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1. Let G be a connected group of linear transformations of an n-dimensional

real space preserving the quadratic form [z, ] = =27 —-—a2+22,  +-+
22 (a pseudo-orthogonal group), and let X be the hyperboloid [z, z] = 1.
The measure dz = |z,| " dzy - dz, on X is invariant under the natural

action x — xg of the group G. In the space L?(X) with respect to this
measure there arises a unitary representation of the group G: f(z) —
f(zg). For ¢ = n—p > 1 the stationary subgroup of a point of the
hyperboloid X is not compact; therefore harmonic analysis of functions
on the hyperboloid is connected with considerable difficulties. The case
p = 1 was considered in the papers (1) (¢ = 3), (*)*, (*). In the present
note the problem is solved of decomposing the unitary representation of
the group G in L?(X) into irreducible components for odd p > 1 and
arbitrary ¢ > 1, with the aid of spherical (zonal) functions.

2. Representations of the pseudo-orthogonal group connected with
the cone. Let X, be the cone [z,2] = 0,  # 0. The group G acts
transitively on the cone.

Let x denote the pair (o,¢), where o is a complex number and e takes the values
0 and 1. Let D, be the space of infinitely differentiable functions ¢(§) on the
cone X, homogeneous of degree o and parity ¢,

@(t&) = [t|7 sign® t - (&),

with the usual topology. In D, acts the representation T} of the group G:

T, (9)p(&) = »(&9)-

Let 0" =2—n—o, X" = (0% ¢), X" = (¢",¢). If o is not an integer, then T, is
irreducible and equivalent to 7..
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Let S be the section of the cone by the Euclidean sphere of radius v/2 with
center at the origin; S is the direct product of two Euclidean spheres of unit
radius, S = SP~! x S9!, The space D, may be realized as the space of in-
finitely differentiable functions ¢(s) on S of parity e: ¢(—s) = (—1)%¢p(s). The
Hermitian form

<%w=/¢@wgw (1)

(where ds is the Euclidean measure on S) on the pair of spaces D,,Dy. is
invariant with respect to G.

The operator A,

1 o* I3 /o* Vi Vi
Apls) = s | {15517 + (U717 ol ds

* In communication (*) the contribution of the integral points of the supple-
mentary series to the decomposition formula was omitted; cf. formula (2) of
the present note, which refers to the case p = 1. In this case there exist two
spherical functions corresponding to one representation of the continuous series.

maps D, into D,. and commutes with the group G. (The integral converges for
Reo < 3 —n; for the remaining o it is analytically continued as a meromorphic
function.)

The representations T, are unitary in the following cases:

a) the continuous series: 0 = (2—n)/2 +ip, —0 < p < o0, € = 0,1,
scalar product (¢, );

b) the supplementary series: (1—n)/2 <o < (3—n)/2,e=0,1 for odd
n; —n/2 <o < (4—n)/2, ¢ =n/2 —p for even n (here and below the
congruence sign denotes congruence modulo 2); scalar product (Axgo, ).

For integral o the representations T) are, generally speaking, reducible. To clar-
ify the structure of the representations T, for integral o, we use the restriction of
T, to the maximal compact subgroup K of the group G. K is isomorphic to the
direct product of two orthogonal groups: K = SO(p) x SO(q), and acts transi-
tively on S (each component on its own sphere). In the realization on S, the rep-
resentation 7} assigns to elements of the group K rotations: T, (k)¢(s) = ¢(sk),
k € K. The representation of the group K by rotations in the space C'*°(S)
decomposes into a direct sum of representations, each of which is realized in
the space of homogeneous polynomials harmonic and of degree [ in the variables
81, .-, 8, and harmonic and of degree m in the variables s, 1, ..., s,, (see [2], Ch.
IX), and is therefore specified by a pair (I,m) of nonnegative integers. We shall
call this pair the weight of the representation.
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The restriction of 7\ to K contains representations with weights from the set
A%: [+m = . Consider the following four functions, linear with respect to I, m:

BI(l,m)=0—1—m, Blm)=c+p—2+1—m,
Belm)=0+q—2—1+m, BI(Il,m)=c+n—4+1+m.

If the line B7(l,m) = 0 intersects A, then the subspace D, ; in C*°(S), con-
taining the spaces of representations with weights from {87 (l,m) > 0} N A®, is
invariant with respect to G.

From the representations T} with integral o we extract the following two discrete
series of unitary representations.

The first discrete series is realized, for integral o > (2 —n)/2, ¢ = p + o,
in the factor spaces D, = D, /D, 3; the scalar product is induced by the form
(0:9)e = (A, ).

The second discrete series is realized, for integral o > (2—n)/2,e = o+gq, in
the factor spaces D, / D, ,. The representations of the first (respectively, second)
discrete series are irreducible for ¢ > 2 (respectively, p > 2) and decompose into
the direct sum of two irreducible representations for ¢ = 2 (respectively, p = 2).

The representation T>’< of the group G, contragredient to 7)., is constructed
in the space D) of functionals on D,. (therefore, in the space of generalized
functions on S of parity €) and is given by the formula

(T)/((g)Fvgo):(FaTx*(g)@% QDGDXﬂ FGD;(

The space D, is embedded in D with the aid of the Hermitian form (1), and T},
is an extension of T, . The structure of invariant subspaces is transferred from

D, to D;(;J In particular, we denote by ﬁ;( the space D) /D] ;. The operator
A, maps D} into D, ..

3. Spherical functions. Let GG, be the stationary subgroup of the point

2 = (0,...,0,1) € X. We indicate functions from D;( invariant with

respect to Gy. For the continuous series,

ep,s(s) = (Sn)i + (71)6(877,)53 0= (2 - 77,)/2 + Zp
For the first discrete series (x = x; = (l,¢), where [ is an integer > —[v],

v=(n—3)/2 e=p+1)

0i(s) = {(s,)7 + (=1)°(s,)°}/T (e + 1)|__, forp=1,

0[(5) = {(sn)o + (_1)6<Sn)70}0:l for p= 0.
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Denote
02,5 = T)/((g_l)ep,a; 9? = T)/((g_l)ela

where x = 29 = 2%g. To each finite infinitely differentiable function f(z) on X

we associate its Fourier components of the continuous series:

Fyes)= [ 6.0 () dz < D,

and of the first discrete series @, where é’: is an element of the factor space
D, with representative

G,(s) = /Gf(s)f(x) dreD,,.

By the spherical function corresponding to the representation of the continuous
series (respectively, of the first discrete series) we mean the generalized function
®, . (respectively W;) on the hyperboloid X, whose value on f(z) is equal to

(0, F, ) (respectively (A, 6,,G))).
For p = 0, | > 0, the function 6, is a polynomial and belongs to the space

D, y; therefore the spherical function of the first discrete series defined in the

preceding paragraph vanishes, and hence the expansion formula given below is
proved under the assumption that p is odd.

The main result of the work is the expansion of the delta-function on the hyper-
boloid in spherical functions for odd p > 1

= > av+ [ ey ,.dp 2)

I=—[v]

where 6 is the delta-function concentrated at 29,
a; = (21 4+n—2)- 237320020 (n — 2 + DT (1 +n/2) /T ((n+p —1)/2 +1),

w(p) =27 1x"p shrp - |T((n—2)/2 +ip)[.
From (2) follows the inversion formula

fao) =S @A 05,G) + / wi(p) Y02 Fy ) dp,

I=—[v] €
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where the integral and the series converge absolutely and uniformly with respect
to x from any compact subset of X, and the analogue of the Plancherel formula
for odd p > 1:

o0

/uuwww:ij«%Gm+/ w(p) S (F,., F, ) dp.
i —oco

:—[y] 5

4. Explicit expressions for the spherical functions

The spherical functions for |z,| # 1 are analytic functions of z,, of parity ¢ and
are expressed in terms of Legendre functions as follows. Continuous series:

(I)p,s(x) =

ey (22 —1)7/2 {(sin(p/2 + v + )7 + sin(p/2 — v — )7) P (z,)
2
—— Sin%sin(?y+0)ﬂ'QZ+U(:En)}, x, > 1,
T

—v . PT v v
Ca(l - 1’%) /2 S 7 {Pu-&-a(_zn) + (_l)spl/-&-(r(xn)}? |$n‘ < 17
where

¢y =211 (0 + 1)I(—2v — o), v=(n—3)/2.

The first discrete series for p =1, ¢ = 1:

O? |:177L| > ]‘?
v (z) =

m —V 14
b2 (D@20 =22 R (), e < 1

forp=1, ¢=0:

b(—1) 22 (a2 — 1) e QY (x,), @, >1,
U (z) =

by (=122 (1 —22)2Qy, (x,), lz,| <1,
where
by=2""1r72(2+n—2)/a,.
Received
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