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ERAL BOUNDARY-VALUE PROBLEMS FOR
PARABOLIC SYSTEMS IN C;,,,(Q)

(Presented by Academician I. G. Petrovskii on 24 X 1967)

In (1) Schauder-type estimates were obtained for solutions of general boundary-
value problems for general parabolic systems. For systems parabolic in the
sense of I. G. Petrovskii, in () Schauder-type estimates were obtained inside
the domain in [-];; () (@(r) is the refined Holder exponent) under the condition
that

Aralr) — / (01 gt < oo, *)
0

S. N. Kruzhkov in (3) showed that condition () is minimal under which
Schauder-type estimates are possible.

In the present paper we obtain, under the minimal condition (x), estimates
for solutions of general parabolic systems inside the domain and for solutions
of the Cauchy problem. For solutions of general boundary-value problems the
estimates are obtained under the condition that a(r) € A;, where by A, we
denote the class of refined Holder exponents for which Alr®™) < oo.

Consider in a domain 2 of the (n + 1)-dimensional space (zq, 5, ..., Z,,t) =
(z,t) the system of differential equations

L, t; Dy, Dyulz, t) = f(x,1), (1)
where u = (uy, Ug, ..., u,,); [ = (f1s fas s fon); £(x,t; D, D,) is a square matrix
with elements I, ;(x,t; D, D;).

System (1) is called parabolic if there exist integers s, t; (k, j = 1,2,...,m) such
that:
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1) The degree of the polynomial [, ;(a, t; i€, pA2?) with respect to the variable
A at each point (z,t) € D does not exceed s;, +t;, and if s, +¢; < 0, then
ly; = 0. Let £° be the principal part of the matrix £.

2) There exists a constant § > 0 such that the roots of the polynomial
L(x,t;i&,p) = det | £0(x, t;4€, p)|| with respect to the variable p, for any
real £, satisfy the inequality

Reps < 76|§‘2b
for all points (x,t) € D.

Let

Z<Si +1t;) = 2br, r >0, max s; = 0.

By €}, (D) we shall denote the space of functions v(x, ) for which the norm
is finite

!
D _ D D
|U|l+a(7«) = Z[’U}j + [U}Ha(?«);
3=0

where

[v]7 = Z sup | Dy Dyv(z, t)],
@butr)=j P

[v]ll—jka(r) = [v]lz-)&-a(r),:c + [v}l’i—a(r),t

= > sw
2ptv)=1 (@)@’ t)eD |z

Dt Dol t) — DEDyo(a’ )]

af|lz—x’
)

|D{ DYv(z,t) — DY Dv(z,t')]

+ sup (I—2bp—v-+a(|t—t/[1/2b))/2b

0<l—2bpu—v<2b (z,t),(z,t")eD ‘t — tll

For a(r) € A, set

1 A
"

Ba(r) (Are) D)’

T Inr

Theorem 1. Let u(z,t) = (uy(x,t),...,u,,(z,t)) be a solution of system (1)
in a bounded domain 2, and let the derivative DfD;uj(x, t), 2bu+v =t;, be
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continuous in 2. Let the coefficients of the operators Ik, (z,t; D, pt) be bounded

by a constant K, in the norms |- |7 1>0, a(r) € A;. Let

|lfsk+a(r)’

M = Z(\fll ara(n T w7 < oo.
Then the estimate holds
|u |t +I+Ba<7)§KM, i=12..,m,

—
where D C D, and the constant K depends on D', Ky, n, m, 8, S1,..., S,
iy e the diameter of the domain 2, and the functlon a(r).

7m7

Consider in D 1 =FE, x[0,T], T < oo, the Cauchy problem for system (1)

£($,t; D:w Dt)u(x,t) = f(.%',t)7 5(,@; Dgca Dt)u(‘r>t>’t:0 = 90(1‘)7 (2)

where &(x; D, D,) is a matrix with elements C_ ;(z, D,, D) (v =1,2,...,7, j =
1,2,...,m). Suppose that there exist integers p. such that the degree of the
polynomial C_;(z,iéX,pA*) in A does not exceed p., + t;, and if p, +t; < 0,
then C,; = 0. Let & satisfy the complementarity condition (see (1), § 1).

Theorem 2. Let the coefficients of the operators [, ;, C,; be bounded by a

(T
n+1

spta(r)? "‘ljp7+a(r)’ respectively, [ > 0, a(r) € A;.

constant K, in the norms |-|,”

Then, for arbitrary

T
fk('r7t) € Ol—sk+a(r)(pfn+)1)7 <p,y(zc) € Ol—pw-&-a('r)(En)?

the Cauchy problem (2) has a unique solution with

u;(z,t) € ClthjJrBa(r)(D(n];)l)

and

(T) )
Z |U l+z+-1l—Boz (r) = (Z ‘f]|l T:j—a(r) + Z |<p]‘l —Py +a(r) ) ’

j=1

where the constant vy depends on 4, Ky, n, p., s Ar®(™)and the constant

in the complementarity condition.

7 ]7

Let @ = Q x [0,T], T < oo, where  is a bounded domain with boundary
S e Cl+tmax+a("'); I'=58x [O,T}
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Consider in @ the problem

Lu = L(x,t; D, pt)u(x, t) := f(z,t),

£<x7Dth>u(x7t)|t:O = gp(w), (3)

B(x,t; D,y pt)u(z, t)|, = O(z,1),

r

where B(z,t; D, D,) is a matrix with elements B i(x,t; D, D,) (¢g=1,...,br).
Suppose that there exist integers o, such that the degree of the polynomial
qu(x,t;i£A7pA2b) in A does not exceed o, +t;. Suppose that the matrices B
and € satisfy the complementarity conditions (see (1), § 1).

Let x € S be an arbitrary point. Introduce a local coordinate system with
center at the point x. Suppose that in this neighborhood the coefficients of the

operators [; in the local coordinates do not depend on the normal coordinate
for0<t<T.

Theorem 3. Let the coefficients of the operators [, C

j» Bqj be bounded by
the constant K5 in the norms

|17 R %
l—s,+a(r)’ l—py+a(r)’ l—o,+Ba(r)

respectively, | > o, = max(0,0q,...,0,,), a(r) € A,.

If fj € Cl—sj+oc(7")(Q)7 Lj € Ol—pw-&-a(r)(Q): (I)q € Cl—aq+Bo¢(r)(F) and the com-
patibility condition of order [ is fulfilled (see (1), § 14), then problem (3) has a
unique solution

u(z,t) = (uy(z,t), us(w,t), ..., Uy, (z,1))

with
uj<x7 t) € Ctj+l+Bza(r)(Q)

and

m m T br

Q Q Q r
Z |uj|l+tj+B2a(r) < K (Z |fj|lfsj+Bo¢(r) + Z ‘soj|l7p,y+o¢(r) + Z |q)q|l—a'q+Ba(r)> ’
= = =1 =1

where the constant K depends on §, K3, n, s;,t;, p,, 0y, Ar®(") and the constants
of the complementarity condition.
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The proofs of these theorems are based on the results obtained in (}) for prob-
lems with constant coefficients (2), (3), in which only the principal parts of the
matrices £,8, € enter, and on the following estimates for the basic potentials
(for notation see (1), § 11) for [ > 0, a(r) € A;:

En+1(T) En+1(T)
[(T = f)}l+2br+Boz(r) < C[ﬂH‘O‘(”) ’

(T)
©n+1

(I, @)]l+2b(r71)+Ba(r) < C[S"]lm(r)’

T

Q Dov
[<(qu *2 (I))]l+2b1rfsj+oq+2bQ+Ba(r) < C|(I)

E’(T)
l+a(r)

for 2br —s; + 0, +20Q > 0; 0 <t < T < oo, where D, is the half-space
z,>0in E, ,, E, is the space z,, =0in E, ;.

n

Remark. Since in the proof only the fact is used that the function 7*") has the
properties of a modulus of continuity and of a continuous derivative for r > 0,
one may take as the refined Holder exponent the function

1 w(r)
ar) = e nm,

where w(r) is a smooth modulus of continuity, which need not satisfy conditions
1), 2) of the paper (?).

Fundamental solutions and solutions of the Cauchy problem for parabolic sys-
tems in the sense of Petrovskii under analogous conditions were considered in
().
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