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(Presented by Academician I. N. Vekua on 29 V 1967)

1. Formulation of the problem. An axisymmetric vector field is determined
by two functions V,(z,y), V,(x,y), defined in some domain in the meridian
plane (7,y), y > 0. The absence, for the field (V,,V, ), of sources (sinks) and
vorticity at some point (z,y) is written in the form of two equations

0 9] 9] 0

Introducing the notation w =V, +iV,, /02 = (9/0z + i0/0y)/2, we write
system (1) in the form of a single complex equation

ow/0z — w/4iy —w/4iy = 0. (2)

In this paper the following problem is investigated: it is required to find a closed
simple (sufficiently smooth) curve  (the “free boundary” ), located in the upper
half-plane y > 0, such that in the domain G bounded by the curve - there exists
a solution w of equation (2) satisfying the following three conditions:

a) at some (fixed) interior point z, of the domain G, the solution w has an
isolated pole:

[w(zg)| = o0 (3)

b) on the set (G + ) \ 2y, the function w is regular and satisfies the flow-
tangency condition

Relwdz] =V, dx -V, dy =0, zZ€; (4)

¢) on the free boundary v, a constant pressure is maintained,
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|w(z)] = R, R = const #£ 0, z €7y (5)

(Bernoulli’ s law for a weightless ideal incompressible fluid).

2. Reduction to an auxiliary equivalent problem. Suppose for the time
being that the problem under consideration has a (nonzero) solution w(z). Since
in the domain G the coefficients of equation (2) are regular, for any solution of
the problem (2), (4) the following relation of I. N. Vekua holds: 2N + N, —
2P; — P, = 2x, where N is the total multiplicity of the interior zeros of the
field w(z); N, is the total multiplicity of zeros of the field on the boundary
v; Pg, P, are the analogous multiplicities of the poles; x is the index of the
boundary condition (see (1), Chap. IV, § 4). In the case under consideration
x=-1, P, =0, N, =0, so that N; — P; = —1. Assuming that the field w
has no zeros inside G, we arrive at the conclusion that P, = 1, i.e., the solution
w(z) has at the point z, a pole of the first order. Hence follows the one-to-one
character of the mapping w = w(z) (at least in a neighborhood of the point
z = zy). Taking also condition (5) into account, it is now easy to verify that
the function 7 = 1/w(z) effects a one-to-one mapping of the domain G onto the
circle of radius r = 1/R with center at the point 7 = 0. We shall therefore seek

the function z = z(7) = z(1/w), inverse to the function 7 = 7(2) = 1/w(z). It
is not difficult to verify that the Jacobian of the mapping w = w(z) is positive.
As direct computations show, the function z = z(7), by virtue of equation (2),
satisfies the nonlinear equation

—il0z/0T|?
y/|Ret| +/y2/|ReT|2 + |0z/07]2

(6)

z .
— =signRet -

or

The solution of this equation must be defined in the disk K : |7| <r, r=1/R,
and must satisfy, by virtue of relation (4), the boundary condition

Re [e7"dz/dp] =0 on the circle || =r (7)

(1 = |7]e*?). Finally, without loss of generality the point z, may be placed on
the imaginary axis, so that z, = ih, h > 0. Condition (3) for the function z(7)
corresponds to

2(0) = ih. (8)

Below we shall investigate the problem (6), (7), and (8).

3. Spaces and operators. Let C, be the set of bounded complex-valued
functions w(7), defined in the disk K and satisfying the Holder condition with
exponent a, 0 < a < 1. As usual, for functions w(7) from C,, we introduce the
norm
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w(Ty) —w(T
., = [wlo + sup L) =@(r)l

v wllo = max |w(r)],
T FT | 1 7—2| TEK

which turns the set C, into a Banach space. It is easy to see that for any two
functions from C|, the inequality

lwelle < lwlololla + lololwla- (9)

holds.

To study the problem (6), (7), (8), we shall apply the method of two-dimensional
singular integral operators developed in the investigations of I. N. Vekua (see (1),
Ch. IV, §9). To this end we first study the problem of the general representation
of all continuous and continuously differentiable complex-valued functions z =
z(7) satistying conditions (7) and (8). As the investigation shows, such a general
representation has the form

// [r (¢ Ti(i)c

where p is a completely arbitrary function from the space C, (K), and ¢, is an
arbitrary real constant. In this case, as is known, the formulas

(11)

(10)

hold; the first integral in the second formula is understood in the sense of the
Cauchy principal value. If, therefore, the solution of the problem (6), (7), (8) is
sought in the form (10) with unknown density p(7) € C,,(K), then, to determine
the function p(7), as follows from formulas (10), (11) and equation (6), we obtain
the nonlinear singular integral equation

€% Re 7 TIpTI
p(r) = 1™ Rerllpllp = Sp. (12)
2 [ITm Tp| + /[Tm Tp[? + [Re 7 TIp[?|

This equation, for an arbitrary constant ¢, (see (10)), is equivalent to the prob-
lem (6), (7), (8).

4. Property of the singular operator Sp. In the present section it will be
shown that the operator Sp, defined by formula (12), transforms elements
of the space C (K) into elements of the same space and satisfies a Lipschitz
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condition, provided that the radius r of the circle K is sufficiently small,
i.e., provided that the number R in condition (5) is sufficiently large.

Consider in the space C,, the ball of radius @: |p|, < . Since all terms of
the operator T'p, except the last one ¢h, tend to zero as r — 0, uniformly in the
fixed ball |p| < @, for arbitrary m, 0 < m < h, there exists an 1y = ry(h, m, Q)
such that

lyl = [Tm ()| = [ Tm T'p| > m, (13)

if 7 < ry. Further, the operator TIp maps C, (K) into C, (K) and, as direct
computations show,

102/07]o = [Tplo < 72[M,]lpla + leol] + rMylpla (14)

where M,, M, (as well as the constants Mj, M, occurring below) depend only
on h, m, @, o and, possibly, on the constant ¢,. From the displayed formulas and
certain obvious additional computations there follow the above-noted properties
of the operator (12), moreover

I1Sp1 = Spalla < 7°Msllpy — palla- (15)
In addition, if 6 is the zero element of the space C,, we have

ie2wr20§ Rer

50 = 20 h 20 1 h2+r2ci(R )2’
|r2coIm 7+ h| + /[ r2co ImT + h |2 + r2c}(Re T

whence we obtain

3—a .2
r Co

9, < —"
IS8, < -

* 4+ 2M,). 16
ey UM (16)
It follows from estimates (15), (16) that the numbers ¢, and r < r, can be
chosen so that the inequalities

T2M3 < /B < 17 ”SGHQ < (1 - B>Qa ﬁ = const. (17)

are satisfied. In this case the operator Sp maps the ball ||p|, < @ into itself
and, by the generalized contraction mapping principle, has a fixed point. For a
fixed value of the constant c, this fixed point is the unique solution of equation
(12), which, as is easy to see, tends to zero simultaneously with the constant ¢,.
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5. Existence theorem. Problem (6), (7), (8) always has a solution if the
radius v of the circle K is sufficiently small. This solution is representable
by formula (10), in which p(7) is a solution of equation (12), and depends
on one real parameter c,. Consequently, the original problem (2), (3), (4),
(5), with fized h > 0 and sufficiently large R, has a family of solutions de-
pending on one real parameter. The free boundary v is at least a Lyapunov
curve.

In the proof it remains only to justify the univalence of the mapping effected
by the function z(7) constructed by formula (10). In view of (6), this function
satisfies an equation of Beltrami type:

9z _ q(T)% =0, where ¢(7) = i Rer 92/07 .
or Y+ /42 +|ReTdz/07 ]2

ot

Since, obviously, |¢(7)] < gy < 1, ¢y = const, the function z(7), as follows from
the formula for the Jacobian of the mapping J = |22 —|z;|?, is locally univalent
in a neighborhood of every point where 0z/97 # 0. From formula (11) and by
decreasing, if necessary, the radius r, we obtain dz/97 # 0 at the point 7 = 0.

Finally, let us note that, as can be shown from condition (7), 7 is a convex
curve.

In conclusion I express my sincere gratitude to I. I. Danilyuk for posing the
problem and for valuable advice.
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