
Soviet-era science, translated into English

SOME VARIATIONAL
PROBLEMS WITH
ACCOUNT TAKEN OF
THE COST OF
CONTROL IN HILBERT
SPACES
MATHEMATICS

1968

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196801.10890

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196801.10890


Abstract
Full Text
UDC 517.218+517.221+517.216+517.224

MATHEMATICS

Academician of the Academy of Sciences of the Azerbaijan SSR Z. I.
KHALILOV, E. Dzh. ASLANOV

SOME VARIATIONAL PROBLEMS WITH
ACCOUNT TAKEN OF THE COST OF CON-
TROL IN HILBERT SPACES
1. Denote by 𝐻 a real Hilbert space with scalar product ( , ) and norm ‖ ‖. The
norms and scalar products of the Hilbert spaces 𝐻1, 𝐻2, and 𝐻3 will be denoted
by the corresponding subscript. Let L2 = L2(𝐻, [0, 𝑇 ]) be the Hilbert space of
vector-functions with values in 𝐻 (see (1)).
Theorem. Let 𝐷(𝐿2 → 𝐿2), 𝐹(𝐻 → 𝐿2), 𝐵(𝐿2 → 𝐻3), and 𝐶(𝐻 → 𝐻3) be
linear bounded operators. Then for any prescribed pairs 𝜉1 ∈ 𝐻3, 𝜉2(𝑡) ∈ 𝐿2
there exists a pair 𝜂 ∈ 𝐿2, 𝜁 ∈ 𝐻, minimizing the functional

𝐸(𝜂, 𝜁) = ‖𝐵𝜂 + 𝐶𝜁 − 𝜉1‖2
3 + ∫

𝑇

0
‖𝐷𝜂 + 𝐹𝜁 − 𝜉2‖2 𝑑𝑡 + 𝛼 ∫

𝑇

0
‖𝜂‖2 𝑑𝑡 + 𝛾‖𝜁‖2, (1)

and 𝜂 and 𝜁 are determined uniquely from the system of equations

(𝐵∗𝐵 + 𝐷∗𝐷 + 𝛼)𝜂 + (𝐵∗𝐶 + 𝐷∗𝐹)𝜁 = 𝐵∗𝜉1 + 𝐷∗𝜉2,

(𝐶∗𝐵 + 𝐹 ∗𝐷)𝜂 + (𝐶∗𝐶 + 𝐹 ∗𝐹 + 𝛾)𝜁 = 𝐶∗𝜉1 + 𝐹 ∗𝜉2. (2)

Here and throughout the sequel 𝛼, 𝛾 > 0.
For the proof of the theorem one uses the result from (2), if for 𝐻1 we take
𝐿2 × 𝐻 with scalar product of the elements 𝑥 = ⟨𝜂, 𝜁⟩ and 𝑦 = ⟨𝜓, 𝜑⟩, defined
by the formula (𝑥, 𝑦)1 = 𝛼[𝜂, 𝜓] + 𝛾(𝜁, 𝜑), and in 𝐻2 = 𝐻1 × 𝐿2 introduce the
scalar product of the elements 𝑧 = ⟨⟨𝜉, 𝜂⟩⟩ and 𝑟 = ⟨⟨𝜏, 𝜓⟩⟩ by the formula
(𝑧, 𝑟)2 = (𝜉, 𝜏)3 + [𝜂, 𝜓], and as the operator 𝐾(𝐻1 → 𝐻2) from (2) take the
operator 𝐾𝑥 = ⟨⟨𝐵𝜂 + 𝐶𝜁, 𝐷𝜂 + 𝐹𝜁⟩⟩.
Then
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𝐾∗𝑧 = ⟨𝛼−1(𝐵∗𝜉 + 𝐷∗𝜂), 𝛾−1(𝐶∗𝜉 + 𝐹 ∗)⟩.

2. We now consider the Cauchy problem for a differential equation in the Hilbert
space 𝐻

𝑢′(𝑡) + 𝐴𝑢(𝑡) = 𝑓(𝑡), 𝑢(0) = 𝜑, 0 ≤ 𝑡 ≤ 𝑇 , (3)

where 𝐴 is a linear bounded self-adjoint operator in 𝐻.

In the paper (2) (see also (3)) the problem was considered of finding a pair
⟨𝑓, 𝜑⟩ ∈ 𝐻1 minimizing the functionals

𝐸1(⟨𝑓, 𝜑⟩) = ‖𝑢(𝑇 ) − 𝜓‖2 + 𝛼 ∫
𝑇

0
‖𝑓(𝑡)‖2 𝑑𝑡 + 𝛾‖𝜑‖2,

𝐸2(⟨𝑓, 𝜑⟩) = ∫
𝑇

0
‖𝑢(𝑡) − 𝑔(𝑡)‖2 𝑑𝑡 + 𝛼 ∫

𝑇

0
‖𝑓(𝑡)‖2 𝑑𝑡 + 𝛾‖𝜑‖2,

where 𝜓 ∈ 𝐻 and 𝑔(𝑡) ∈ 𝐿2 are prescribed elements, and 𝑢(𝑡) is the solution of
the Cauchy problem (3) with unbounded self-adjoint linear operator 𝐴.

We now consider analogous problems, where the “costs of control”remain the
same, while into the“cost of deviation”we introduce the derivative of the solution
𝑢′(𝑡). More precisely, the following is considered

Problem 1. Find a pair ⟨𝑓, 𝜑⟩ ∈ 𝐻1 minimizing the functional

𝐸1(⟨𝑓, 𝜑⟩) = ‖𝑢(𝑇 ) − 𝜓‖2 + ∫
𝑇

0
‖𝑢′(𝑡) − ℎ(𝑡)‖2 𝑑𝑡 + 𝛼 ∫

𝑇

0
‖𝑓(𝑡)‖2 𝑑𝑡 + 𝛾‖𝜑‖2, (4)

where 𝑢(𝑡) is the solution of problem (3), and 𝜓 ∈ 𝐻 and ℎ(𝑡) ∈ 𝐿2 are given
elements. The problem has a solution, and a unique one, if in the theorem we
put 𝐻3 = 𝐻 and

𝐵𝑓 = ∫
𝑇

0
𝑒−(𝑇 −𝑠)𝐴𝑓(𝑠) 𝑑𝑠, 𝐶𝜑 = 𝑒−𝑇 𝐴𝜑,

𝐷𝑓 = 𝑓(𝑡) − 𝐴 ∫
𝑡

0
𝑒−(𝑡−𝜏)𝐴𝑓(𝜏) 𝑑𝜏, 𝐹𝜑 = −𝐴𝑒−𝑡𝐴𝜑. (5)

It is not difficult, in particular, to establish that
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𝐷∗𝐷𝑓 = 𝑓(𝑡) − 1
2𝐴 ∫

𝑇

0
[𝑒−(2𝑇 −𝑡−𝜏)𝐴 + 𝑒−|𝑡−𝜏|𝐴] 𝑓(𝜏) 𝑑𝜏,

𝐹 ∗𝐷𝑓 = −1
2𝐴 ∫

𝑇

0
[𝑒−(2𝑇 −𝜏)𝐴 + 𝑒−𝜏𝐴] 𝑓(𝜏) 𝑑𝜏,

𝐷∗𝐹𝜑 = −1
2𝐴 (𝑒−(2𝑇 −𝑡)𝐴 + 𝑒−𝑡𝐴) 𝜑, 𝐹 ∗𝐹𝜑 = 1

2𝐴 (𝐼 − 𝑒−2𝑇 𝐴) 𝜑,

𝐵∗𝐵𝑓 = ∫
𝑇

0
𝑒−(2𝑇 −𝑡−𝜏)𝐴𝑓(𝜏) 𝑑𝜏, 𝐶∗𝐵𝑓 = ∫

𝑇

0
𝑒−(2𝑇 −𝜏)𝐴𝑓(𝜏) 𝑑𝜏.

Then system (2), after some transformations, takes the form

(1 + 𝛼)𝑓(𝑡) + ∫
𝑇

0
𝑊(𝑡, 𝜏)𝑓(𝜏) 𝑑𝜏 + 𝑊(𝑡, 0)𝜑 = 𝐺1(𝑡),

(𝐴 + 𝛾𝐼)𝜑 + ∫
𝑇

0
𝑊(0, 𝜏)𝑓(𝜏) 𝑑𝜏 + 𝑊(0, 0)𝜑 = 𝐺1(0) − ℎ(0), (6)

where

𝑊(𝑡, 𝜏) = (𝐼 − 1
2𝐴) 𝑒−(2𝑇 −𝑡−𝜏)𝐴 − 1

2𝐴𝑒−|𝑡−𝜏|𝐴,

𝐺1(𝑡) = ℎ(𝑡) + 𝑒−(𝑇 −𝑡)𝐴𝜓 − 𝐴 ∫
𝑇

0
𝑒−(𝜏−𝑡)𝐴𝑓(𝜏) 𝑑𝜏.

From (6), for 𝑡 = 0, we obtain

𝜑 = (𝐴 + 𝛾𝐼)−1[(1 + 𝛼)𝑓(0) − ℎ(0)]. (7)

Therefore system (6) is replaced by the loaded integral equation

(1 + 𝛼)𝑓(𝑡) + ∫
𝑇

0
𝑊(𝑡, 𝜏)𝑓(𝜏) 𝑑𝜏 + (1 + 𝛼)𝑊(𝑡, 0)(𝐴 + 𝛾𝐼)−1𝑓(0) =

= 𝐺1(𝑡) + 𝑊(𝑡, 0)(𝐴 + 𝛾𝐼)−1ℎ(0). (8)

Problem 2. Let ℎ1(𝑡) and ℎ2(𝑡) be given functions from 𝐿2. Find a pair
⟨𝑓, 𝜑⟩ ∈ 𝐻1 minimizing the functional
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𝐸2(⟨𝑓, 𝜑⟩) = ∫
𝑇

0
‖𝑢(𝑡)−ℎ1(𝑡)‖2 𝑑𝑡+∫

𝑇

0
‖𝑢′(𝑡)−ℎ2(𝑡)‖2 𝑑𝑡+𝛼 ∫

𝑇

0
‖𝑓(𝑡)‖2 𝑑𝑡+𝛾‖𝜑‖2,

(9)

where 𝑢(𝑡) is the solution of the Cauchy problem (3).

Functional (9), as in problem 1, is a special case of functional (1), if in the
theorem we put 𝐻3 = 𝐿2, define the operators 𝐷(𝐿2 → 𝐿2), 𝐹(𝐻 → 𝐿2) as in
(5), and define the operators 𝐵(𝐿2 → 𝐿2) and 𝐶(𝐻 → 𝐿2) as follows:

so that

𝐵𝑓 = ∫
𝑡

0
𝑒−(𝑡−𝜏)𝐴𝑓(𝜏) 𝑑𝜏, 𝐶𝜑 = 𝑒−𝑡𝐴𝜑.

Then system (2) takes the form

(1 + 𝛼)𝑓(𝑡) + ∫
𝑇

𝑡
∫

𝑠

0
𝑒−(2𝑠−𝜏−𝑡)𝐴𝑓(𝜏) 𝑑𝜏 𝑑𝑠 + ∫

𝑇

0
Ψ(𝑡, 𝜏)𝑓(𝜏) 𝑑𝜏 +

+ ∫
𝑇

𝑡
𝑒−(2𝜏−𝑡)𝐴𝜑 𝑑𝜏 + Ψ(𝑡, 0)𝜑 = 𝐺2(𝑡),

(𝐴 + 𝛾𝐼)𝜑 + ∫
𝑇

0
∫

𝑠

0
𝑒−(2𝑠−𝜏)𝐴𝑓(𝜏) 𝑑𝜏 𝑑𝑠 + ∫

𝑇

0
Ψ(0, 𝜏)𝑓(𝜏) 𝑑𝜏 +

+ ∫
𝑇

0
𝑒−2𝜏𝐴𝜑 𝑑𝜏 + Ψ(0, 0)𝜑 = 𝐺2(0) − ℎ2(0),

(10)

where

Ψ(𝑡, 𝜏) = 𝑊(𝑡, 𝜏)−𝑒−(2𝑇 −𝑡−𝜏)𝐴, 𝐺2(𝑡) = ℎ2(𝑡)+∫
𝑇

𝑡
𝑒−(𝜏−𝑡)𝐴(ℎ1(𝜏)−𝐴ℎ2(𝜏)) 𝑑𝜏.

This system is equivalent to the equation

sovietrxiv.org/items/ru-196801.10890 Machine Translation

https://sovietrxiv.org/items/ru-196801.10890


(1 + 𝛼)𝑓(𝑡) + ∫
𝑇

𝑡
∫

𝑠

0
𝑒−(2𝑠−𝜏−𝑡)𝐴𝑓(𝜏) 𝑑𝜏 𝑑𝑠 +

+ ∫
𝑇

0
Ψ(𝑡, 𝜏)𝑓(𝜏) 𝑑𝜏 + (1 + 𝛼)(𝐴 + 𝛾𝐼)−1 ∫

𝑇

𝑡
𝑒−(2𝜏−𝑡)𝐴𝑓(0) 𝑑𝜏 +

+ (1 + 𝛼)Ψ(𝑡, 0)(𝐴 + 𝛾𝐼)−1𝑓(0) =

= 𝐺2(𝑡) + Ψ(𝑡, 0)(𝐴 + 𝛾𝐼)−1ℎ2(0) + (𝐴 + 𝛾𝐼)−1 ∫
𝑇

𝑡
𝑒−(2𝜏−𝑡)𝐴𝐴ℎ2(0) 𝑑𝜏.

(11)

3. Let us present one of the possible realizations of these variational problems.
Let 𝐾(𝑥, 𝑦) = 𝑅(𝑥)𝑅(𝑦) be a continuous function for 0 ≤ 𝑥, 𝑦 ≤ 1, and

∫
1

0
𝑅2(𝜉) 𝑑𝜉 = 𝑞 < +∞.

If, for each fixed 𝑡, for functions 𝑢(𝑡, 𝑥) ∈ 𝐿2[0, 1] one defines the operator 𝐴 by
the formula

𝐴𝑢 = (𝐴𝑢)(𝑡, 𝑥) = ∫
1

0
𝑅(𝑥)𝑅(𝑦)𝑢(𝑡, 𝑦) 𝑑𝑦, (*)

then 𝐴 will be a linear bounded self-adjoint operator mapping 𝐿2[0, 1] into itself.

Let a certain process be described by the Cauchy problem for the integro-
differential equation

𝜕𝑢(𝑡, 𝑥)
𝜕𝑡 + ∫

1

0
𝑅(𝑥)𝑅(𝑦)𝑢(𝑡, 𝑦) 𝑑𝑦 = 𝑓(𝑡, 𝑥), 𝑢(0, 𝑥) = 𝜑(𝑥), 𝑡 ≥ 0.

Here 𝐻 = 𝐿2[0, 1], the operator 𝐴 is defined by formula (*) and, for any 𝑣 ∈
𝐻 = 𝐿2[0, 1],

𝑒−𝑡𝐴𝑣 = 𝑣 + 𝑒−𝑡𝑞 − 1
𝑞 𝐴𝑣, (𝐴 + 𝛾𝐼)−1𝑣 = 1

𝛾 𝑣 − 1
𝛾(𝛾 + 𝑞)𝐴𝑣.

The functionals 𝐸1 and 𝐸2 in this case take the form

𝐸1(⟨𝑓, 𝜑⟩) = ∫
1

0
|𝑢(𝑇 , 𝑥) − 𝜓(𝑥)|2 𝑑𝑥 + ∫

𝑇

0
∫

1

0
∣𝜕𝑢(𝑡, 𝑥)

𝜕𝑡 − ℎ(𝑡, 𝑥)∣
2

𝑑𝑥 𝑑𝑡+
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+𝛼 ∫
𝑇

0
∫

1

0
|𝑓(𝑡, 𝑥)|2 𝑑𝑥 𝑑𝑡 + 𝛾 ∫

1

0
|𝜑(𝑥)|2 𝑑𝑥,

𝐸2(⟨𝑓, 𝜑⟩) = ∫
𝑇

0
∫

1

0
|𝑢(𝑡, 𝑥) − ℎ1(𝑡, 𝑥)|2 𝑑𝑥 𝑑𝑡 + ∫

𝑇

0
∫

1

0
∣𝜕𝑢(𝑡, 𝑥)

𝜕𝑡 − ℎ2(𝑡, 𝑥)∣
2

𝑑𝑥 𝑑𝑡

+ 𝛼 ∫
𝑇

0
∫

1

0
|𝑓(𝑡, 𝑥)|2 𝑑𝑥 𝑑𝑡 + 𝛾 ∫

1

0
|𝜑(𝑥)|2 𝑑𝑥.

Problem 1 becomes the problem of finding an optimal pair ⟨𝑓, 𝜑⟩ that realizes
the best (in a certain sense) approximation of the final result 𝑢(𝑇 , 𝑥) of the
process 𝑢(𝑡, 𝑥) to a prescribed function 𝜓(𝑥). Its solution is found from the
equations

(1 + 𝛼)𝑓(𝑡, 𝑥) + ∫
𝑇

0
∫

1

0
Φ(𝑡, 𝑥, 𝜏, 𝑦, 𝜏)𝑓(𝜏, 𝑦) 𝑑𝑦 𝑑𝜏

+ (1 + 𝛼) ∫
1

0
𝑃(𝑡, 𝑥, 𝑦)𝑓(0, 𝑦) 𝑑𝑦

+ ∫
𝑇

0
{𝜀(𝑡, 𝜏)𝑓(𝜏, 𝑥) + 1 + 𝛼

𝛾𝑇 𝜀(𝑡, 0)𝑓(0, 𝑥)} 𝑑𝜏 = 𝐺(𝑡, 𝑥),

(12)

𝜑(𝑥) = 1
𝛾 [(1+𝛼)𝑓(0, 𝑥)−ℎ(0, 𝑥)]− 1

𝛾(𝛾 + 𝑞) ∫
1

0
[(1+𝛼)𝑓(0, 𝑦)−ℎ(0, 𝑦)]𝑅(𝑥)𝑅(𝑦) 𝑑𝑦,

(13)

where

Φ(𝑡, 𝑥, 𝑦, 𝜏) = [𝑈(𝑡, 𝜏) − 1/𝑞]𝑅(𝑥)𝑅(𝑦),

𝑈(𝑡, 𝜏) = (2 − 𝑞)𝑒−(2𝑇 −𝑡−𝜏)𝑞/2𝑞 − 𝑒−|𝑡−𝜏|𝑞/2,

𝑃 (𝑡, 𝑥, 𝑦) = [𝑈(𝑡, 0)/(𝛾 + 𝑞) − 1/𝛾𝑞]𝑅(𝑥)𝑅(𝑦), 𝜀(𝑡, 𝜏) = 𝜀(𝑡, 0) = 1,

𝐺(𝑡, 𝑥) = ∫
1

0
𝑃(𝑡, 𝑥, 𝑦)ℎ(0, 𝑦) 𝑑𝑦 + 1

𝑞 ∫
1

0
(𝑒−(𝑇 −𝑡)𝑞 − 1)𝑅(𝑥)𝑅(𝑦)𝜓(𝑦) 𝑑𝑦

− ∫
𝑇

𝑡
∫

1

0
𝑒−(𝜏−𝑡)𝑞𝑅(𝑥)𝑅(𝑦)ℎ(𝑦, 𝜏) 𝑑𝑦 𝑑𝜏 + ℎ(𝑡, 𝑥) + ℎ(0, 𝑥)/𝛾 + 𝜓(𝑥).
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Problem 2 becomes the problem of finding an optimal pair ⟨𝑓, 𝜑⟩ that realizes the
best (in a certain sense) approximation of the process 𝑢(𝑡, 𝑥) to the prescribed
process ℎ1(𝑡, 𝑥) over a certain time interval (0, 𝑇 ). Its solution 𝑓(𝑥, 𝑡) is found
from (12), (13), where

Φ(𝑡, 𝑥, 𝜏, 𝑦) = [𝑄(𝑡, 𝜏)−𝜔(𝑡, 𝜏)/𝑞]𝑅(𝑥)𝑅(𝑦), 𝜔(𝑡, 𝜏) = {𝑇 − 𝑡, 0 ⩽ 𝜏 ⩽ 𝑡,
𝑇 − 𝜏, 𝑡 ⩽ 𝜏 ⩽ 𝑇 ,

𝑄(𝑡, 𝜏) = [(1 − 𝑞2)𝑒−|𝑡−𝜏|𝑞 − (1 + 𝑞2)𝑒−(2𝑇 −𝑡−𝜏)𝑞]/2𝑞2, 𝜀(𝑡, 𝜏) = 𝜔(𝑡, 𝜏),

𝑃 (𝑡, 𝑥, 𝑦) = [𝑄(𝑡, 0)/(𝛾 + 𝑞) − 𝜔(𝑡, 0)/𝛾𝑞]𝑅(𝑥)𝑅(𝑦),

𝐺(𝑡, 𝑥) = ∫
𝑇

𝑡
∫

1

0
[𝑒−(𝜏−𝑡)𝑞 − 1

𝑞 ℎ1(𝜏, 𝑦) − 𝑒−(𝜏−𝑡)𝑞ℎ2(𝜏, 𝑦)] 𝑅(𝑥)𝑅(𝑦) 𝑑𝑦 𝑑𝜏+

+ ∫
𝑇

𝑡
ℎ1(𝜏, 𝑥) 𝑑𝜏 + ∫

1

0
𝑃(𝑡, 𝑥, 𝑦)ℎ2(0, 𝑦) 𝑑𝑦 + ℎ2(𝑡, 𝑥) + 𝜔(𝑡, 0)

𝛾 ℎ2(0, 𝑥).

Other problems of this type, concerning problems of best approximation to a
prescribed temperature regime, are contained in (4−7).
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