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RANGEMENT AT LOW ENERGIES

The paper considers the possibility of deriving, from the general quantum-
mechanical theory of many-particle scattering, an expression for the amplitude
of a process with rearrangement in the case when the kinetic energy of the outgo-
ing fragments is small compared with the excitation energy of their higher levels.
Such cases occur in various inelastic atomic-molecular collisions, in chemical re-
actions, and also in nuclear reactions at low energies. We shall symbolically
represent the stationary problem of the scattering process with rearrangement
(reaction) at energy equal to E by the scheme

(1,2) +3—14(2,3), (1)

where 1, 2, and 3 are, generally speaking, composite fragments,* and the paren-
theses denote a bound state. We shall denote the initial channel of the reaction
by the index i, and the final one by the index f. The other channels will here
be considered closed. We introduce, in the center-of-mass system, two equiva-
lent sets of Jacobi coordinates: first, the set ¢, including R,;,—the radius vector
connecting the centers of mass of (1,2) and 3, r,—the radius vector connecting
the centers of mass 1 and 2, and gi—the collection of the remaining “internal
coordinates” ; second, the set f: Ry, ry, 5 #, constructed analogously to the set 4
with the interchange 1 <+ 3. The total mass of the system is M = m, +my+ms.
To the motion in the coordinates R; and R, we assign the reduced masses, re-
spectively, M; = mgz(m, +my)/M and M; = m,(my + mg)/M; to the motion
in the coordinates r; and ry, the reduced masses m,; = m;my/(m; + m,) and
my = mymg/(my + my). The total Hamiltonian of the system 7 can be split
into parts in the following two ways:

H=KX,+H,=(K,+h,)+V, (a=if), (2)

where X, is the kinetic-energy operator of the motion in R, and V,, is that
part of the interaction which tends to zero as R, — co. The asymptotic states
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(for R, — 00) of the problem under consideration, which are eigenfunctions of
(X, + h,), are specified by the functions

where ,,,, are (chosen real) normalized functions of the bound states, represent-
ing eigenfunctions of the discrete spectrum of the operator h, with eigenvalue
&, and on the energy surface

an?

K2/2M, + &, = E. (4)

Thus, an asymptotic state is characterized, in addition to the channel index
o =1, f, also by the value of the momentum k_, and the index n, characterizing
the quantum numbers of the bound state.

* In the presence of identical particles, the definition of the reaction channels
and asymptotic functions is generalized in a trivial way following (1).

Let us now introduce, in the same way as was done, for example, in (?), the
functions ¢, (r,,&,; R,), which are eigenfunctions of # , depending on R, as
on a parameter:

wan(ra? ga; Ra) H @an (ra7 §Q)7 gan(Ra> % 6(171’ (5)

R,—o0

(wan’ﬂwan)a = /wan’wan (dra>(dga) = 6n/n'

Let us introduce the projection operators II,, in the space r,, Ea:

Han\I] = wan(warw \Ij)a'

From II,,, we in turn construct the operators

nn]ax

Ha = Z Han?
n=0

where the summation over n runs from the ground state n = 0 to some finite
Nmax> Which in each specific problem is determined by the condition introduced
below*. We also introduce the operators ¥, = 1 —II, with
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I, =%,1, =0, nwxs,=1,%,2, (a=i,f). (6)

We shall denote by \Ilain ;; the complete solutions of the stationary scattering prob-
lem, constructed on ®,,,,, with incoming and outgoing waves, respectively (3).
To determine elastic scattering, as well as scattering with transitions between
discrete states n < n,,,. in one reaction channel, it is sufficient to construct

T+ — +
\Ijank - Halpank(n < nmax)‘

The functions Cﬁfnk obey the equation (everywhere € — +0):

1 ~ ~
I ((H—-FE)+X X S K | UE = (H—E+ALHWt  =0;
a ( )+ a ‘ZEG(Einis)Ea avva a = ank < + a) ank ’
(7)
1
Aai = [Ha’j(a] + [Havj(a]z Ea[%avna]’

°3,(E+ic— H)Y

a

The introduced functions may be represented in the form

Mmax

—

\I]aink = Z y}ﬂ, ank(Ra) wan/ (ra7 ga; Ra)7
n’=0

where the summation over n’ is extended** from n’ =0 to n

max*®

By means of the same operator algebra that was used in (°) in deriving the
formula for the distorted waves, taking into account the finiteness

* We assume that for n < n . the functions &,,(R) (for the same symmetry
of the functions t,,,, which we take into account in the index n) do not cross.
In fact, a case of their crossing requiring special consideration is possible (?);
for point centers &,,,(R) actually depends on two arguments: one of the angles
specifying R in spherical coordinates does not enter into &,,,(R).

** FOr ¢, 4nx One may write the following system of equations and boundary
conditions:

n

max

[%a - (gan(R> - gan) - (E - 6@71)] yrip,ak(Ra> - Z {<¢an7 [Ka7wan’])a

n=0

1
S,(E +ic — H)%

_(Q/Ja'rchaza Za%awan’)a} yn’,ank/ (Ra)7

a
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Yn’ ank RH 5n’n \% ka/Ma exp(ikaRa) + fn’n(kakt/z> exp<ii|k:1|Ra)/Raa
’ —00

a

where k/? lies on the energy surface. Finding Yo’ an 1S €quivalent to, and presents
no fundamental difficulties in, solving the problem of potential scattering with
a finite discrete number of internal states and a sufficiently rapidly decreasing
nonlocal and complex potential.

(P Yonr) for o # «, we obtain the expression for the rearrangement
T-matrix

_ C o 1
Ta/n’k’,omk = (q]a’n’k’7 |:7A<J)¢r + (Ao/> E— H+ie A(J;:| \I/an) ’ (8)

where the asterisk denotes Hermitian conjugation. An alternative expression
is obtained by replacing in (8) the first term in square brackets by —(A_,)*.
Formula (8) can be rewritten in the form

T(x’n’k,ank = (\I/;’n’k“ ﬂ’o/oz (bznk)’ (9)
where
~ 1
u()/a = —Ha/ 1+[H0/7‘7(o/}20/ Ea/(E-i—ig—ﬂ)Ea, EO/ [Ha,.%a]

1 (10)

14+ X
X( TS Ere s

o

Za[jfa,ﬂa]> II

[e3

The principal role in (10) is played by the quantities
G(2,) = B, [, (E +ie — H)B,]712,. For them one may write the integral
equation

1 1
Yg) =X Do +E S KN G(S).
Ia) = Ry F e~ )m e O S B T ie — A w, e eI ()
(11)
In this case

1
b > = 11 E ; _g 19
N (E+ic—H, )2, n; on(E +ie = Eqp), (12)

max

where the sum over n is taken over the whole spectrum of 7, for n > n

max"*
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We shall assume that a choice of n,,, is possible such that £ — &, (R) =
k20/2M, — (Eqn(R) — E4o) < 0 for n > n, . and for all values of R, entering
the expression for the T-matrix.

max

Substitution of the solutions of (11) by means of iterations into (9), (10) will, at
low energies, give an expansion for the rearrangement T-matrix in the parameter

[[H o T T |

max ——————, 7,
|gan<R) - 50(0‘

> Mg (13)

which passes, when the motion described by (8) can still be regarded as quasi-
classical, into

max hk,o/2MMNE,, (R)—E 0l (N > Ny ), where A is the characteristic distance
over which the influence of the third particle on the bound state of the other
two particles in channels i and f decreases. It is not difficult to see that the
latter parameter is equivalent to the parameter entering Massey’ s criterion 6
for excitation of levels with n > n ... In this case the first term of the indicated
expansion, T, is in the general case equal to

@_

a’n’'k’

TO

a’'n’k’, ank = _( [Howj(a]ll/;:nk)' (14)
The first nonvanishing terms of such an expansion are in fact used in many
approximate methods of calculation; in particular, they are used in various
areas under the names of almost adiabatic methods, the quasimolecule method,
the transition-complex method, and almost (or exactly) resonant methods (in
charge exchange) ©). In the latter case it is sometimes considered possible to
regard, approximately, the functions from different channels v, and %, in
the reaction region as eigenfunctions of a single approximate Hamiltonian (for
example, when particle 2 is much lighter than the others). In this case the first
term of the expansion (14) vanishes. This circumstance

can be understood, since the formation of collision complexes from heavy par-
ticles (Breit-Wigner resonances), which depends sharply on the kinetic energy
and corresponds to the phase passing through k7 /2 (classical delay), can be con-
tained (for “smooth” elastic scattering) only in the higher terms of the T-matrix
with energy-dependent denominators.

It should be especially emphasized here that the kernel of the integral equation
(11) is not, as is easy to verify, completely continuous (7). Therefore the use
of a simple iterative expansion without rearrangement of the kernel may lead
to qualitatively erroneous conclusions. Evidently, precisely this circumstance is
the reason for the rapid course of some reactions in contradiction to the Massey
criterion (7).

Another very important feature of the expressions obtained for the rearrange-
ment matrix is that expressions of the form (14) have sharp maxima simultane-
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ously with the maxima of the overlap integral

(\P;/n’k’ \Ij:nk) = (y;’n/k/wan/ ) yankwan>'

The latter maxima, for o’ # «, are not associated with any collision com-
plexes and correspond to wave resonances not of the Breit-Wigner type. These
resonances correspond to an optimal correlation (in atom-molecular collisions,
quasiclassical) of the motions along the coordinates R, and R with internal,
essentially quantum, motions. Consequences of the existence of such a corre-
lation in the specific case of chemical reactions are considered in the authors’
work (7).

In conclusion we note that the treatment presented makes it possible to express
the probability of reactions in terms of the characteristics of asymptotic states
and elastic scattering without explicitly specifying the interaction potentials.

Institute of Electrochemistry
Academy of Sciences of the USSR

Received
28 VI 1968

CITED LITERATURE

1'S. Ekstein, Phys. Rev., 101, 880 (1956).

2'Y. Hanh, Phys. Rev., 154, No. 4 (1967).

3 L. D. Landau, E. M. Lifshitz, Quantum Mechanics, Moscow, 1963, p. 335.

4 M. Goldberger, K. Watson, Collision Theory, Moscow, 1967.

5 K.-R. Greider, L. R. Dodd, Phys. Rev., 146, No. 3, 671 (1966).

6 H. S. W. Massey, E. H. S. Burhop, Electronic and Ionic Impact Phenomena,
N. Y., 1952.

7 S. Weinberg, Phys. Rev., 133, B232 (1964).

8 C. F. Giese, In: Advances in Chemical Physics, 10, N. Y.—London, 1966,
p- 247.

9 A. M. Brodskii, V. G. Levich, V. V. Tolmachev, DAN, 183 (in press).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196801.04812 Machine Translation


https://sovietrxiv.org/items/ru-196801.04812

	Abstract
	Full Text
	SCATTERING AMPLITUDES WITH REARRANGEMENT AT LOW ENERGIES
	CITED LITERATURE


