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1. As is well known, in the theory of approximate methods an essential role is
played by various techniques for accelerating iterative processes. In the present
article a new technique is proposed for accelerating iterative processes, based
on the use of ideas from spaces with a cone.

Let E be a real Banach space, partially ordered by a normal cone K. The
relations x > y, © > y, x > y mean, respectively, that r —y € K, x —y € K and
x # y, and that z —y is an interior element of K. We denote by (ug,v,) the set
of all elements x for which uy < 2 < vg; this set is called a cone segment. For
further terminology and notation see (1,2). Let B be a monotone operator such
that, for some w, vy (uy < vy), the inequalities Buy > ug, Buy < vy hold. Then,
as is known (?7%), under natural assumptions concerning the properties of the
operator B and the cone K, the operator B has in (ug,v,) at least one fixed
point z*. The sequences u,, = Bu,_, v,, = Bv,_; (n = 1,2,...) converge to
fixed points z* and z** of the operator B, and u,, < z* < z** <wv, (n=0,1,...);
in the case when z* = **, the sequences u,,,v,, give two-sided approximations
to the unique fixed point of the operator B on (ug, v,). Iterative methods of this
kind have been studied in (2>~*); in (*) various applications of this method are
also considered. Below a technique is proposed for accelerating the convergence
of the sequences u,, and v,,. The case of a nonmonotone operator B is also
considered.

2. Let first Bx = Az + f, where A is a linear positive operator A(E — E),
f € E. Suppose that B leaves invariant the cone segment (ug,v,) and has
on this segment a unique fixed point z*, to which the sequences w,, = Bu,,_ 4,
v = Bw,,_; converge. Denote by p; and ¢; such numbers for which

Uy — vy > py(vy —vy), vy — vy > qp(uy —ug). (1)

Obviously, p;,q; > 0. Let
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uj = (uy +pyvy)/(1+py), vl = (v + qug)/(1+qp)- (2)

Theorem 1. The operator B leaves invariant the cone segment (uj,v}) C
<U1a 'U1>.
Corollary. The inequality u] < x* < v holds.

We note that, for p; > 0 and ¢; > 0, u; < uj < z¥ < v < vy, ie. the
constructed elements uj, v] are situated closer to the solution than the elements
uy,v,. Since the operator B leaves invariant the cone segment (uf, v}, the given
technique can be applied again to the segment (u},vi), and so on. As a result
we arrive at the following method for constructing two-sided approximations
ul,vf (n=1,2,...) to the solution z* of the equation z = Ax+ f. Suppose that
ul_1,v5 4 (n > 2) have been constructed. Put

u, =Au;,_+f, v,=Av,_;+f.
Next choose nonnegative numbers p,,, g,, so that the inequalities

o e *

Uy — U;71 7 pn(fv:zfl - Un)? Up—1— ,Dn 7 qn<ﬂn - U:Lfl)

hold, and let
uy, = (U, +,0,)/(1+p,), vy, = (0, +q,u,) /(1 +q,)- (3)

* *

Then u,, X u}, < z* < v}, X7, The method described is an iterative process in
which, after each step, the extraneous approximation is “improved,” which leads
to an acceleration of convergence. It is easy to see that the indicated device for
accelerating convergence leads, at the n-th step, to a contraction by a factor ¢
of the conic segment (u,,,v,,) containing the solution:

(U:l - utz) = Q(ﬁn - un)7

where
q=1=pyn)/(1+p,)1+¢q,) (n=12.).

Thus, convergence is indeed accelerated at every step if the numbers p,, and
g, are positive. The following theorem contains sufficient conditions for the
positivity of these numbers.

Theorem 2. Let K be a solid cone, and let A be a linear operator such that
from the inequality x > 0 there follows the inequality Az >~ 0. Let p;,q; > 0.
Then the numbers p,,,q, (n=2,3,...) are positive.

In the case of spaces with a non-solid cone one can also indicate sufficient con-
ditions ensuring accelerated convergence. The corresponding conditions are
formulated in terms of the uy-positivity of the operator A.
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As the examples show, the method proposed above substantially accelerates
convergence, especially in the case when the spectral radius r(A) of the operator
A is close to unity, i.e., when the ordinary iterative process converges slowly. Let
us describe the implementation of the indicated method in the case when A is an
integral operator with kernel K (¢, s). Let K(t, s) be nonnegative and continuous
jointly in the variables ¢, s € Q (€ is a bounded closed set in the space E™), and
let f(t) be a function continuous on . Suppose that there exist (the question of
existence and of finding such functions is considered in item 4) two continuous
functions wuy(t), vy(t) such that

uy(t) > / K(t, shug(s) ds + £(1),  vy(t) < / K (t, s)vg(s) ds + f(t).
Q Q

Then the equation
o(t) = / K(t,5)2(s) ds + f(t)
Q
has a solution z*(t). Moreover,

Let
min(uy (t) —ug(t))/(vg(t) — vy (t)) = py,
min(vy(t) — vy (£))/(uy (£) — uo(t)) = ¢1-
Then
ui(t) = [uy(t) + proy (O]/ (1 +py) S 27 (8) <
< [0 () + qrug (D)]/ (1 + qp) = vi(¢)
and

u’i(t)?/QK(t, s)ui(s)ds + f(t), v?(t)%/K(t,S)UT(S) ds + f(2).

Q

Starting from u}(t), v} (t), we similarly obtain more accurate two-sided approxi-
mations to the solution z*(¢).

3. Let now Bx = Ax + f, where A = A, + A,, A, — A, are positive linear
operators acting in E. Suppose that for some

for ugy, vy € E (uy < vy) the inequalities
Ajug + Aqug + [ > ug, Ajvg + Aqug + f <K g
hold.

Then the operator B leaves invariant the conical segment (u, vy). If, moreover,
the segment (u,v,) contains a unique fixed point z* of the operator B, then
the sequences

un = Alun—l + AQUn—l + f’ Un = Alvn—l + A2un—1 + f
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converge (under natural assumptions) to this fixed point, and u, <« z* <«
v,,- Here we shall consider the question of accelerating the convergence of the
sequences u,,, v,. Let m; > 0 satisfy the inequalities

vy — vy > mq(ug — ugp), Uy — Uy > my(vy — vq).

Put
uy = (uy +myvy)/(1+my), o] = (v +myug)/(1+my).

Theorem 3. The inequalities
Auy 4+ Avi + f > i, Avy + Agul + f < 0

hold.

Corollary. The operator B leaves invariant the conical segment
(u, v1).

Starting from the segment (u},v}), construct a sequence of nested segments
invariant with respect to the operator B. Suppose the segment (uf ;, v} ;)
(n > 2) has been constructed, and

u, =Aul_ 1+ A0+ > ul g, v, = Av;,_1 +Aul_ + f < vl .

Choose m,, > 0 so that

*

= = * - * *
Up_1 — Up > mn(un - unfl)v Uy — Up_q > mn(vnfl - ,Un)
and set

Then, by Theorem 3,
Ay + Agvl + > ul, Al + Agul + f < 0,
whence it follows that the operator B leaves invariant the conical segment

(U )
Theorem 4. Suppose r(4; — A,;) < 1 and one of the two conditions holds:
1) A, A, are completely continuous operators; 2) the cone K is regular. Then
the sequences u}, v}, (n =1,2,...) converge to the unique fixed point z* of the
operator B, and v}, < z* < v}

We note that the passage from u,,v, to wu}, v, constitutes an acceleration of
the convergence of the usual iterative process.
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4. Application of the results of the preceding sections requires finding a conical
segment invariant with respect to the operator under study. A number of results
in this direction were obtained in (%). Here we shall confine ourselves to only
one simple assertion. For simplicity we shall assume that the cone K is solid
and the operator A is positive.

Theorem 5. Let Bx = Ax + f, where A is a positive linear operator, and let
r(A) < 1. Then for the operator B there exists an invariant conical segment
(ug,vg), vy > 6. Conversely, if for the operator B there exists an invariant
conical segment (ug, vy), vy > 0, then r(A) < 1.

Corollary. Let A be indecomposable (°), f > 6. Then the operator B has an
invariant conical segment (ug,v,) if and only if r(A4) < 1.

We note that the conical segment whose existence is established in Theorem
5 can be constructed explicitly. To do this one must find an interior element
u € K such that Au <« Au, where A < 1 (the procedure for constructing such
an element is described in (6)). Suppose that such an element u has been found.
We choose n so that A + ||f],/n < 1. Then the operator Bx = Ax + f leaves
invariant the conical segment (—nu, nu).

5. Concluding remarks. In an analogous way, one can obtain acceleration of
convergence in some other iterative methods as well, for example in the Seidel
method. The method described is also applicable in the case of equations with
nonlinear operators of a certain type, namely with monotone concave (convex)
operators (2).
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