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1. Consider the class T' of continuous strictly monotone one-dimensional dis-
tribution functions with total variation equal to one, and two functions Fj(x)
and Fy(y) from this class. Let H(x,y) be an arbitrary two-dimensional distri-
bution function, and let H,(z) = H(z,00), Hy(y) = H(oo,y) be its marginal
distribution functions.

Definition. The sequence of complex numbers

(oo} oo
/\Fle(k7 s, H) = / / exp{2mi[k(Fy(z) —1/5) + s(Fy(y) — ' /5)]} dH (z,y),
(1)
where k,s = 0,+1, 42, ..., is called the sequence of two-dimensional char-

acteristic coefficients (c.c.) of the distribution function H(x,y) with respect
to Fy(z) and Fy(y).

Remark. For k=1,2, ...
)\Fle(k;,O,H) = )‘Fl(k7H1) = aFl(k,Hl) + iﬁFl(k,Hl),

and for s =1,2,...

Ap (0,8, H) = Ap, (s, Hy) = ap, (s, Hy) +1ifBp, (s, Hy)

are the one-dimensional c.c. of H; and H,, respectively, considered in (1).

From (1) it follows that

/\Fle(kasvH) = Qs _dks +i(bks +Cks)7 (2)
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where

Qs = / / cos kzq cos szq dH (x,y), by = / / sin kz, cos szq dH (z,
3)

Y),

o0 oo o0 o0
Chs = / / cos kzq sin szo dH (z,y), dys = / / sin kz, sin szq dH (z,y),

oo o0

k,s=0,1,2, ...,

21 :27T(F1(l">—1/2)» 22:277(F2<y)—1/2)- (4)

Specifying the c.c. (3) is equivalent to specifying the c.c. (1). If z and y are
independent, then

>‘F1F2<k757H) = AFl(k’ Hl)/\F2(5aH2);

the converse assertion is also true, so that the factorization of all two-dimensional
c.c. into products of one-dimensional c.c. is a necessary and sufficient condition
for independence.

2. Let us express H(z,y) in terms of the c.c. (3). Expand the difference

4 (& tT (% tT z1tmazy+m
H[Fl ( 2m )’F2 ( 2m >]_ 2m 27 (5)

in a double Fourier series in the square [—m < zy, 2z, < 7]; returning to the old
variables, as was done in (1), we obtain

H(z,y) = Fy(z)F5y(y) + A2, y) + Ago + 2 Z (@, sin kzq sin sz, +
k, 1k

+ dy cos kzy cos 2o — by, coS kzq sin sz, — ¢, sin kzq cos $24)+

— Z VEby, sin sz + (—1)%cy, sin kzy
i ik

— (—1)*d,, cos szo — (—1)%d,, coskz, ), (6)
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where

Alz,y) = [Hy(z) = Fy (2)| Fy(y) + [Ha (y) — Fy(y) ] (2), (7

1 & (_1>k+5 o 0 L L
Ao = =5 de = Fi(x)— /5] [Fy(y) — /o] dH (z,y).
P ) B G C RIS RV ALY

Remark. To obtain from (6) the expansions of the marginal functions H,(x)
and Hy(y), in A(z,y) the differences H,(z) — F;(x) and Hy(y) — F5(y) must be
replaced by the corresponding expansions with one-dimensional characteristic
coefficients (see (1)).

If at points of discontinuity the symmetry conditions

Fi(z) =1—Fi(—x), Fy(y) =1 - Fy(—y),
H(z,y) = Hy(y) — H(—2,y), H(z,y) = Hy(x) — H(x, —y), (8)

are satisfied, then the characteristic coefficients (1) are real and (6) is simplified
to

1 > )‘Fle(kv‘S?H)
H(z,y) = Fy(@)Fyly) + Alw,y) + — Y s
k,s=1

sin kz; sin sz,. (67)

If, moreover,

Hy(x) = Fi(z),  Hy(y) = Fy(y), (87)

then

1 & )‘FlF (k,S,H)
H(z,y) = Fy(z)Fy(y) + 2 Z 2T
k,s=1

5

sin kzq sin sz,. (67)

The series (6)—(6") converge to H(z,y) at all points of continuity; on the other
hand, they converge in the mean, since the integral

P2(H; F\Fy) = / / H(z,y) — F(2) )] dF, (z) dFy(y),  (9)

which we shall call the squared distance from H(z,y) to F(x)F,(y), exists for
any distribution functions.
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From (6)—(6") the following assertions follow immediately:

Theorem 1. If Fj(z) and F,(y) are known, then any distribution function
H(xz,y) is completely determined by the sequence of characteristic coefficients

(1).

Theorem 2. If the condition

% Ap (K, s, H
$ Prnlo 0

k,s=1
is satisfied, then H(z,y) is continuous, and the series (6") and (6”) converge
absolutely and uniformly over the entire plane.

An analogous condition for the continuity of H(x,y) is formulated in the general
case, when H(x,y) is represented by the series (6).

By virtue of the orthogonality of trigonometric functions of multiple arcs, the
distance (9) obtains the following expressions respectively in the general case,
under condition (8), and under conditions (8) and (8'):

*(H; F\ Fy) / / (2, 9) + Ago)? dFy () dFy(y)+

1 & ap, +3b, + 3¢}, +5dp,

L 11
Jr47r4 Py k252 ’ (1)
AR, F, (k,s,H)
P(H, FFy) = //A%wmmmmuz‘,wh
k,s=1 s
(11)
1 /\F1F2 k S, H 9
p2(H; F\F)) = 4Z| Ep | (117)

Let there be a sequence of bivariate distribution functions {H,,,(z,y)}; by

{Hfbl)(m)}, {Hf,f)(y)} we denote the sequences of the corresponding marginal
distributions, and by the c.c. of the functions of this sequence we denote

)‘Fng (k7 S, Hnm) = aks - Jks + Z(st + Eks) (2’)

Then, for the square of the distance between H(z,y) and H,,,,(z,y), we obtain
the expression
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o= [ [ ooy - B a5 @) dmy) =

= [ [ ([HY () —H, (2))Fy (9) +[H2 ()~ Hy (1)) Fy (2)+Xgg— oo }2 dF, (z) dF,y (y)

00
1 » ~
+m — W [(aks - aks>2 + 3<bk:s - bk:s)2
+3<cks - Eks)Q + 5<dks - Czks)Q] ) (12)

where Ay, for H,,, (z,y) is defined analogously to Ay, (see (7)). From (12) it
follows directly that

Theorem 3. For the convergence in the mean of the sequence {H,,, (x,y)}
to the limiting distribution function H(x,y) as n,m — oo, it is necessary and
sufficient that all terms of the convergent series (12) tend to zero.

3. Suppose that the distribution functions H(x,y), F;(x), and F,(y) have
densities h(z,y), p;(x), ps(y), respectively, with p,(z) > 0, py(y) > 0. Then at
points of continuity of h(z,y) we obtain the expansion

(oo}
— =142 ap (k, Hy)coskz, + Bp (k,Hy)sinkz
pl(l‘)pg(y) ;{ Fy 1) 1 F1( 1 1}

+2 Z{aF s, Hy) cos szy + Bp, (s, Hy) sinszo } + 4 Z s COS kzq cOS 29+

s=1 k,s=1
+by,, sin kzy €OS 829 + ¢4 COS k2zy 8IN 2 + d,, sin kzq sin sz,]. (13)
If
00 poo h2
/ / Mo1l;zcdy< 00, (14)
o Jooe P1(2)D2(y)

then the nonnegative quantity

p2(h; pypy) / / e d dy—1f2Z|AF kHl)] +
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o0 2 o0
123 P Bl 43 (o, + 0, + o, + k) (15)
s§= ,8=

will be called the square of the distance from the density h(x,y) to the density
p1(2)p2(y)-

If, for the sequence of densities {h,,,(z,y)}, the integrals of the form (14) are
finite, then for the distance between the densities h,,,,(z,y) and h(z,y) we
obtain the expression

i = [ e

= 2§: A, (6, HY) = Mg (F, Hl)\2 + zi I\, (5. Hi) = Ap, (s, HQ)\2 i
k=1 s=1

+4 Z [(aks - a’ks>2 + (bk:s - bks)2 + (Cks - Ek:s)2 + (dks - dks)2] . (16)
k,s=1
From the last formula it follows immediately that

Theorem 4. For convergence in the mean of the sequence of densities
{hpm(z,9)} to the limiting density h(x,y), it is necessary and sufficient that
the series (16) converge and that its sum tend to zero as n,m — oo.

Remark. Let the one-dimensional densities H(x,y) coincide with p,(z) and
P (y); then formula (15) takes the form

/ / p dl‘ dy =1 + 4 Z a’ks + bks + cks + dks) (15’)
1

k,s=1

In this case the bilinear expansion of the density is valid

h<$>y) =D

1+ i Ak@r ()¢5 (y) (17)
k=1

in the eigenfunctions of the kernel h(z,y)/+/p;(x)py(y), and

/ / ’y dxdy71+ZA2 (18)
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From (15) and (18) follows the equality

o0 o0
D=4 (a}, + b3 + i +di,), (19)
k=1 k,s=1

which relates the characteristic coefficients (3) to the eigenvalues A, and expres-
sion (19) is an exhaustive measure of the dependence (?) between the random
variables x and y.
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