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CYBERNETICS AND CONTROL THEORY
I. A. GANIN

SUFFICIENT CONDITIONS FOR STABILITY
IN PROBABILITY OF CONTROL SYSTEMS
WITH VARIABLE STRUCTURE
(Presented by Academician B. N. Petrov on 19 IV 1968)

1. We consider automatic control systems with variable structure (see (1, 2),
etc.), whose motion is described by the differential equation

𝑑𝑥/𝑑𝑡 = 𝐹(𝑥, 𝑢, 𝑡) + 𝐵(𝑥, 𝑡)𝜉(𝑡). (1)

Here 𝑥 and 𝐹 are vectors in 𝐸𝑛; 𝜉(𝑡) is a random process with values in 𝐸𝑘;
𝐵(𝑥, 𝑡) is an 𝑛 × 𝑘 matrix; 𝐵(0, 𝑡) ≡ 0. The components of the vector 𝐹 have
the form

𝐹𝑖 = 𝑥𝑖+1 (𝑖 = 1, … , 𝑛 − 2),

𝐹𝑛−1 = 𝑥𝑛 −
𝑛−1
∑
𝑖=1

𝑐𝑖𝑥𝑖, (2)

𝐹𝑛 = (𝑐𝑛−1 − 𝑎𝑛)𝑥𝑛 −
𝑛−1
∑
𝑖=1

𝑥𝑖 [𝑐𝑖(𝑐𝑛−1 − 𝑎𝑛) − 𝑐𝑖−1 + 𝑎𝑖] − 𝑢;

𝑐𝑖 are constant positive coefficients, 𝑎𝑖 are piecewise-continuous bounded func-
tions of time (object parameters).

The control function is formed as a linear combination

𝑢 =
𝑠

∑
𝑖=1

𝜓𝑖𝑥𝑖 + 𝜌𝑥𝑛, 1 ≤ 𝑠 ≤ 𝑛 − 1, (3)
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where

𝜓𝑖 = {𝜔𝑖, for 𝑥𝑖𝑥𝑛 > 0,
𝜆𝑖, for 𝑥𝑖𝑥𝑛 < 0;

𝜌 is a nonnegative constant.

The solution of the equation

𝑑𝑥/𝑑𝑡 = 𝐹(𝑥, 𝑢, 𝑡)

will be understood in the sense of A. F. Filippov (3).
2. Introduce a positive definite quadratic form with constant coefficients

𝐴(𝑥) =
𝑛−1
∑
𝑖=1

𝑛−1
∑
𝑗=1

𝑎𝑖𝑗𝑥𝑖𝑥𝑗 + 𝑎𝑛𝑛𝑥2
𝑛 (𝑎𝑖𝑗 = 𝑎𝑗𝑖). (4)

We also denote

‖𝐵‖ = (
𝑛

∑
𝑖=1

𝑘
∑
𝑗=1

𝑏2
𝑖𝑗)

0.5

.

Lemma 1. Let 𝑥0(𝑡, 𝑥0, 𝑡0) be a solution of equation (1). Suppose, furthermore,
that the inequalities are valid

𝜔𝑖 > sup
𝑡

[𝑐𝑖−1 − 𝑎𝑖 − 𝑐𝑖(𝑐𝑛−1 − 𝑎𝑛)],

𝜆𝑖 < inf
𝑡

[𝑐𝑖−1 − 𝑎𝑖 − 𝑐𝑖(𝑐𝑛−1 − 𝑎𝑛)],

‖𝐵‖ ⩽ 𝛽√𝐴(𝑥).

(5)

Then for the form (4) the following upper estimate holds:

𝐴(𝑥0, 𝑡) ⩽ 𝐴(𝑥0, 0) exp {𝐿𝑡 ( ̄𝜇
𝐿 + 1

𝑡 ∫
𝑡

0
|𝜉(𝑢)| 𝑑𝑢)} , (6)

Here 𝐿 > 0 and ̄𝜇 are certain constants.

Definition. The trivial solution of equation (1) is called asymptotically sta-
ble in probability in the large if, for any 𝜀 > 0, 𝛿 > 0, there exists 𝑟 such
that
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𝑃{|𝑥(𝑡, 𝑥0, 𝑡0)| > 𝜀} < 𝛿 for 𝑡 ⩾ 𝑡0, |𝑥0| < 𝑟

and, moreover, for any 𝑥0, 𝜀 > 0,

𝑃{|𝑥(𝑡, 𝑥0, 𝑡0)| > 𝜀} → 0 as 𝑡 → ∞.

Theorem. Suppose that the conditions of the formulated Lemma 1 are satisfied.
Then the trivial solution of the variable-structure system (1) is asymptotically
stable in probability in the large if the process |𝜉(𝑡)| satisfies the law of large
numbers and

̄𝜇/𝐿 + sup
𝑡

M|𝜉(𝑡)| < 0. (7)

Here M is the expectation operator.

The proof is based on the results of (4).

For a certain class of random processes, in particular for Gaussian processes, by
averaging (6) one can obtain an estimate for the expectation of the form 𝐴(𝑥).
The author expresses his gratitude to Academician B. N. Petrov for his attention
to the present work.
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