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MATHEMATICS

I. T. Kiguradze

ON MONOTONE SOLUTIONS OF NONLIN-
EAR ORDINARY DIFFERENTIAL EQUA-
TIONS OF THE 𝑛-TH ORDER
(Presented by Academician I. N. Vekua, 11 XII 1967)

In the present paper we study the problem of the existence of a solution 𝑢(𝑡) of
the differential equation

𝑢(𝑛) = 𝑓(𝑡, 𝑢, 𝑢′, … , 𝑢(𝑛−1)), (1)

defined on the interval (0, +∞) and satisfying the conditions

lim
𝑡→0

𝑢(𝑡) = 𝑢0, (−1)𝑘𝑢(𝑘)(𝑡) ≥ 0 for 𝑡 > 0 (𝑘 = 0, 1, … , 𝑛 − 1). (2)

Previously this problem had been investigated only for the case 𝑛 = 2 (1−5).
By a solution of problem (1)—(2) we mean a function 𝑢(𝑡), absolutely continu-
ous together with its derivatives up to order 𝑛 − 1 inclusive on every segment
contained in the interval (0, +∞), and satisfying equation (1) and conditions
(2) on this interval.

Before proceeding to the formulation of the existence theorem, we give some
definitions and one auxiliary proposition.

Definition 1. 𝜔(𝑡, 𝑥) ∈ 𝐵𝑛(𝑟; 𝑎) if 𝜔(𝑡, 𝑥) is defined and nonnegative in the
domain 𝑡 ∈ (0, 𝑎], 𝑥 ∈ [0, +∞), and there exist a number 𝑎0 ∈ (0, 𝑎) and a
function 𝑏(𝑡), continuous on the half-interval (0, 𝑎], with 𝑡𝑛−2𝑏(𝑡) ∈ 𝐿(0, 𝑎), such
that, for any 𝛼 ∈ (0, 𝑎0], for every function 𝑢(𝑡) absolutely continuous together
with its derivatives up to order 𝑛−1 inclusive on the interval [𝛼, 𝑎] and satisfying
on this interval the inequalities

(−1)𝑘𝑢(𝑘)(𝑡) ≥ 0 (𝑘 = 0, 1, … , 𝑛), 𝑢(𝑡) ≤ 𝑟, |𝑢(𝑛)(𝑡)| ≤ 𝜔(𝑡, |𝑢(𝑛−1)(𝑡)|),

we have |𝑢(𝑛−1)(𝑡)| ≤ 𝑏(𝑡) for 𝑡 ∈ [𝛼, 𝑎].
Definition 2. 𝜓(𝑡, 𝑥1, … , 𝑥𝑚) ∈ 𝐾𝑡(𝛼, 𝛽) if 𝑚 ≥ 1, 𝜓(𝑡, 𝑥1, … , 𝑥𝑚) is mea-
surable in 𝑡 on the interval (𝛼, 𝛽) for every (𝑥1, … , 𝑥𝑚) ∈ 𝑅𝑚, continuous in
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(𝑥1, … , 𝑥𝑚) in the space 𝑅𝑚 for almost all 𝑡 ∈ (𝛼, 𝛽), and for every 𝑟 > 0 there
exists a function 𝜓(𝑡; 𝑟) ∈ 𝐿(𝛼, 𝛽) such that

|𝜓(𝑡, 𝑥1, … , 𝑥𝑚)| ≤ 𝜓(𝑡; 𝑟)

for 𝑡 ∈ (𝛼, 𝛽), |𝑥𝑘| ≤ 𝑟 (𝑘 = 1, 2, … , 𝑚) (local Carathéodory conditions).

In what follows it is everywhere assumed that 𝑛 ≥ 2 and 𝑓(𝑡, 𝑥1, … , 𝑥𝑛) ∈
𝐾𝑡(𝛼, 𝛽) for arbitrary 𝛼, 𝛽 ∈ (0, +∞); here the case is not excluded when the
function 𝑓(𝑡, 𝑥1, … , 𝑥𝑛), having a singularity at 𝑡 = 0, does not belong to the
set 𝐾𝑡(0, 𝛽).
Lemma. If 𝑛 ≥ 3, the function 𝑢(𝑡) is absolutely continuous together with
its derivatives up to order 𝑛 − 1 inclusive on the interval [𝛼, 𝛽], 𝑢(𝑘)(𝛽) = 0
(𝑘 = 1, … , 𝑛 − 2), and

(−1)𝑘𝑢(𝑘)(𝑡) ≥ 0
for 𝑡 ∈ [𝛼, 𝛽] (𝑘 = 0, 1, … , 𝑛), then for 𝑡 ∈ [𝛼, 𝛽] the inequalities

|𝑢(𝑘−1)(𝑡)| ≤ [(𝑛 − 1)!](𝑛−𝑘)/(𝑛−1)

(𝑛 − 𝑘)! |𝑢(𝑡)|(𝑛−𝑘)/(𝑛−1) |𝑢(𝑛−1)(𝑡)|(𝑘−1)/(𝑛−1)

(𝑘 = 1, 2, … , 𝑛).

Theorem 1. If

𝑓(𝑡, 0, … , 0) ≡ 0, (−1)𝑛𝑓(𝑡, 𝑥1, … , 𝑥𝑛) ≥ 0

for 𝑡 > 0, (−1)𝑘−1𝑥𝑘 ≥ 0 (𝑘 = 1, 2, … , 𝑛),
𝑎 > 0, 𝑟 > 0, and in the domain

𝑡 ∈ (0, 𝑎], 0 ≤ 𝑥1 ≤ 𝑟, 0 ≤ (−1)𝑘−1𝑥𝑘 ≤

≤ [(𝑛 − 1)! 𝑥1](𝑛−𝑘)/(𝑛−1)

(𝑛 − 𝑘)! |𝑥𝑛|(𝑘−1)/(𝑛−1)

(𝑘 = 2, … , 𝑛 − 1), (−1)𝑛−1𝑥𝑛 ≥ 0 (4)

the inequality

|𝑓(𝑡, 𝑥1, … , 𝑥𝑛)| ≤ 𝜔(𝑡, |𝑥𝑛|) (5)

is satisfied, where 𝜔(𝑡, 𝑥) ∈ 𝐵𝑛(𝑟; 𝑎), then for every 𝑢0 ∈ [0, 𝑟] the problem (1)—
(2) has at least one solution.
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We indicate the scheme of the proof of Theorem 1. Let the number 𝑎0 and the
function 𝑏(𝑡) be chosen according to Definition 1. Put

𝑏𝑘(𝑡) = (𝑛 − 1)! 𝑟 (𝑎 − 𝑎0)−𝑘 + ∫
𝑎

𝑡
𝜏 𝑛−2−𝑘𝑏(𝜏) 𝑑𝜏 (𝑘 = 0, … , 𝑛 − 2),

𝑏𝑛−1(𝑡) = 𝑏(𝑡); (6)

𝜌(𝑡) = max
𝑡≤𝜏≤𝑎

𝑛−1
∑
𝑘=0

𝑏𝑘(𝜏); (7)

𝜒(𝑡; 𝜏) =
⎧{
⎨{⎩

1, for 0 ≤ 𝑡 ≤ 𝜏,
2 − 𝑡/𝜏, for 𝜏 < 𝑡 < 2𝜏,
0, for 𝑡 ≥ 2𝜏;

𝜎𝑘(𝑡) = {𝑡, for (−1)𝑘−1𝑡 > 0,
0, for (−1)𝑘−1𝑡 ≤ 0; (8)

𝑔𝑚(𝑡, 𝑥1, … , 𝑥𝑛) = 𝜒(
𝑛

∑
𝑖=1

|𝑥𝑖|; 𝜌(𝑎0
𝑚 )) 𝑓(𝑡, 𝜎1(𝑥1), … , 𝜎𝑛(𝑥𝑛)). (9)

Since 𝑡𝑛−2𝑏(𝑡) ∈ 𝐿(0, 𝑎), it is clear from (6) that

𝑏1(𝑡) ∈ 𝐿(0, 𝑎). (10)

Taking into account conditions (3), with the aid of Schauder’s theorem it is
easy to prove that, for every natural number 𝑚, the differential equation

𝑢(𝑛) = 𝑔𝑚(𝑡, 𝑢, 𝑢′, … , 𝑢(𝑛−1)) (11)

has a solution 𝑢𝑚(𝑡) satisfying the boundary conditions

𝑢𝑚(𝑎0/𝑚) = 𝑢0, 𝑢(𝑘)
𝑚 (𝑎 + 𝑚) = 0 (𝑘 = 0, 1, … , 𝑛 − 2) (12)

and the inequalities

(−1)𝑘𝑢(𝑘)
𝑚 (𝑡) ≥ 0 for 𝑡 ∈ [𝑎0

𝑚 , 𝑎 + 𝑚] (𝑘 = 0, 1, … , 𝑛). (13)

Since 𝑢0 ∈ [0, 𝑟], according to (12) and (13), from the lemma cited above it is
clear that, for 𝑡 ∈ [𝑎0/𝑚, 𝑎 + 𝑚], the point (𝑡, 𝑢(𝑡), … , 𝑢(𝑛−1)(𝑡)) belongs to the
domain (4); therefore, by virtue of (5), (8), and (9), from (11) we have
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|𝑢(𝑛)
𝑚 (𝑡)| ≤ 𝜔(𝑡, |𝑢(𝑛−1)

𝑚 (𝑡)|) for 𝑡 ∈ [𝑎0/𝑚, 𝑎].

Hence, according to Definition 1 and conditions (6), (7), (10), (12), and (13),
we easily find that

|𝑢(𝑘)
𝑚 (𝑡)| ≤ 𝑏𝑘(𝑡) for 𝑡 ∈ [𝑎0

𝑚 , 𝑎] (𝑘 = 0, 1, … , 𝑛 − 1),

𝑛−1
∑
𝑘=0

|𝑢(𝑘)
𝑚 (𝑡)| ≤ 𝜌(𝑎0/𝑚) for 𝑡 ∈ [𝑎0

𝑚 , 𝑎 + 𝑚] ; (14)

|𝑢𝑚(𝑡) − 𝑢0| ≤ ∫
𝑡

0
𝑏1(𝜏) 𝑑𝜏 for 𝑡 ∈ [𝑎0

𝑚 , 𝑎 + 𝑚] . (15)

By virtue of (8), (9), and (14), it follows from (11) that 𝑢𝑚(𝑡) is a solution of
equation (1) on the interval [𝑎0/𝑚, 𝑎 + 𝑚].
Relying on inequalities (13) and (14), one can show that the sequence {𝑢𝑚(𝑡)}
contains a subsequence {𝑢𝑚𝑖

(𝑡)} such that {𝑢(𝑘)
𝑚𝑖(𝑡)} (𝑘 = 0, 1, … , 𝑛 − 1) con-

verges uniformly on every segment contained in (0, +∞).
It is not hard to prove that 𝑢(𝑡) = lim

𝑖→∞
𝑢𝑚𝑖

(𝑡) is a solution of equation (1),
defined on the interval (0, +∞), and, on the other hand, it follows directly from
(13) and (15) that 𝑢(𝑡) satisfies conditions (2).

Corollary 1. Suppose that conditions (3) are satisfied, and that in the domain
(4) inequality (5) holds, where 𝜔(𝑡, 𝑥) ≥ 0 for 𝑡 ∈ (0, 𝑎), 𝑥 ≥ 0, 𝜔(𝑡, 𝑥) ∈ 𝐾𝑡(𝑎, 𝑎)
for any 𝑎 ∈ (0, 𝑎), and there exists a positive number 𝜌0 such that the upper
solution 𝜌(𝑡) of the problem

𝑑𝜌/𝑑𝑡 = −𝜔(𝑡, 𝜌), 𝜌(𝑎) = 𝜌0

is defined on the interval (0, 𝑎] and

(𝑛 − 2)! 𝑟 < ∫
𝑎

0
𝑡𝑛−2𝜌(𝑡) 𝑑𝑡 < +∞.

Then problem (1)—(2) is solvable for any 𝑢0 ∈ [0, 𝑟].
The condition of Corollary 1 is satisfied, for example, by the function 𝜔(𝑡, 𝑥) =
𝜓(𝑡)𝜔(𝑥), if 𝜓(𝑡) > 0 for 𝑡 ∈ (0, 𝑎), 𝜔(𝑥) is positive and continuous on the
interval (0, +∞), and either
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∫
𝑎

0
𝜓(𝑡) 𝑑𝑡 < ∫

+∞

0

𝑑𝑡
𝜔(𝑡) < +∞, ∫

𝑎

0
𝑡𝑛−2Ω−1[∫

𝑡

0
𝜓(𝜏) 𝑑𝜏] 𝑑𝑡 > (𝑛 − 2)! 𝑟,

where Ω−1(𝑡) is the function inverse to

Ω(𝑡) = ∫
+∞

𝑡

𝑑𝜏
𝜔(𝜏) ,

or

Ω𝛿(𝑡) = ∫
𝑡

𝛿

𝑑𝜏
𝜔(𝜏) → +∞ as 𝑡 → +∞, 𝑡𝑛−2Ω−1

𝛿 [∫
𝑎

𝑡
𝜓(𝜏) 𝑑𝜏] ∈ 𝐿(0, 𝑎),

where

𝛿 > (𝑛 − 1)! 𝑎1−𝑛𝑟,

and Ω−1
𝛿 (𝑡) is the function inverse to Ω𝛿(𝑡).

From Corollary 1 one easily obtains the following simple

Corollary 2. Suppose that conditions (2) are satisfied, 𝑎 > 0, 𝑟 > 0, and in
the domain 𝑡 ∈ (0, 𝑎), (−1)𝑘−1𝑥𝑘 ≥ 0 (𝑘 = 1, 2, … , 𝑛), we have

|𝑓(𝑡, 𝑥1, … , 𝑥𝑛)| ≤ 𝐴𝑡(𝑛−1)𝜆−𝑛| ln 𝑡|𝜆−1−𝜀
𝑛

∑
𝑘=2

(1 + |𝑥𝑛|)𝜇𝑘(1 + |𝑥𝑘|) 𝑛−1
𝑘−1 𝜈𝑘 ,

where 𝐴 ≥ 0, 𝜈𝑘 ≥ 0, 𝜇𝑘 + 𝜈𝑘 ≤ 𝜆 (𝑘 = 2, … , 𝑛), 𝜀 > 0 for 𝜆 ≤ 1 and 𝜀 = 0 for
𝜆 > 1. Then problem (1)—(2) is solvable for any 𝑢0 ∈ [0, 𝑟].
It should be noted that the above-stated conditions of the form (5) are, in a
certain sense, close to necessary conditions. As examples, let us consider the
equations

𝑢(𝑛) = (−1)𝑛𝑡(𝑛−1)𝜆−𝑛(1 + | ln 𝑡|)𝜈(1 + |𝑢(𝑛−1)|)𝜆𝑢; (16)

𝑢(𝑛) = (−1)𝑛𝑡(𝑛−1)𝜇−𝑛(1 + | ln 𝑡|)𝜂(𝑢 + |𝑢(𝑛−1)|)𝜇, (17)

where 𝜆 ≤ 1, 𝜇 > 1. It follows directly from Corollary 2 of Theorem 1 that,
if 𝜈 < 𝜆 − 1 and 𝜂 ≤ 𝜇 − 1, then, for any 𝑢0 ≥ 0, equations (16) and (17)
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have solutions satisfying conditions (2); on the other hand, one can show that
if 𝜈 ≥ 𝜆 − 1, then problem (16)—(2) has no solution for any 𝑢0 > 0, while if
𝜂 > 𝜇 − 1, then problem (17)—(2) has no solution for sufficiently large positive
𝑢0.

Theorem 2. If 𝑓(𝑡, 𝑥1, … , 𝑥𝑛) ∈ 𝐾𝑡(0, 𝑎) for any 𝑎 ∈ (0, +∞) and conditions
(3) are satisfied, then there exists a positive number 𝑟 such that problem (1)—
(2) is solvable for any 𝑢0 ∈ [0, 𝑟].
In conclusion we give two theorems on the behavior of solutions of problem (1)
—(2) as 𝑡 → +∞.

Theorem 3. Suppose that conditions (3) hold, 𝑎 > 0, 𝑟 > 0, 𝜀 > 0, and in the
domain 𝑡 ∈ [𝑎, +∞), 0 ≤ 𝑥1 ≤ 𝑟, 0 ≤ (−1)𝑘−1𝑥𝑘 ≤ 𝜀 (𝑘 = 2, … , 𝑛) we have

|𝑓(𝑡, 𝑥1, … , 𝑥𝑛)| ≥ 𝜎1(𝑡, 𝑥1) + 𝜎2(𝑡, 𝑥1)|𝑥𝑘|,

where 𝜎𝑘(𝑡, 𝑥1) (𝑘 = 1, 2) are functions nondecreasing in 𝑥1, 𝜎𝑘(𝑡, 𝑥1) ∈ 𝐾𝑡(0, 𝛼)
for every 𝛼 ∈ (𝑎, +∞) (𝑘 = 1, 2), and for every 𝑥1 ∈ (0, 𝑟]

lim
𝑠→+∞

∫
𝑠

𝑎
𝑡𝑛−2 {∫

𝑠

𝑡
𝜎1(𝜏, 𝑥1) exp [∫

𝜏

𝑡
𝜎2(𝜉, 𝑥1) 𝑑𝜉] 𝑑𝜏} 𝑑𝑡 = +∞.

Then, whatever 𝑢0 ∈ [0, 𝑟], every solution 𝑢(𝑡) of problem (1)—(2) satisfies the
conditions

lim
𝑡→+∞

𝑡𝑘𝑢(𝑘)(𝑡) = 0 (𝑘 = 0, 1, … , 𝑛 − 1).

Theorem 4. Suppose that conditions (3) hold, 𝑟 > 0, and, for any 𝑥 > 0, 𝑎 > 0,
the function 𝑓(𝑡, 𝑥, 0, … , 0) is different from zero on a set of positive measure of
the interval [𝑎, +∞), and for sufficiently large 𝑡, in the domain (4), we have

|𝑓(𝑡, 𝑥1, … , 𝑥𝑛)| ≥ 𝛿𝑡(𝑘−1)𝜆−𝑛|𝑥𝑘|𝜆,

where 1 ≤ 𝑘 ≤ 𝑛, 𝛿 > 0, 0 < 𝜆 < 1. Then, whatever 𝑢0 ∈ [0, 𝑟], for every
solution 𝑢(𝑡) of problem (1)—(2) there exists a number 𝑡0 such that

𝑢(𝑡) ≡ 0 for 𝑡 ≥ 𝑡0.
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