] < +oo,
=1
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and a sequence of natural numbers m; > 1. Put

k
nk == Hmi.

i=1
Put
Alt) =) A1), (®)
=0
0 0 .
0 0 for sn; —1 <t < sn; (s any integer),
A=\ )
—| sin 7rt| for the remaining ¢,
2 0 —1
and for £ > 1:
m™. 0 ak .
§| sin 7t 0 for sm;, —1 <t < sn,, (s any integer),
—ay,
Ay(t) = (10)
0 0 ..
for the remaining t.
0 0

Tt is easy to see that A(¢), defined by formulas (8)—(10), is almost periodic. The
series Zzl a; and the numbers m,; can be chosen so that the resulting

the system (1) obtained is not almost reducible, but the proof of the possibility
of such a choice cannot be explained here for lack of space.

Remark. Almost reducible systems with almost periodic coefficients were stud-
ied by B. F. Bylov (see (%)), who obtained for such systems a generalization of
the Floquet-Lyapunov theorem. We also note that this result of B. F. Bylov can
be derived from Theorem 4. (B. F. Bylov considered the case of nonmultiple
characteristic exponents.)
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