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MATHEMATICS

M. L. RASULOV

SOLUTION OF THE CAUCHY PROBLEM
AND OF A MIXED PROBLEM FOR A
PARABOLIC SYSTEM
(Presented by Academician I. N. Vekua on 11 IX 1967)

In the note (1) a mixed problem for the system (1) of heat and substance transfer
(2), containing time derivatives in the boundary condition, was solved by the
contour-integral method. However, if the boundary condition does not contain
time derivatives, then the method of the theory of the heat potential can be
applied to the solution of such a problem. In this connection, with the aid of
the results of (1), in the present note first, by the contour-integral method (3),
the fundamental matrix of solutions of system (1) is constructed in finite form.
With the aid of the constructed fundamental matrix (8) (or (9)) the solution
of the Cauchy problem (1), (3) is represented in the form (10). Then the well-
known scheme for applying the method of the theory of the heat potential to
the solution of the mixed problem (1)—(3) is given. In other words, the solution
of problem (1)—(3) for Φ(𝑥) ≡ 0 is represented in the form of a simple-layer
potential (11), the density of which is obtained from the corresponding Volterra
integral equation (12) by the method of successive approximations.

1. Consider the mixed problem

𝜕𝑣
𝜕𝑡 = 𝐴Δ𝑣; (1)

lim
𝑥→𝑧

(𝛼(𝑧, 𝑡)𝑑𝑣(𝑥, 𝑡)
𝑑𝑛𝑧

+ 𝛽(𝑧, 𝑡)𝑣(𝑥, 𝑡)) = 𝜓(𝑧, 𝑡), 𝑧 ∈ Γ. (2)

𝑣(𝑥; 0) = Φ(𝑥), (3)

where: 1) 𝐴 is a constant square matrix of second order, composed of elements
𝑎𝑖𝑗 (𝑖, 𝑗 = 1, 2), and system (1) is parabolic in the sense of I. G. Petrovskii; 2)
𝛼(𝑧, 𝑡), 𝛽(𝑧, 𝑡) are square matrices of second order, continuous on the closed
Lyapunov surface Γ, which is the boundary of the three-dimensional domain 𝐷
(this domain, generally speaking, may also be unbounded if an exterior problem
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is being considered), at points 𝑥 = (𝑥1, 𝑥2, 𝑥3), where problem (1)—(3) is consid-
ered, det 𝛼(𝑧, 𝑡) ≠ 0 for 𝑧 ∈ Γ, 𝑡 ∈ [0, 𝑇 ], 𝜓(𝑧, 𝑡) is a vector function continuous
on Γ with respect to 𝑡 ∈ [0, 𝑇 ]; 3) Φ(𝑥) is a twice continuously differentiable
vector function in the domain 𝐷 with bounded derivatives there.

2. Consider the system

𝐴Δ𝑢 = 𝜆2𝑢 = Φ(𝑥) (a)

with complex parameter 𝜆.

In the note (1), under condition 1), a fundamental matrix 𝑃(𝑥, 𝜆) of solutions
of the homogeneous system (𝑎) was constructed in finite form. If the roots 𝑝, 𝑞
of the quadratic equation

𝜇2 + (𝑎11 + 𝑎22)𝜇 + 𝑎11𝑎22 − 𝑎12𝑎21 = 0 (6)

are distinct, then for the elements 𝑃𝑘𝑠(𝑥, 𝜆) of the matrix 𝑃(𝑥, 𝜆) the formulas
hold—

of the system (1)

𝑃11(𝑥, 𝜆) = 1
4𝜋(𝑝 − 𝑞)|𝑥| {𝑎22 + 𝑝

𝑝 exp [−𝜆 |𝑥|√−𝑝] − 𝑎22 + 𝑞
𝑞 exp [−𝜆 |𝑥|√−𝑞 ]} ,

𝑃𝑘𝑠(𝑥, 𝜆) = −𝑎𝑘𝑠
4𝜋(𝑝 − 𝑞)|𝑥| {1

𝑝 exp [−𝜆 |𝑥|√−𝑝] − 1
𝑞 exp [−𝜆 |𝑥|√−𝑞 ]}

(𝑘 ≠ 𝑠; 𝑘, 𝑠 = 1, 2), (4)

𝑃22(𝑥, 𝜆) = 1
4𝜋(𝑝 − 𝑞)|𝑥| {𝑎11 + 𝑝

𝑝 exp [−𝜆 |𝑥|√−𝑝] − 𝑎11 + 𝑞
𝑞 exp [−𝜆 |𝑥|√−𝑞 ]} .

If the roots 𝑝, 𝑞 of equation (6) coincide (𝑝 = 𝑞), then 𝑃𝑘𝑠(𝑥, 𝜆) are determined
by the formulas

𝑃11(𝑥, 𝜆) = −1
8𝜋𝑝2 {𝜆√−𝑝 (1 + 𝑎22

𝑝 ) + 2𝑎22
|𝑥| } exp [−𝜆 |𝑥|√−𝑝] ,

𝑃𝑘,𝑠(𝑥, 𝜆) = 𝑎𝑘𝑠
8𝜋𝑝2 {𝜆√−𝑝

𝑝 + 2
|𝑥|} exp [−𝜆 |𝑥|√−𝑝] (𝑘 ≠ 𝑠; 𝑘, 𝑠 = 1, 2), (5)
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𝑃22(𝑥, 𝜆) = −1
8𝜋𝑝2 {𝜆√−𝑝 (1 + 𝑎11

𝑝 ) + 2𝑎11
|𝑥| } exp [−𝜆 |𝑥|√−𝑝] .

Let 𝑆 be an infinite open contour in the 𝜆-plane, coinciding outside a circle of
sufficiently large radius with center at the origin with continuations of the rays
cos arg 𝜆 = 𝛿, where 𝛿 is a sufficiently small positive number. By the method of
the contour integral [3] it is easily proved that

Theorem 1. The function defined by the formula

𝑣1(𝑥, 𝑡) = −1
𝜋

√
−1

∫
𝑆

𝑒𝜆2𝑡𝜆 𝑑𝜆 ∫
𝐷

𝑃(𝑥 − 𝜉, 𝜆)Φ(𝜉) 𝑑𝐷𝜉, (6)

is a solution of the Cauchy problem (1), (3) in the domain 𝐷.

Interchanging the order of integration with respect to 𝜆 and 𝜉, from (6) we
obtain

𝑣1(𝑥, 𝑡) = ∫
𝐷

{ −1
𝜋

√
−1

∫
𝑆

𝑒𝜆2𝑡𝜆𝑃(𝑥 − 𝜉, 𝜆) 𝑑𝜆} Φ(𝜉) 𝑑𝐷𝜉.

Consequently, the matrix

𝑄(𝑥 − 𝜉, 𝑡) = −1
𝜋

√
−1

∫
𝑆

𝑒𝜆2𝑡𝜆𝑃(𝑥 − 𝜉, 𝜆) 𝑑𝜆 (7)

is the fundamental matrix of solutions of system (1).

It should be noted that the contour integral (7) is computed [3], and the fun-
damental matrix 𝑄(𝑥, 𝑡) of system (1) is constructed in closed form. In other
words, the following holds.

Theorem 2. Under condition 1), if the roots 𝑝, 𝑞 of equation (6) are distinct,
then system (1) has a fundamental matrix 𝑄(𝑥, 𝑡) of solutions, whose elements
𝑄𝑘𝑠(𝑥, 𝑡) are determined by the formulas

𝑄11(𝑥, 𝑡) = −1
8𝜋3/2(𝑝 − 𝑞) { 𝑎22 + 𝑝

(√−𝑝)3 exp |𝑥|2
4𝑝𝑡 − 𝑎22 + 𝑞

(√−𝑞)3 exp |𝑥|2
4𝑞𝑡 } ,

𝑄𝑘𝑠(𝑥, 𝑡) = 𝑎𝑘𝑠
(2

√
𝜋𝑡)3(𝑝 − 𝑞) { 1

(√−𝑝)3 exp |𝑥|2
4𝑝𝑡 − 1

(√−𝑞)3 exp |𝑥|2
4𝑞𝑡 }

(𝑘 ≠ 𝑠; 𝑘, 𝑠 = 1, 2), (8)
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𝑄22(𝑥, 𝑡) = −1
(2

√
𝜋𝑡)3(𝑝 − 𝑞) { 𝑎11 + 𝑝

(√−𝑝)3 exp |𝑥|2
4𝑝𝑡 − 𝑎11 + 𝑞

(√−𝑞)3 exp |𝑥|2
4𝑞𝑡 } .

If the roots 𝑝, 𝑞 of equation (6) coincide (𝑝 = 𝑞), then for 𝑄𝑠𝑘(𝑥, 𝑡) the following
formulas hold

𝑄11(𝑥, 𝑡) = −1
(2√−𝑝𝜋𝑡) {(1 + 𝑎22

𝑝 ) |𝑥|2
4𝑝𝑡 + 1 + 3𝑎22

2𝑝 } exp |𝑥|2
4𝑝𝑡 ,

𝑄22(𝑥, 𝑡) = −1
(2√−𝑝𝜋𝑡) {(1 + 𝑎11

𝑝 ) |𝑥|2
4𝑝𝑡 + 1 + 3𝑎11

2𝑝 } exp |𝑥|2
4𝑝𝑡 , (9)

𝑄𝑘𝑠(𝑥, 𝑡) = 𝑎𝑘𝑠
𝑝(2√−𝑝𝜋𝑡) (|𝑥|2

4𝑝𝑡 + 3
2) exp |𝑥|2

4𝑝𝑡 (𝑘 ≠ 𝑠; 𝑘, 𝑠 = 1, 2).

From Theorem 2 it follows:

Theorem 3. Under condition 1), there exists a solution 𝑣1(𝑥, 𝑡) of the Cauchy
problem (1), (3), representable by the formula

𝑣1(𝑥, 𝑡) = − ∫
𝐷

𝑄(𝑥 − 𝜉, 𝑡)Φ(𝜉) 𝑑𝐷𝜉. (10)

Obviously, with the aid of (10), problem (1)—(3) can be reduced to an analogous
problem for which Φ(𝑥) ≡ 0. The following holds:

Theorem 4. Under conditions 1)—2), problem (1)—(3) for Φ(𝑥) ≡ 0 has a
solution 𝑣2(𝑥, 𝑡), representable in the form of a simple-layer potential

𝑣2(𝑥, 𝑡) = ∫
𝑡

0
𝑑𝜏 ∫

Γ
𝑄(𝑥 − 𝑦, 𝑡 − 𝜏)𝜇(𝑦, 𝜏) 𝑑Γ𝑦, (11)

whose density is determined by the method of successive approximations from a
Volterra-type integral equation

𝜇(𝑧, 𝑡) = 2𝛼−1(𝑧, 𝑡)𝜓(𝑧, 𝑡)+

+ ∫
𝑡

0
∫

Γ
𝛼−1(𝑧, 𝑡) ( 𝑑

𝑑𝑛𝑧
+ 𝛽(𝑧)) 𝑄(𝑧 − 𝑦, 𝑡 − 𝜏)𝜇(𝑦, 𝜏) 𝑑𝜏 𝑑Γ𝑦. (12)

Remark. By the indicated scheme one can also solve the mixed problem for
system (1) with a nonlinear boundary condition.
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