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1. Let Q’lpr = <Apr;+7*’i>’ Ay, = <Aor;+’*7_1>7 Aopy = <Achr;+’*’_1> be,
respectively, the algebras of one-place primitive-recursive functions (p.r.f.),
general-recursive functions (g.r.f.), and partial-recursive functions (p.r.f.)
(1). By a basis of an algebra we shall mean a system of generators (not
necessarily independent) of this algebra. It is known that the algebras
2, ™Aops Aoy, ave finitely generated (the functions S(z) = z + 1, q(v) =

x = [/z]? form a basis of each of these algebras).

In the present note, for each of the indicated algebras, we establish the absence
of an algorithm which, for every constructively given system of functions from
this algebra, would determine whether or not this system of functions is a basis.

By x we shall denote a certain principal numbering ((?),§11) of the set A.,,. In
particular, x may be a “Godel” numbering of A, ,. Let G be one of the sets
A Aors Acne- Let F, G be sets of functions and FF C G C Ay,.

pry “*or»

The set F' is called recursive relative to G if there exists a partial-recursive
function f such that

1, if xn€eF,
fn) = .
0, if x\ne G—F,
where by xn is denoted the function whose number in the numbering x is n.

Let us note that there exist nontrivial recursive subsets of the set G. For ex-
ample, let P(zq,...,x;) be some recursive predicate and yq, ys, .., y;, arbitrary
fixed natural numbers. Define the set of functions Fp!" " in the following way:

flx) € Fpr™ o f(x) € G & P(f(y1), -, f(yy)) = T.

It is not difficult to see that Fp'"Y* is a recursive subset of G. Let F be any set
of arithmetical functions. We shall say that a function f(z) almost belongs
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to F' if there exist a function g(z) € F and a natural number m such that
(Vo) (x =m — f(z) = g(x)).
Theorem 1 gives us a sufficient condition for nonrecursiveness.

Theorem 1. Let G be one of the sets A, Ag, Ay, and let x be a principal
numbering of the set A.,,. Let F C G. If there exists a function f(x) € G — F
which does not almost belong to F, then the set F is nonrecursive relative to G.

In (*) it was noted that every basis of any of the algebras 2,2, A, must
contain a function g such that the equation g(y) = = has an infinite number of
solutions for infinitely many values of x. In (®) it was also shown that each of

the algebras 2, A ., 2., has one-element bases.

Let B be one of the algebras 2,2, 2, and let B be the set of all its one-
element bases. It is easy to see that there is a function belonging to the basic
set of the algebra B which is not almost contained in B. Hence, from Theorem
1 it follows that the set B is not recursive; and this shows the absence of the

algorithm discussed at the beginning of the note.

pr’» **or»

From Theorem 1 there also follows a number of other consequences concerning
algorithmic undecidability. For example, there are no algorithms which, for a
given general recursive function, would determine whether it is a partial recur-
sive function, whether it is a regular function (i.e., assumes all natural numbers
as its values), or whether it is a bounded function.

2. S. C. Kleene (%) showed that for every general recursive function f(x)
there exist partial recursive functions 1, g such that

fl) = v(uy(g(y) = x)) = (g (x)), (1)

where g assumes all natural numbers as values.

In the present note it is shown that there does not exist a partial recursive
function 1 such that every general recursive function f can be represented in
the form (1) for a suitable partial recursive function g, contrary to Kleene’ s
conjecture.

3. An arithmetical function F(z) is called a general-recursive extension
of a partial recursive function f(x) if F'(x) is a general recursive function
coinciding with f on the domain of definition of f. Some examples are
known ((°),8§6) of partial recursive functions that do not have general-
recursive extensions. The question arises: what necessary and sufficient
conditions must a partial recursive function f satisfy in order that it can
be extended to a general recursive function? Theorem 2 indicates such con-
ditions for partial recursive functions that are inverses of suitable partial
recursive functions.
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Theorem 2. Let f(z) be a partial recursive function. The function f~!(z) can
then and only then be extended to a general recursive function when pf (the
range of values of f) is a recursive set, or (3z)(f(x) is not defined).

Theorem 3 gives necessary and sufficient conditions for when a partial recursive
function f(x) can be represented in the form f(x) = g~!(x) for a suitable partial
recursive function g.

Theorem 3. A partial recursive function f can be represented in the form
f(x) = g (=) for some partial recursive function g if and only if [ f is single-
valued & (0 € pf V pf =0) & pf is a recursive set].

Here the symbol () denotes the empty set. Let us consider the algebra 2/ .. This
algebra is partial, since the operation ~! is applied only to regular functions.

Let F(x) be some general recursive function. Extend the operation ~! to the
operation © in the following way:

fa {uy(f(y) =), if (39)(f(y) = ).

F(x), otherwise.

Theorem 2 excludes the possibility of such an extension of the operation ¢, since
for some general recursive functions f the function f* may fail to be general
recursive.

4. Further results concern formal definability in the algebra A y,.

A set of partial recursive functions A is called formally definable in the
algebra 2, if there exists a formula of predicate calculus 2(z) with one free
object variable, containing only the functional symbols +, %, “, such that

flz) e Ao A(f) =1

The following Theorem 4 establishes a connection between sets of partial recur-
sive functions formally definable in 2, and arithmetical sets ((°),§13). Let x
be a Godel numbering of Ay, .

Theorem 4. A set of partial recursive functions A is formally definable in
the algebra 21, if and only if A is the x-image of a suitable arithmetical set of
natural numbers.

From Theorem 4 it follows, in particular, that the sets of all p.r.f.” s and of all
general recursive functions are formally definable in the algebra 2.
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