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1. Denote by H a real Hilbert space with scalar product (, ) and norm | |. The
norms and scalar products of the Hilbert spaces H,, H,, and H5 will be denoted
by the corresponding subscript. Let L, = L,(H, [0,7]) be the Hilbert space of
vector-functions with values in H (see (1)).

Theorem. Let D(Ly, — L,), F(H — L), B(Ly — Hj), and C(H — Hj) be
linear bounded operators. Then for any prescribed pairs & € Hj, &,(t) € Ly
there exists a pair n € Ly, ( € H, minimizing the functional

T T
E(.0) = [Bu+ O~ &+ [ 1D+ o=l dtva [ nf?de+a1cP, (1)
0 0
and n and ¢ are determined uniquely from the system of equations

(B*B+ D*D + a)n+ (B*C + D*F)( = B*¢, + D*&,,

(C*B+ F*D)n+ (C*C 4+ F*F +~)( = C*¢, + F*&,. (2)

Here and throughout the sequel o,y > 0.

For the proof of the theorem one uses the result from (2), if for H, we take
L, x H with scalar product of the elements x = (1, () and y = (1, ), defined
by the formula (z,y); = a[n,¢] + (¢, ¢), and in H, = H; X L, introduce the
scalar product of the elements z = ((£,n)) and r = ((7,¥)) by the formula
(2,7)9 = (£,7)3 + [n,¢], and as the operator K(H; — H,) from (?) take the
operator Kz = ((Bn+ C(, Dn+ F(¢)).

Then
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K*z = (o "} (B¢ + D'n),y 1 (C*E + F)).

2. We now consider the Cauchy problem for a differential equation in the Hilbert
space H

u(t)+ Aut) = f(t),  u(0)=¢, 0<t<T, 3)

where A is a linear bounded self-adjoint operator in H.

In the paper (?) (see also (®)) the problem was considered of finding a pair
(f, ) € H, minimizing the functionals

T
E,((f.0) = u(T) = ¢[* + a/o IF @1 dt + +lel?,

T T
Exqw»é‘mwgwﬁa+al IO dt + Aol

where ¢ € H and g(t) € L, are prescribed elements, and u(t) is the solution of
the Cauchy problem (3) with unbounded self-adjoint linear operator A.

We now consider analogous problems, where the “costs of control” remain the
same, while into the “cost of deviation”we introduce the derivative of the solution
u’(t). More precisely, the following is considered

Problem 1. Find a pair (f, ») € H; minimizing the functional

T T
EamwwzwwwwW+é’wwwwwww+al LFOI2 dt 4+l (4)

where u(t) is the solution of problem (3), and ¢ € H and h(t) € L, are given
elements. The problem has a solution, and a unique one, if in the theorem we
put Hy = H and

T
Bf = / e T=9)A f(s) ds, Cp =eTAp,
0

t
Df = f(t) — A/ e MAf(r) dr, Fp=—Ae . (5)
0

It is not difficult, in particular, to establish that
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1 T
D*Df = [(t) ~ 54 / [ @T=4-1A 4 o 1t-14] f(r) dr,
0

T
F*Df = —%A/ [e’aT*T}A + e’TA] f(r)dr,
0

D*Fyp = —%A (67<2T7t)‘4 + eftA) ©, F*Fp = %A (I — e’QTA) ©,

T T
B*Bf = / e BTtAf(r)dr,  C*Bf = / e BT=Af (1) dr.
0 0
Then system (2), after some transformations, takes the form

T
(1+a)f() + / W (t,7)f(r) dr + W (£, 0)p = Gi (1),
0

(A+~yDp+ / W (0, r)f(r)dr + W(0,0)¢ = G1(0) — h(0), (6)
0

where

W(t77—) = (I - %A) 6*(2T*t77)A . %Aeflt*T‘A,

T
GL(t) = h(t) + e T4y — A / (04 f(7) dr.
0
From (6), for ¢t = 0, we obtain

¢ = (A+D)7(1+a)f(0) = h(0)]. (7)

Therefore system (6) is replaced by the loaded integral equation
T
(1+a)f(t) + / Wt,7)f(r)dr + (1 +a)W(t,0)(A+~I)"1f(0) =
0
=G (t) + W(t,0)(A+~I)"th(0). (8)

Problem 2. Let hy(t) and h,(t) be given functions from L,. Find a pair
(f,) € H; minimizing the functional
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T

T T
Ez((f,@):/o |u<t)_h1(t>|2dt+/0 IIU’(t)—hz(t)ll2dt+a/O [f 1 dt+ylel?,
9)

where u(t) is the solution of the Cauchy problem (3).

Functional (9), as in problem 1, is a special case of functional (1), if in the
theorem we put Hy = Lo, define the operators D(Ly — L), F(H — L,) as in
(5), and define the operators B(Ly — L,) and C(H — L) as follows:

so that

¢
Bf = / e tDAf(r) dr, Cyp = e 0.
0

Then system (2) takes the form

(1+a)f / / ~(2s=7-)A (7 )des+/ Wt 1) f(r) dr +
+/ 2040 dr 4 B(E 0)p = Galt),
, . (10)
(A+4~I) goJr/ / (25— TAf( )des+/ U(0,7)f(r)dT +
0 0

+/ 240 dr + B(0,0)p = Gy(0) — hy(0),
0

where

T
U(t,7) = W(t,7)—e BT-t=7A Gy(t) = hQ(t)—l—/ e T DA(hy (1)—Ahy(T)) dT.

This system is equivalent to the equation
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T

1+a +/
t
/T

0
(14 a)¥(t,0)(A+ 1)~ f(0) =

/ ~Q@s=mO)Af (1) dr ds +
U(t

T
) dr+(1+a)(A+~I)” / e~ 2TIAf(0) dr +
t

+ o+

Gy(t) + U (t,0)(A+~I) " hy(0) + (A + )7t / ' e~ T DA AR, (0) dT
t (11)

3. Let us present one of the possible realizations of these variational problems.
Let K(x,y) = R(x)R(y) be a continuous function for 0 < z,y < 1, and

1
/ R2(€)d¢ = q < +o0.
o

If, for each fixed ¢, for functions u(t,x) € L,[0, 1] one defines the operator A by
the formula

1

Au = (Au)(t,z) = / R(z)R(y)u(t,y) dy, *)

then A will be a linear bounded self-adjoint operator mapping L, [0, 1] into itself.

Let a certain process be described by the Cauchy problem for the integro-
differential equation

W)y [ R@RGtay = ), w00 = ole) t20

Here H = L,[0,1], the operator A is defined by formula (*) and, for any v €
H = L2 [0, 1]7

et —1 1 1
Av, A+~ o= "v— ———Av.
q (A1) v v +9)

ety =uv+

The functionals F, and F, in this case take the form

= /01 (T @) = () do + /OT /o1
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T 1 1
va [ [ sl dsdtry [ o) s,
0 0 0

1

T T 2
S ((f, ¢ :/ / |u(t,z) — tx|2dacdt—|—/ / ‘—hQ(t,x) dx dt
0

T 1

+a/0 /0 |f(t,x)|2dmdt+vz lo(z)]? d.

Problem 1 becomes the problem of finding an optimal pair (f, ) that realizes
the best (in a certain sense) approximation of the final result u(7T,z) of the
process u(t,x) to a prescribed function 1(x). Its solution is found from the
equations

T 1
(1+ ) f(t,z) + / / B(t, 2,7y, 7 (r,y) dy dr

1
t(1+a) / P(t,2,9)£(0, ) dy (12)

1+«

+/OT{ (t.7)f(r ) + g(t70)f((),x)} dr = G(t, ),

| / [(1+0) £(0,y)—h(0, y) | R(x)R(y) dy,

1
p(x) = ;[(1+04)f(0 ,2)—h(0,2)]— P 0
(13)

where
(I)(tv €, Y, T) = [U(tv T) - l/q]R(I)R(y),

U(tv T) = (2 - q)ei(2T7t7T)q/2q - ei‘tiﬂq/27

P(t,z,y) =[U(t,0)/(y+q) —1/vq|R(z)R(y),  &(t,7) =£(t,0) =

G(t,z) / P(t,z,y)h(0,y) dy + 61]/0 (e T=07 —1)R(z)R(y)y(y) dy

// 09 R(x) R(y)h(y, ) dy dr + h(t, z) + h(0, )/ + (x).
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Problem 2 becomes the problem of finding an optimal pair {f, ¢) that realizes the
best (in a certain sense) approximation of the process u(t,z) to the prescribed
process hy(t,z) over a certain time interval (0,7T). Its solution f(z,t) is found
from (12), (13), where

T—t 0
t

O(t,z,7,y) = [Q(t, 7) —w(t, 7)/q| R(z) R(y), w(t,7) = {T .

Qt,7) = (1= g*e T — (14 ¢Pe CT7] 2¢%, et 1) = w(t, 7),

P(t,z,y) = [Q(t,0)/(y + q) —w(t,0)/vq]R(x)R(y),

T plre—(r-tg _q
ca= [ [ [ S () — e h(r,) | RO R() dydr+
t 0

T 1
£,0
[ s [ P(t,ac,ym(o,y)dy+hzos,as)+°”<7 L1y (0, 2).
t 0

Other problems of this type, concerning problems of best approximation to a

prescribed temperature regime, are contained in (7).
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