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Parabolic boundary-value problems for systems whose coefficients may have
discontinuities on smooth hypersurfaces not meeting the boundary of the domain
in which the solution of the problem is sought have been studied in sufficient
detail (%2).

Here we shall carry out a detailed study of the kernel of the integral operator
solving the homogeneous problem—the Green matrix. In doing so we shall con-
stantly use the authors’ investigations on estimates of the Green matrix for a
problem with smooth coefficients (®) and the following consideration: in form a
problem with discontinuities (a transmission problem) is more general than an
ordinary parabolic boundary-value problem, but, as will be shown below, essen-
tially for the entire subsequent discussion, the transmission problem in the whole
space for systems with constant coefficients containing only the group of terms
principal in the parabolic sense is a special case of the ordinary boundary-value
problem for a half-space (if systems are considered!).*

1. Formulation of the problem. Let (2 be a domain of the space E, with
boundary S, divided by an (n—1)-dimensional surface S; into two subdomains**
Q, and €,, where S; and S have no common points, and

le[ovT]XQh Q2:[03T]X927 Q:[OvT]XQ

are cylindrical domains of the space £, ;. Denote by I'y and I' the lateral
surfaces of the cylinders ¢); and Q). The domain 2 and the surfaces S and 5,
may be either finite or infinite.

Consider the problem of finding a solution of the parabolic, in the sense of
Petrovskii, system

Lu = {Ll(tvantaDac>u1(t7x):fl(tvx)a (t,fE) tev

L2(tvx7Dt7Dx)u2(t’w) = f2(t7x>7 (t,x) € Q2 (1)
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Ly (t,2,D,,D,) =D, — 3 AP (t,2)Dk  (m=1,2),
|k|<2b

in the domain @ \ I'y, satisfying on the surface I' the boundary condition

B(t,z, Dm)u2|F =0, (2)
on the surface I'; the transmission condition
[Cy(t,z, D, uy — Cy(t, , Dy )us) ’F1 =0, (3)

and for ¢ = 0 the initial condition

Ul = eml®)  (m=1,2). (4)

* This circumstance was noted and substantially used, in a somewhat different
situation, in an interesting work (%).

** All results are also valid in the case of division into any finite number of
subdomains.

Here Agcm(t, x) are matrices of size N x N; B is a matrix of size bN x N, whose
elements B,;(t, , D,) are linear differential operators of order r; <2b—1, while
C}, Cy are matrices of size 20N x N, whose elements C’l(;)(t, x,D,), C’;?(t, x,D,)
are similar operators of order m,; < 2b—1. The operators B and L, are connected
by the algebraic Lopatinskii condition (°~7), and (C,,Cy) and (L, Ly) by the
algebraic condition of joint covering (1:2).

N. V. Zhitarashu established in (?) that the problem described above is correctly

solvable in Holder spaces and in certain Sobolev-Slobodetskii spaces W,g“.

In the present paper it is established that the solution of problem (1)—(4) is
given by the formula

2 ¢
unlty7) =Y ( [ Guttamio.p,©de+ [ ar [ Gt ds) ,
j=1 Q; 0 Q;
()
and a detailed study is carried out of the Green matrix G = (G, G5) of problem
(1)—(4).

2. The conjugation problem and the general boundary-value problem
in a half-space. Consider the problem, fundamental for everything that follows,
of finding a vector-function w(t,z) = (uy (¢, x), uy(t, x)) satisfying the parabolic
system

LmO(Dt’Dm)um = (Dt - Z Agcm>D£> um(t,x) = fm(t,l‘),

[k[=2b

sovietrxiv.org/items/ru-196801.12753 Machine Translation

(t,x) € Qs


https://sovietrxiv.org/items/ru-196801.12753

reB™  (m=1,2), (6)

the conjugation condition

[Cro(Dy)uy — CQO(Dz)u2]zn:0 =g(t,2’), (7)

the initial condition

Up|,_, =0,  w€BE™  (m=12), (8)

and such that wu,,(t,z) € Ly([0,T] x E'™)), where EV) = Ef E?) = E..

Instead of the vector-function wug(t,x), introduce the vector-function v(t,z),
defining it by the equality v(t, ) = uy(t, 2, —x,,); then problem (6)—(8) passes
into the boundary-value problem of finding the vector-function

w(t,z) = (1:}1(?;))) . w(t,x) € Ly((0,T] x EX),

satisfying the conditions:

Lo(Dy, Dy)w = f(t, @), 9)
Co(Da )], _y = glt,a"), (10)
w’t:o =0, (11)
where
b0 = (G b )

Co(D2) = (Cuo(D),~CooDn=D2,)) fiti) = D).

t,x',—x,)

It is easily verified that the condition of joint covering appearing in the conju-
gation problem (6)—(8) coincides with the Lopatinskii condition for solvability
(for arbitrary g) of problem (9)—(11).
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Thus, everything necessary for a detailed investigation of problem (6)—(8)—
the Poisson kernels and the Green matrix—can be obtained from the preceding
studies (°78) of boundary value problems for parabolic systems in a half-space.

3. Structure and estimates of the Green matrix of problem (1)—(4).
The following fundamental result is valid.

Theorem 1. If the coefficients Agm of the system (1,,) belong to

the class* C’;}mum)/%(Qm), the coefficients of the operators B;; and

2b—r;+l+o,(2b—r;+l4+a)/2b
Cm,t (F)

C(Jm) belong respectively to the classes and

7

szt_mi+l+a’<2b_m"'+l+a)/2b(I‘l), and the surfaces S,S5; are of class C2Fite
0 < a<1,l>0is an integer, then there exists a matrix

G(t7l‘;7'7£) = (G1<taI;Ta 5)7 GZ<taI;Ta§>)a

where G,,(t,z;7,€) is defined in @m x Q for t > 7, has 2b derivatives with
respect to x and one derivative with respect to ¢, and possesses the following
properties:

a) G,,(t,x;7,8) = Z,,(t,7,2,8) —v,,(t,z;7,§), where Z,, is the fundamental
matrix of solutions (f.m.s.) of the system (1,,); for ¢ > 7, G, satisfies in
t,x the system (1,,), G; and G, satisfy the conjugation condition (3), and
G, satisfies the boundary condition (2); v,,|,__ = 0 when at least one of
the points x or £ does not lie on 5, 5.

b) If ¢, € C¥(Q,,), fn € Ci’ta/Qb(Qm), then the vector-function (5) is a
solution of problem (1)—(4).

c) For the derivatives of the matrix G,,, the estimates
(G M) (4,237, )] < Ot —7) 2R B2 (1~ —€) (12)

(2bko + k| < 2b + 1);
|8, G (1,7, )| < Cla—ag | (t—7) =42/ (1—7,y—€), (13)
(2bky + | k| = 2b + 1);
‘Athﬁo’k) (t, 775)‘ <Ot — to)(2b+l72bk0—\k|+a)/2b(to _ T)—(n+2b+l+a)/2bx
xU (t—71,2—§) (14)
(I <2bkg+ k| <2b+1, T <ty <t),
hold, where

08 = plops g [z
Gn"" = D,°D;G,,, U (t—7,x f)—exp{ c(t—7)1/<2b*1) ,

Azf(tvx) = f(tvx) - f(t, (EO), Atf(tax) = f(t,.’L') - f(t()vx)a
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y is the point among = and z, closest to the point £. The same estimates
are valid for the derivatives of v,,, except that everywhere, instead of
|z — &] and |y — &|, one must put respectively |x — &| + p(&) and |y —&| +
p(&), where p(§) is the least of the distances from the point £ to S and
S;. The constants C,c depend on the norms of the coefficients of the
system, of the boundary operator and of the conjugation operators, on
various characteristics of €2, and S,.5;, on the numbers 2b,n,«, T, and
on the constants in the inequalities connected with the parabolicity, the
Lopatinskii condition, and the compatible covering.

d) If the coefficients of the system, of the boundary operator, and of the
conjugation operator do not depend on ¢, then for G,, = G,,,(t—7, z,§) the
inequalities (12)—(14) are valid, with the additional factor exp{A(t —7)}
(A is some nonnegative number) appearing on their right-hand sides, and
the constants in them do not depend on T

4. Consequences. 1. As in the case of the problem with smooth coefficients (?),
from Theorem 1 one can obtain results on the Green matrix of a homogeneous
elliptic boundary value problem with discontinuous coefficients generated by a
parabolic one. Consider the elliptic problem

* For the definition of all classes of functions and surfaces occurring here, see

©)-

S° A @)Dk, + My, = fo (@) (z€9Q,, m=1,2); (15,,)
|k|<2b

B(z, Dy )uslg = 0; (16)

[Cy(z, Dy)uy — CQ(x’Dm)u2]|Sl =0, (17)

Re A > A (A is the number discussed in item d) of Theorem 1), which is gener-
ated by the parabolic problem (1)—(4).

Theorem 2. If the coefficients of the system (15,,), of the operators
B;; and an) belong respectively to C'*%(Q,,), C?*++e(8)  and
C?-mitlre(§) and S,8, € CZFHra | > 0, then there exists a matrix
Oz, &N) = (Dy(z,&0), Py(x, & N)), where @, (z,€;\) is defined in Q,, x Q
for x # &, has 2b + [ derivatives with respect to x, and possesses the following
properties:

)
B, (2,6 7) = / Gyt &N dt = o, (2,6 A) — w,, (2,6 V),
0
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where (G (t,z,& N), Go(t, z,&; \)) is the Green matrix of the parabolic problem
generating problem (15)—(17); ¢,,(x,&; \) is the f.s. of the system (15,,); for
x # & ®,, satisfies the homogeneous system (15,,), ®; and P, satisfy the
conjugation condition (17), and ®, satisfies the boundary condition (16).

b) If f,, € G%(,,), then the vector-valued function u(z) = (uy(z),us(x)),

2

(@) =Y / B, (0. &N FH(E) dE (m=1,2)

=19,

is a solution of problem (15)—(17).

¢) For the matrix ®,, the estimates

1, n+ |k| < 20,
|IDE®, (2,6 0)] < Ce=8 14 |Injz—€||, n+|kl=2b, (kl<2b+1)
lo — &7 IRIF2 || > 20,
(18)

AL D3, (2,6 N)] < Cla — | *e?W 8|y — g rlslr2ome
(|s| =2b+1, 6§ = cy(Re X — A)1~20). (19)
For the matrix w,,, the estimates (18), (19) hold in which |z —¢| and |y —&]| are
replaced respectively by |z — &| + p(€) and |y — &| + p(&).

IT. On the basis of the results given above one can also obtain exact estimates
for the Green functions of fractional negative powers of the operator corre-
sponding to problem (15)—(17), as was done in (3) for the case of smooth
coefficients.

Voronezh Polytechnic Institute
Chernivtsi State University

Received
13 II 1968

CITED LITERATURE

1. A. G. GT misaryan, Izv. AN ArmSSR, Ser. Fiz.-Matem., 18, No. 1, 14
(1965).

2. N. V. Zhitarashu, DAN, 169, No. 3 (1966).

3. S. D. IvasiSen, S. D. Eidel’ man, DAN, 172, No. 6 (1967).

sovietrxiv.org/items/ru-196801.12753 Machine Translation


https://sovietrxiv.org/items/ru-196801.12753

4. Hersh Reuben, Arch. Ration. Mech. and Analysis, 21, No. 5, 368 (1966).

5. T. Ya. Zagorskii, Mixed Problems for Systems of Partial Differential
Equations of Parabolic Type, Lviv, 1961.

6. S. D. Eidel’ man, Parabolic Systems, Moscow, 1964.

7. V. A. Solonnikov, Tr. Matem. Inst. im. V. A. Steklova AN SSSR, 83, 3
(1965).
8. S. D. Eidel’ man, S. D. Ivasisen, Dop. AN URSR, No. 7, 846 (1966).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196801.12753 Machine Translation


https://sovietrxiv.org/items/ru-196801.12753

	Abstract
	Full Text
	THE GREEN MATRIX OF A HOMOGENEOUS PARABOLIC BOUNDARY-VALUE PROBLEM FOR SYSTEMS WITH DISCONTINUOUS COEFFICIENTS
	CITED LITERATURE


