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PHYSICS

Academician of the Academy of Sciences of the Ukrainian SSR A. S. DAVYDOV,
A. F. LUBCHENKO

THE URBACH RULE FOR LOCALIZED EX-
CITATIONS IN CRYSTALS
1. In theoretical studies of the form of light-absorption spectra by localized
excitations in crystals, begun in works (1,2), a theory was developed for the shape
of the light-absorption band near the absorption maximum. In subsequent works
the refinement of the theory was reduced to taking into account the change in
the frequencies of the lattice vibrations of the crystal upon electronic excitation
(3−6) and to taking into account the anharmonicity of the lattice vibrations
(7,8), without extending the theory to the region of frequencies far from the
absorption maximum.

Urbach (9), in studying the coefficient of light absorption in silver-halide crystals,
found the empirical formula

𝜒(𝜔) = 𝜒(𝜔0) exp{−𝜎(𝜔0 − 𝜔)/𝑘𝑇 }, (1)

which determines, over a broad region of frequencies 𝜔 < 𝜔0, the dependence
of the absorption coefficient on the frequency 𝜔 and the temperature 𝑇 . It was
subsequently found that formula (1), which received the name“Urbach rule,”sur-
prisingly accurately describes significant changes (by 4–6 orders of magnitude) of
the absorption coefficient with changing frequency in the long-wavelength edges
of the first bands of intrinsic (excitonic or localized excitations) and impurity
absorption of many types of crystals.

Despite numerous attempts (see, for example, (10−14)), the Urbach rule has
until recently received no theoretical explanation. In a recent work by one of
the authors (15), an elementary theory of the Urbach rule was proposed for the
absorption of light by localized excitations in crystals. To simplify the calcula-
tions in work (15), on the basis of the Einstein model of a crystal, transitions
from vibrational sublevels of the crystal lattice only to the level of the first elec-
tronic excitation were considered. Below a more rigorous theory is developed,
in which the change in the frequencies of the normal vibrations of the lattice
when an excitation appears is taken into account, as are all transitions from
vibrational sublevels of the ground electronic state of the crystal to vibrational
sublevels corresponding to an electronic excitation upon absorption of light of
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a definite frequency. In doing so, using the general theory, which correctly
describes the absorption curve near the maximum, and without introducing ad-
ditional hypotheses, we shall obtain on the long-wavelength side, far from the
absorption maximum, a dependence of the absorption coefficient on frequency
and temperature that coincides with the Urbach rule.

2. Let the functions |0⟩ and |𝑓⟩ represent the ground electronic state of the
crystal and the state in which there is a localized excitation. Then, in the
adiabatic approximation, the lattice vibrations in these states are described by
the Hamiltonian operators (below we use units in which ℏ = 1)

𝐻0 = 𝑉0 + ∑
𝑠

Ω0
𝑠 (𝑏+

𝑠 𝑏𝑠 + 1
2 ) ,

𝐻𝑓 = 𝑉𝑓 + ∑
𝑠

Ω𝑓
𝑠 (𝑏+

𝑠 𝑏𝑠 + 1
2 ) − 1

2 ∑
𝑠

𝜉𝑠Ω𝑓
𝑠(𝑏+

𝑠 + 𝑏𝑠),

where 𝑉0 and 𝑉𝑓 are the zeroth terms of the expansion (in the displacements of
atoms from equilibrium positions) of the potential energy of the crystal without
electronic excitation and in its presence; 𝜉𝑠 and Ω𝑓

𝑠 − Ω0
𝑠 are quantities charac-

terizing the displacement of the equilibrium positions and the frequencies of the
normal vibrations of the lattice when a localized electronic excitation appears
in the crystal∗; 𝑏+

𝑠 and 𝑏𝑠 are the creation and annihilation operators of phonons
of the 𝑠-th branch of normal vibrations.

According to the general theory developed in papers (2−4, 7), in the adiabatic
approximation the absorption coefficient of light of frequency 𝜔 by a crystal,
with the formation in the crystal of a localized electronic excitation, can be
represented in the form of the product

𝜒(𝜔) = 𝑑 2
𝑓0𝐹(𝜔), (2)

where 𝑑𝑓0 is a quantity proportional to the vector of the electric dipole moment
of the transition from the state |0⟩ to the state |𝑓⟩;

𝐹(𝜔) = 2
Γ ∫

∞

0
𝑑𝜇{𝑖𝜇[𝜔 − 𝜔0] + 𝑔(𝜇) − 1/2𝜇Γ}, (3)

where Γ is the radiation width;

𝜔0 = 𝑉𝑓 − 𝑉0 + 1
2 ∑

𝑠
(Ω𝑓

𝑠 − Ω0
𝑠) − 1

2 ∑
𝑠

𝜉2
𝑠Ω𝑓

𝑠 + ∑
𝑠

𝑛̄𝑠(Ω𝑓
𝑠 − Ω0

𝑠)

is the energy of the zero-phonon transition;
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𝑔(𝜇) = 1
2 ∑

𝑠
𝜉2

𝑠{(𝑛̄𝑠 + 1)𝑒−𝑖Ω𝑓
𝑠𝜇 + 𝑛̄𝑠𝑒𝑖Ω𝑓

𝑠𝜇 − (2𝑛̄𝑠 + 1)}, (4)

𝑛̄𝑠 = (𝑒𝛽Ω0
𝑠 − 1)−1, 𝛽 ≡ 1/𝑘𝑇 . (5)

In previous papers by the authors (3, 7), expression (3) was investigated near
the frequency 𝜔0 of the zero-phonon transition. It was shown that under the
conditions

𝐵2 ≫ max{(Ω𝑓
𝑠)2}, (𝜔𝑟 − 𝜔)2 < 4𝐵2

expression (4) is represented by a Gaussian curve

𝐹(𝜔) = Γ√𝜋
4𝐵 exp{− [𝜔𝑟 − 𝜔

2𝐵 ]
2
} , (6)

where 𝜔𝑟 = 𝜔0 + 𝐴 is the frequency at the maximum of the absorption curve,

𝐴 = 1
2 ∑

𝑠
𝜉2

𝑠Ω𝑓
𝑠 , 2𝐵2 = ∑

𝑠
𝜉2

𝑠(2𝑛̄𝑠 + 1)(Ω𝑓
𝑠)2.

3. We shall investigate the dependence of function (3) on frequency and tem-
perature far from 𝜔𝑟, at the long-wavelength edge of the absorption band. To
simplify the calculation, we consider the Einstein model of a crystal. We set
Ω𝑓

𝑠 = Ω, Ω0
𝑠 = Ω0, and introduce the notation:

𝑛̄ = 𝑛̄𝑠, 𝑎 = 1
2 ∑

𝑠
𝜉2

𝑠 , 𝑏 = (𝑛̄ + 1)𝑎, 𝑐 = 𝑛̄𝑎, 𝑔0 = 𝑐 + 𝑏. (7)

Then function (4) takes the form

exp 𝑔(𝜇) = 𝑒−𝑔0 ∑
𝑚,𝑚1

𝑏𝑚𝑐𝑚1

𝑚!𝑚1! exp{𝑖𝜇[𝑚1 − 𝑚]Ω}.

Substituting this value into (3), after integration we find the general expression
for the function

𝐹(𝜔) = 𝑒−𝑔0 ∑
𝑚,𝑚1

𝑏𝑚𝑐𝑚1

𝑚!𝑚1! {[𝜔 − 𝜔0 + (𝑚1 − 𝑚)Ω]2 + Γ2/4}−1.
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* For simplicity we do not take into account the off-diagonal terms of 2nd order Δ𝑠𝑠′𝑏+
𝑠 𝑏𝑠′ in the operator 𝐻𝑓 .

In the frequency region 𝜔 ≪ 𝜔0 this function can be written in the form

𝐹(𝜔) = 𝑒−𝑔0
∞

∑
𝑝=0

(𝑐
𝑏 )

𝑝/2 𝐼𝑝(2
√

𝑏𝑐)
(𝜔 − 𝜔0 + 𝑝Ω)2 + Γ2/4 , (8)

where 𝐼𝑝(𝑥) is the Bessel function of order 𝑝 of imaginary argument.

Function (8) represents a system of equidistant Lorentzian curves, the positions
of whose maxima correspond to the frequencies 𝜔 = 𝜔0 −𝑝Ω. The terms contain-
ing Bessel functions of low order correspond to frequencies close to the frequency
of the phononless transition. They give expression (6).

We are now interested in the frequencies of the long-wavelength “tail”of the
absorption curve, i.e., terms containing Bessel functions of order 𝑝 = (𝜔0 −
𝜔)/Ω ≫ 1. Under the conditions

𝑝 = (𝜔0 − 𝜔)/Ω ≫ 1, 2
√

𝑏𝑒 = 2𝑎√𝑛̄(𝑛̄ + 1) > 1 (9)

one may use the asymptotic value (16, p. 86)

𝐼𝑝(𝑥) = (𝜋
√

2)−1(𝑝2 + 𝑥2)−1/4 exp{√𝑝2 + 𝑥2 − 𝑝 ar sh(𝑝/𝑥)} (𝜋 + 𝑂(1/𝑥))

of the Bessel function of large order. Then, for a fixed value of 𝑝 and frequency
𝜔 = 𝜔0 + 𝑝Ω, the maximum of function (8) has the form

𝐹𝑝(𝜔) = 4(2𝜋)−1/2Γ−2𝑒−𝑔0 exp{𝑝 ln 𝑛̄ − 𝑝 ln(𝑝/𝑎𝑒)}.

Substituting the values of 𝑝 in (7), we transform this expression to the form

𝐹𝑝(𝜔) = 4𝑒−𝑔0

Γ2√
2𝜋 exp{−𝜔0 − 𝜔

𝑘𝑇 [Ω0
Ω + 𝜉]} , (10)

where

𝜉 = 𝑘𝑇
Ω ln( 𝜔0 − 𝜔

𝑎𝑒Ω(𝑛̄ + 1))

is a function that depends only weakly on the frequency 𝜔.
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If the frequencies Ω are small, then the envelope function (10), taking (2) into
account, gives a dependence of the absorption coefficient on frequency that
coincides with Urbach’s rule (1), for

𝜎 = [Ω0/Ω + 𝜉] > 1. (11)

Expression (10) differs from the expression obtained by A. S. Davydov (15) by a
more elementary method (without allowance for the vibrational structure of the
excited state and with Ω = Ω0) by the common factor 𝑒−𝑔0 and by the factor
(𝑛̄ + 1)−1 under the logarithm sign.

At sufficiently low temperatures, inequality (9) is replaced by the inequality

2
√

𝑏𝑐 = 2𝑎√𝑛̄(𝑛̄ + 1) ≪ 1. (12)

In this case, in investigating expression (8) one may use the asymptotic value
of the Bessel function in the form

𝐼𝑝(𝑥) = (𝑝!)−1(𝑥/2)𝑝{1 + 𝑥2/4(𝑝 + 1)}.

Then, applying Stirling’s formula, for the frequency 𝜔 = 𝜔0 − 𝑝Ω, with 𝑝 ≫ 1,
we again obtain expression (10).
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Note: Figure translations are in progress. See original paper for figures.
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