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The general stability criterion for an arbitrary equilibrium plasma configuration
has the form (179)

(5/2=3B|VV[2)? = (B*[VV[2)(Q = J*|VV[7?) > 0. (1)

Here B is the magnetic field; j = rot B; V is the current volume of the system
of nested magnetic surfaces (m.s.) with magnetic axis (m.a.) V' =0,

d . AN O VA VN
)= [rar. Vp=GBL oy =re -y,

Q:I/Q//_J/ //7 S:X/¢//_®/ //7

®(V) and J(V) are longitudinal, while x(V') and I(V') are transverse fluxes of
the vectors B and j.

In the natural (%7) surface coordinate system 6,(,V
ji:{I/7J/70}a Bi:{X/a ¢/70}a Bz:{@9+J7 QOC_I? SOV}7

Ai = {CI)7 =X 0}7

where ¢ and A are the scalar and vector potentials of the magnetic field, and
the indices 0, (, V' denote partial derivatives with respect to the corresponding
coordinate.

In the neighborhood of the m.a. criterion (1) is transformed to the form

sovietrxiv.org/items/ru-196801.13305 Machine Translation


https://sovietrxiv.org/items/ru-196801.13305

PV IV = p(B72(1+ 95| Ve[72))} >0, (2)

where primes denote derivatives with respect to ®. We introduce a straighten-
ing (") axial coordinate system 7,1, s, rotating together with the m.s. of the
approximation quadratic in r with velocity ¢’(s). The metric of such a coordi-
nate system is determined by the quadratic form dx? = g, dx*dz",

dz? = (qy + q; cos29) dr? + (qo — qy cos 20)r?d9? + (h? + qor?) ds?
— 2qqrsin 29 dr dd + r(q) + g1 cos 29) dr ds
— (20’ Byt + ¢ sin 29)r2dd ds, (3)

where
qo(s) = By ch; q,(s) = —By ! shun; gy = (u' A cos¥ — N sin )2+

+(u' Ay sind + N cos9)?; A\, = (Bye")~ V2 Ay = (Bye™)71/2,

u =8 —u; hy=1-rf f. = ¢q cosV+cysint ¢, = kA cosb; cq = kMg sin0;

e is the ratio of the semiaxes of the normal elliptic cross-section of the m.s. in
the neighborhood of the m.a.; §(s) is the angle of the semiaxis of the ellipse with
the principal normal to the m.a.; k(s) and #(s) are the curvature and torsion of
the m.a.; jy(s) and By(s) are the values of j and B on the m.a. The determinant
gix is equal to g = 72 B;2h2. We introduce the notations f, = a; cos 9+a, sin 9+
a5 c0s 3V + a, sin 39, Fy = by + by cos 209 + b, sin 200 + by cos 49 + b, sin 49 for the
corresponding trigonometric functions with coefficients a,(s), b;(s), etc.

We represent the contravariant components of B in the coordinates r, 1, s in the
form

V9B =13 f, + i F 4 V9B = v+t fy 3, 4+
V9B =r+r2f,+r3F, + ... (4)

The expressions for the scalar potential ¢ and the surface function 1 will be

S
<p=/OB0ds+r2FD+r3f¢+..., Y=r24+r3f, + ... (5)
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We seek the transformation from the coordinates r, 1, s to the coordinates 6, , V'
in the form

V=V, +7f + ), 9=k019+/ kyds +7fg+ s
0

S
g:/ kyds+rf, + ..., (6)
0
where for k;(s) and v’ (s) one obtains the formulas
ko =1/2m, ky = xv /By — V' /2w, ky = @y, /By,
v'chn =" —jo /2B, (7)

o, =, 2Txe = }{V’ ds, Vo = ?{Bgl ds, Jy = 7Jjo/ By, Iy, =pyVot+JyXa,

where the subscripts ¥, @,V denote derivatives with respect to ¥, ®, V', and for
the functions f,, f3, f, the standard equations are obtained

of.,/0s+v'0f, /00 = —2f,,
0f5/0s +v'0f5/00 = —kofy, — (2ky + kov') fes
0f.,]0s +v'0f, /00 = =2k, f.. (8)

The coefficients D, and n, are determined by the expressions (Dy = D, = 0)

4D, = By(chn/By)’, 4D, = —B,(shn/B,), 2D, = v’ shn,
2Bing = —2py, — V' jo + 2B’ (v' — ' chn) — (By + By’ )e ™" /4—

—(By — Byn')e" /4 + k*By(e " cos? § + e sin” §). (9)

Calculation of the surface functions entering criterion (2) gives

TV’ =— ?g(no —2a,¢;) Byt ds, 212y = — }é{(no —a;c; )V —mg+a;b; } ds,

(10)
VB = § Bytds. (BN =V f(2ehn/2) e 13) ds
If these expressions are substituted into (2), then after integration by parts we

obtain the following condition for plasma stability in a neighborhood of the
magnetic axis:
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—DPy 74 ds{By?chn[2k*(1 — e cos26) — j2By2(1 — &%) — 4u’292 — 77a’2—

—3By%B + 4By Byn'e] — 8kB33/2(a16_”/2 cos & + ape? sin §)+
+2p, VEch ™ /2 (e1/%92 + e 293)} > 0. (11)

Here € = th7, and the term S2/4 has been discarded.

Use of the equation divB and the transformation rules B} = g;, B* leads, after
elimination of the functions ,(s), to the following equations

for a,(s).
ay +v'ay = (2q) + q) (P — 2q,a3), ay +3v'ay = —2as, (12)
ay —v'a; = (2q9 — q1) Py — 2q1a4); ay — 3V ay = —2ay,.

The functions -, and -, satisfy analogous equations according to (8), and the
right-hand sides of the equations for v; and v, are known, while the right-hand
sides of the equations for a, and a, contain arbitrary functions as(s) and a,(s),
as well as vy, and ,:

2P, = (3qy+qy)(c]—v'cy) = (g +q1)e; +6 By w ey + By (Jp e +2p V1), (13)

2P, = (3qy — q1)(¢5 — v'¢y) — (g + q1)cq + 6By w' ey — Byt (Jpey — 2p, Vo)

The functions a5 and a, can be determined if the profile of the cross section of
the boundary magnetic surface ¥ is specified in the coordinate system ry,9;:
rycost; = x5+ rcosd, rysind; = y, + rsind, whose axis is displaced by
the distance ry = /2% + y2 from the magnetic axis. In this coordinate system
Y = (1471 fa)(ri + 73 f, — p?) + const, where p = const, and the o; may be
regarded as prescribed functions determining the shape of the cross section of
the surface ¥. For small displacements r, < p, the ellipticity € of the near-axis
sections of the magnetic surfaces coincides with the ellipticity of the surface X,
0y =9, Ay = Ay =0, Ay = 2x0/p% Dy =2yo/p?, ay = Ay + 0y, ay = Ay + 03,
Qs = 03, Gy = 0.

In particular, for an elliptical cross section of the surface £ we have a3 = a4, = 0,
a; = Ay, ay = Ay, so that the functions a; and a, turn out to be proportional
to the displacements of the magnetic axis, a; = 2z4/p?, ay = 2y,/p*. It should
be noted that the choice of the asymmetry parameters o, of the profile of the
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cross section of the surface X is restricted by the separatrix of the family of
surfaces W(ry,9y) = r? + 13 f_(9;) = const.

The solution of systems of equations of type (12) in integral form and in the
form of series is given in (7).

The integrand in the criterion for plasma stability in the neighborhood of the
magnetic axis (11) depends essentially on 9 parameters: on the curvature and
torsion of the magnetic axis k and x, on the ellipticity of the near-axis sections
of the magnetic surfaces € and the asymmetry parameters o;, on the rate of
rotation of the sections ¢’(s), on the variation of the longitudinal field B,(s), on
the ratio j,/B, = const, and on the pressure p(V).

In the case of a straight magnetic axis k = 0, the plasma can be stable according
to condition (11) with p’ (V) < 0 only if e’ Bj # 0.
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