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(Presented by Academician L. S. Pontryagin on 9 II 1968)

1°. Let a system of two differential equations be given:

dx > i dy > i
%:y+2bjlxy, %:fx—Zcﬂzy. (1)
JH=2 JH=2

Assume that the series appearing on the right-hand sides of system (1) converge
in some sufficiently small neighborhood of the origin.

It is known (1) that for system (1) the origin is a singular point of center or focus
type. System (1) is called isochronous if an arbitrary point M(x,y), lying on
an arbitrary integral curve of this system in a sufficiently small neighborhood of
the origin, makes a complete revolution about the origin in time ¢ = 2w. There
are two basic methods for investigating the isochronicity of system (1). The
first of them is based on the following theorem of A. P. Vorob’ ev (?).

Theorem 1. In order that system (1) have an isochronous center at the origin,
it is necessary and sufficient that there exist a holomorphic transformation

o0 o0
U=+ Z ajl:vjyl, v=y+ Z 5jz$jyl> (2)
JHI=2 JHi=2

which reduces system (1) to the form

du/dt = v, dv/dt = —u. (3)

From the investigations of A. P. Vorob’ ev it follows that in Theorem 1 the word
“holomorphic” may be replaced by the word “formal.”

The second method (?) is based on passing in system (1) to polar coordinates.
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Just as in (*) a method was developed for finding center conditions, in the
present paper we give a new method for investigating the isochronicity of system
(1), connected with the introduction of the complex variable w = z+iy (W = x—
iy), based on Theorem 1; we present some sufficient criteria for the isochronicity
of system (1) and apply the results obtained to this system when the right-hand
sides contain homogeneous nonlinearities only of third degree.

2°. Let system (1) be given. We shall seek conditions for the existence of an
isochronous center of this system at the origin. Introduce the variable w = z+iy.
Then system (1) is replaced by one equation of the form (°)

d - ; ;
zd—qf =w+ gcpr(ﬁ), w), where ¢, (w,w) = Z 2’3’lzjlﬁﬂu)l. (4)

JHl=r

According to Theorem 1, denoting W = u + iv, we shall seek a transforma-

of the form
W:w+z@r(w7w)v (5)
r=2
where

®,(w,w) = Y ywiul, (6)

JHl=r

and v, are complex numbers transforming equation (4) into the equation

idW /dt = W. (7)

If a transformation (5) with the indicated property exists, then the coefficients
7v; must satisfy the following conditions:

Y20 = 1/12 2205 Y11 = Y4211 Yo2 = *1/4 202> (8)
jHi-1

2 =1+ 1)'73’1 =zt Z 2pta-lg <7pqzjfp,lfq+1 - ’quglfp,j*qﬂ) (9)
p+q=2

(j+1=3,4,5,...).

For the origin of coordinates to be an isochronous center of system (1), it is
necessary and sufficient that system (9) be consistent.
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Analogously to how this was done by A. M. Lyapunov (1) for the case of a
center, one can show that if system (9) is consistent, then it has a solution with
arbitrarily prescribed in advance values of the unknowns ~;_; (I =2.3,..);
therefore in what follows we shall assume

Y =0  (1=2,3,..). (10)

Putting j =1 —1 in (9), we obtain the consistency conditions of this system in
the form

2(1-1)

et D 2N (et ngn  Yarfipig) = O (11)
p+a=

Theorem 2. Conditions (11) are necessary and sufficient for the origin of
coordinates to be an isochronous center of system (1).

In particular, as the first isochronicity condition of system (1), from (11) for
I =2, taking (8) into account, we have

6219 — 3211202 — 3211211 — 2299290 = 0. (12)

3°. We indicate several sufficient criteria for the isochronicity of system (1).

Theorem 3. The equation

tdw/dt =w+ Z 27k 20wk (13)
k=2

has an isochronous center at the origin of coordinates.

Indeed, the presence of a center was proved in (). From (13) we obtain

dt = idw/ (w + i 2k20kwk> =1 {% + 1/J(w)} dw, (14)
k=2

where ¥ (w) is an analytic function of w. Integrating relation (14) along a closed
integral curve surrounding the origin of coordinates, we shall have T' = —27,
which means precisely the isochronicity of the center.

Theorem 4. If the conditions

bjii=—¢iy  (GH1=34,..) (15)
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(Here b;; and cj; for which at least one index is negative are considered equal to
zero) system (1) is isochronous.

Indeed, passing to polar coordinates in system (1) with conditions (15), we
obtain dy/dt = —1; hence, integrating with respect to ¢ from 0 to 27, we shall
have T' = —27, which means that system (1) is isochronous.

4°. As an application of the method set forth above, consider the differential
equation

1 )
idw/dt =w+ g(z30ﬂ)3 + 29 WP W + 2z1WwW? + zZgzw3). (16)
We shall suppose that in (16)

Re(z9, — 32y3) = 0. (17)

This condition can be achieved by a certain rotation of the coordinate axes.

According to (7), when condition (17) is fulfilled, equation (16) has a center
at the origin if and only if at least one of the following series of conditions is
fulfilled:

I TImz, =Im(32zp3 — 29;) = 0. (18)
II. 29 = 2p3 + 3297 = 429129 — 239259 = 0. (19)
III. Imzy =Rezy =Imzgy =0. (20)

The first two isochronicity conditions for equation (16) give
z19 =0, (21)

4251203 + 4291 291 + 3230230 = 0. (22)

These conditions are sufficient to establish that in cases (18) and (19) equation
(16) cannot have an isochronous center at the origin unless it is linear.

Let conditions (20) be fulfilled. Then, taking (17) into account, we have

Zo1 + 291 = 2oz + Zo3 = 230 — 230 = 0. (23)

Condition (22) then gives

4291293 — 423, + 323, = 0. (24)
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The third and fourth isochronicity conditions (11) for I = 4,5 for equation (16),
taking (21) and (23) into account, have the form

230(203 — 3221) (3203 — T221) = 0, (25)

—32122 291 293 — 1823233+ 18122 23, —12023, 223, — 7229, 23, +14423, 21, +4823, = 0.
(26)

According to (25), the following cases are possible:

a) zgy = 0. Then from (23) and (24) we have that either z;5 = 257 = 255 = 0,
Or 219 = Z39 = %91 + Z9; = %91 — %93 = 0. In both cases the origin is
isochronous on the basis of Theorems 3 and 4, respectively.

b) zp3 — 3297 = 0. From (21), (23), (24), and (26) we obtain that equation
(16) is linear.

¢) 3zg3 — 7297 = 0. From (23) and (24) we obtain
219 = Z30 — Z30 = Za1 + Zoy = 3293 — T29; = 1623, + 923, = 0. (27)

We shall show that the equation obtained in this case,

1
idw/dt = w+ oz (£4i0° + 30w + Tw?), (28)

with the condition z5; + Z; = 0, is isochronous. Indeed, by the substitution
wy = (1 +4)w we reduce equation (28) to the form

. dw,

1
pralalC + —a(£4w} — 3wiw, + Tw?), (29)

4

where a is a real number.

This equation corresponds to two systems, namely
dz/dt = y + 3az?y, dy/dt = —x — 2ax® + Jaxy?; (30)
dx/dt = y + 9ax?y — 2ay?, dy/dt = —x + 3axy?. (31)
It is easy to verify that, by substitutions of the form (2),

u = (x + 2az>) /(1 + 3ax?)>/?, v =1y/(14+ 3az?)3?, (32)
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and, respectively,

uw=x/(1-3ay?)*?,  v=(y—2y%)/(1—3ay?)?*?, (33)

systems (30) and (31) are reduced to the form (3), and, according to Theorem
1, both systems are isochronous.

Thus, in order that equation (16), under condition (17), have an isochronous
center at the origin, it is necessary and sufficient that at least one of the following
three series of conditions be satisfied:

I 299 =29 = 239 =0. (34)
I 29 = 230 = 291 + 291 = 221 — 203 = 0. (35)
UL 20y = 230 — 239 = 29 + 291 = 3293 — T2y = 1623, + 923, = 0. (36)

It is not difficult to observe that, under condition (17), at least one of the series
of conditions (34), (35), (36) is fulfilled if and only if, under condition (17), at
least one of the following series of conditions holds:

I 29 =29 = 239 =0. (37)
II. 295 = 290 = 2p3 + 291 = 0. (38)
L 2y = 32p3 + T2y = 9230230 — 16291 2y = 23023 — Z30251 = 0. (39)

Taking into account that conditions (37), (38), and (39) are invariant under a
rotation of the coordinate axes (8), we arrive at the theorem:

Theorem 5. In order that equation (16) have an isochronous center at the
origin, it is necessary and sufficient that at least one of the three series of
conditions (37), (38), (39) be satisfied.

Passing from this to the variables x and y, we obtain

Theorem 6. In order that the system

dz/dt =y + (Y +0)2® + (x — B)z®y + (3¢ — 30 —y)ay® + (u—v)y®,  (40)
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dy/dt = —x — (p+v)z® — (3¢ + 30 + a)a?y — (x + Blay® — (¥ — O)y°
have an isochronous center at the origin, it is necessary and sufficient that at
least one of the following three series of conditions be satisfied:
I. p=x=0=a+7y=0+3v=a+6yY=0.
II. p=x=0—v=a+y=a+4Y=0.
. x+3u=a+vy=p+6v=>5a+ 24 = 4p? + 25(v? — u? — 6?)
= fa? — 404% — 4aBu = 0.

From Theorem 6 it follows that the work of N. A. Lukashevich (9) does not
contain all cases of isochronicity of the center of system (40).
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