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In (12), for the solution of minimax problems the maximum function was stud-
ied, and directional differentiability was proved for the function

©(X) =min f(X,Y).

The use of directional differentiability of such functions makes it possible to
develop effective methods for solving a number of problems (best-approximation
problems, minimax problems, etc.).

For the study of some other problems (for example, pursuit problems in the
theory of differential games) it may be useful to study a function of the form

w(Z) = m}a{xxm}}nf(X,Y, 7).

Below we present some results connected with the question of the differentiabil-
ity of the function ¢(Z) in directions.

Although a finite-dimensional case is considered here, many of the results can
be generalized to the infinite-dimensional case (just as the results obtained in
(1) for the finite-dimensional case were extended in (?) to a more general case).

1°. Let f(X,Y,Z) be a function continuous in X and Y and continuously
differentiable in Z on Qy x Qy x Q4, where Qy C E,, Qy CE,; Q; C E,.

On 5 consider the function

e(Z) = fax - min HX,Y,Z). (1)

The sets 2, Q2y, ), are bounded and closed.
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Fix some Z € Q. Let g € E,; g # 0 be such that, for a € [0, ] (ag = ag(g) >
0), the point Z,, = Z+ag € ;. Such a g will be called an admissible direction.

It is required to find the derivative of ¢(Z) in the direction g

, . p(Z+ag)—e(2)
D=

Introduce into consideration the sets R(Z) C Qx and Q(X, Z) C Q-

R(Z) = {X | X € Qx; 1;relglyf()ﬂY,Z) = pax (XY, Z)},

QX 2) = {¥ |Y €0y: [(X.Y.2) = pin [(X.¥.2)}.

In the present section we shall assume that the sets Q(X, Z) satisfy the following
rather stringent condition:

Condition A. For a given Z, the set Q(X, Z) depends continuously on X on
the set R(Z) (Q(X',Z) - Q(X,Z) as X' — X; X' € Qx; X € R(Z)).

This means that

p(QX",2),Q(X,2)) =

= sup inf  |[V-Y|+ sup inf |[V-Y||—0, X = X.
YeQ(X’,z) VeQ(X,Z) VeQ(Xx,z) YeQ(X',Z)
®3)

We note that this condition is satisfied, for example, if Q(X,Z) consists, for
every X € R(Z), of a single point.

Theorem 1. If at the point Z € 2, condition A is satisfied, then the function
»(Z) is differentiable in any admissible direction, and

- in (Of(X.,Y,Z)/07Z. q).
©'y(9) X@gé)Y€g§§72)( [(X,Y,Z)/0Z,9)

2°. Let the function f(X,Y,Z) be given and continuous on E, X Qyx x Q,,
where Qy C E,,, Q; C E,; Qy,Q, are bounded closed sets. Fix a point
Z € E,. Consider the sets R(Z) C E,, and Q(X, Z); they were defined in 1°,
only here already

R(Z)={X|X€e€E : min f(X,Y,Z) = in f(X.Y,Z)).
(Z) ={X| Enaynggly(,,) )galgiynel;znyf(,,)}
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We shall assume that:
L. For the point Z € E, there does not exist a sequence of points {X;},
|X;] — oo, such that ®(X;, Z) — supy ., ®(X,Z), where

(X, Z) = min f(XY.Z).
Y

2. The function f(X,Y,Z) is twice continuously differentiable with respect
to X and Z on E,, x €y x Q, and is strictly concave with respect to X
for any fixed Y € Qy, Z € Q,, and the components of the vector func-
tions Of(X,Y,Z)/0X, 0f(X,Y,Z)/0Y and the elements of the matrices
O?f(X,Y,Z)/0X? 0%f(X,Y,Z)]0Z?% 0*f(X,Y,Z)/0XDZ are bounded
on E, x y x Q.

Let g € E,, be an admissible direction.
Theorem 2. If conditions 1 and 2 are satisfied at the point Z, then the function

Z) = in f(X.Y,Z
o(Z) ;?é%f}%bnyf( Y, Z)

is differentiable in any admissible direction g, and

y(g) = lim Lo(Z + ag) — o(2)] =

a—+0

= Jbax max  min [(0f(X,Y,2)/0X, V) + (0f(X,Y,2)/0Z,9)]. (4)

3°. Finally, let the function f(X,Y,Z) be given and continuous on 2y X £y X
Qy, where Qy C E,, Qy C E,,, Q; C E, are bounded closed sets, and let
f(X,Y,Z) be twice continuously differentiable on Q5 x Qy x Q, and strictly
convex with respect to X for any fixed Y € Qy,, Z € Q. The sets R(Z) and
Q(X, Z) are defined as above.

Theorem 3. The function
¢(Z) = max min f(X,Y,Z)

XeQyx YeQy

is differentiable in any admissible direction g, and

©y(g9) =
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= max max min of(X,Y,2)/0X,V)+ (0f(X,Y,Z)/0Z
XGI%(Z) VEMj(QX)YGQ(IX,Z) [( f< B )/ ’ ) ( f< B )/ ’g)],

where My (€y) is the cone of admissible directions in the broad sense of the
word, constructed at the point X with respect to the set Qy (see (3)).

Remark 1. Formulas (3), (4), (5) are also valid in the case when the sets {2y
and 2, are not bounded. In this case an additional condition must be imposed
on the function f(X,Y,Z): the sets Q(X,Z) must be bounded, i.e., for some
€ > 0 the set
QX, 2,
X€eR(2), 2'€S.(2)

where S.(Z) C 1, is the sphere of radius € with center at the point Z, must be
bounded.

Remark 2. In a similar way one can get rid of the boundedness of the set Q2
in 1°.
Remark 3. In 2° and 3° the fulfillment of condition A was not required.
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