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ON CLASSIFYING SPACES FOR PRINCIPAL
BUNDLES WITH HAUSDORFF BASES

In our recent work (1) (see also (*?)) we defined an analogue of the universal
bundle for principal G-bundles with Hausdorff bases, where G is a closed Lie
subgroup of the group GL(n,R). The present note contains a generalization
of this construction, making it possible to construct a universal G-bundle for
any topological group G. This construction contains as special cases both the
construction from article (1) (with a slight modification) and an analogue of the
well-known construction of Milnor (¢). With its help one can extend the results
of article (1) to the case of an arbitrary connected Lie group and establish, for
any paracompact group G, the coincidence of the group HY, g(G; V) of charac-
teristic classes of principal G-bundles (with Hausdorff bases) with coefficients in
a topological G-module V and the group HI(G; V) of “continuous cohomology
of Eilenberg-Mac Lane” (4).

1. Let G be a topological group. By a principal G-bundle we mean a triple
consisting of a topological space E, on which the group G acts on the
right without fixed points (i.e., if for some g € G, y € E the equality
yg = y holds, then g = e), of the quotient space X, and of the projection
p: E — X. The principal G-bundle £ = (E,p, X) is called locally trivial
in the classical sense (or simply locally trivial) if every point € X has a
neighborhood U such that the full inverse image p~1(U) C E, as a G-space,
is isomorphic to the product U x G.

By an elementary G-object T we shall mean a triple T = (T, A, u), where T'
is a Hausdorff space with a distinguished point *; A is a topological semigroup
with identity, containing the group G; p: T x A — T is a continuous action of
the semigroup A on T such that:

1°. Every transformation a € A of the space T leaves the point * fixed.

2°. Distinct elements of the semigroup A define distinct transformations of the
space T

3°. There exists a homotopy ¢, : T — T such that ¢, € A for all ¢, ¢, is the
identity transformation, and ¢, (z) = * for all z € T..
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4°. There exist a neighborhood W of the group G in the semigroup A and a
mapping A : W — G such that: (a) every element of W is invertible in the
semigroup A; (b) ag € W for all a € W, g € G; (¢) AMag) = A(a)g for all a € A,
g € G; (d) A(g) = g for every g € G.

Let us note that the group G acts both on the space T" and on the semigroup A
(by right multiplications); moreover, the invertible elements of the semigroup A
form a G-invariant subset on which the group A acts without fixed points.

The principal examples of elementary objects for us will be the following two.

Example 1. G is a closed Lie subgroup of the group GL(n,R), T = R", and
A is the semigroup of all linear mappings of R"™ into itself.

Example 2. G is any topological group, T is the cone CG over G (i.e., the set
of pairs (g,t), where g € G, t is a nonnegative number, -

whereby the pairs (¢’,0) and (¢”,0) are identified for any ¢’,g” € G. The
semigroup A, as a topological space, coincides with T; multiplication in A (and
the action of A on T') is defined by the formula

(91,t1)(92,t2) = (9192, 1, ta)-

The embedding G C A sends an element g € G to the point (g,1) € A. The
element ¢, is chosen to be equal to (e, 1 —t).

Fix a group G and an elementary G-object T = (T, A, u). With every principal
G-bundle £ = (F,p, X) one can associate the bundle &n(Eq, pp, X) with fiber
T, by putting Ep = (E x T)/G (the action of the group G on E x T is defined
coordinatewise). To each element y € E there corresponds a map n, T — Ep
(the composition T'=y x T C E x T — Ep), homeomorphically mapping T
onto the fiber of the bundle ;. over the point p(y). Obviously, n,, = n,g for
all y € E, g € G, and distinct points y;,y, € E correspond to distinct maps
My, » My, 1t is also clear that the map 7, depends continuously on the point y.

Definition. A principal G-bundle £ = (E,p, X) is called locally T-trivial if
for every point x € X there exists a continuous map m, : Ep — T such that for
all y € E' the map m,n, : T"— T belongs to the semigroup A, and for py = z is
its invertible element.

Remark. The definition would not change if we required that, for py = x, the
element 7,7, € A belong to G C A: to satisfy this condition it suffices to take,
instead of the map 7, the map (m,7,) 'm,, where py = x.

Obviously, the bundle induced by a locally T-trivial bundle £ = (E, p, X) under
any map f: X’ — X is also locally T-trivial.

Proposition 1. Fvery locally T-trivial bundle is locally trivial (in the classical
sense).

Proof. Let z be an arbitrary point of the base of the locally T-trivial bundle
§ = (E,p, X). As was noted, we may assume that the map 7,7, is an element
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of the group G for py = z. The set of those points y € E for which 7,7, € W is
open in E. Since m,, = 1,9, this set is invariant under the action of the group
G on E, ie. it is the full inverse image of some open set U C X under the
projection p. The map

p Y (U) = U x G,

sending an element y € p~'(U) to the element (p(y),A(w,n,)) € U x G, is
compatible with the action of the group G. Consequently, the G-spaces p~1(U)
and U x G are isomorphic.

Proposition 2. If the base X of a locally trivial bundle £ is completely regular,
then & is locally T-trivial.

Proof. Let € X be a point; 0 : U — FE a section of the surface of the bundle
& over a neighborhood U > z; h a continuous real-valued function on X, taking
values from 0 to 1, equal to 0 at the point z and to 1 outside U. Put

T, (2) = ‘Ph(z)n;(lpT(Z))(Z)
for pr(2) € U, and
7, (2) = *
for the remaining z.

2. We proceed to describe the construction of the universal bundle. For a
topological space X and a set I, denote by X' the topological space whose
points are families {x;} of points of the space X, indexed by the elements of the
set I. A basis of open sets of the space X! is formed by the sets

F(ila ey Z.k; Ula ceey Uk;)a
where 7, ...,i, € I, Uy, ..., U, are open sets in X,

D(iys ooy igi Uy Up) = {1} | 7, € Upoesizy, € U)o

Denote by &L the subspace of the space A’ consisting of those families {a,} in
which at least one element a; is invertible in the semigroup A. We define the
action of the group G on &L by the formula {a;}g = {a,g9}. The quotient space
Eé/G will be denoted by Bé, and the projection Eé — Bé by pé, or, for short,

by p.

Proposition 3. The space BL is Hausdorff.

Proof is obvious.

Proposition 4. The bundle (5, pL, L) is locally T-trivial.

Proof. The points of the space £ may be identified with those embeddings
T — T! whose composition with the projection p;, : T! — T, given by the
formula p;({z;}) = z; for any i € I, belongs to the semigroup A. The points
of the space (£5); may be identified with pairs (¢, z), where ¢ is such an
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embedding and z € ¢(T); moreover (¢’,2) = (p”,2) if ¢’ = ¢”g, g € G. The
projection (é’é)T — Sé consists in discarding the second element of the pair.
Denote by

e (Eé)T =T (@Gel

the mapping given by the formula 7,(p, z) = p,(z). The requirements in the
definition of local T-triviality will be satisfied by the mapping 7, : (§5)7 — T,
which is defined for each point x € Sé as the mapping coinciding with the
mapping 7;, where i € I is such an element that there exists a point y = {a,} €
&L for which p(y) = x and the element q; is invertible in A.

Theorem 1. For every locally T-trivial bundle £ = (E,p, X) such that the
cardinality of a basis of open sets of the space X does not exceed the cardinality
of the set I, there exists a continuous mapping ¢ : X — Sé such that the bundle
¢ is equivalent to the bundle induced from (&5, p, 8&) by means of ¢.

Proof. It is enough to construct a continuous mapping of the space E into the
space & Ia, equivariant with respect to the action of the group G. For each point
y € E there is defined a mapping 7, : T — E7 such that for any = € X with
p(y) = x, the mapping w1, T'— T is an invertible element of the semigroup
A. From item 4° of the definition of an elementary G-object it follows that the
elements 7,7, will be invertible in the semigroup A also for those y € E for which
p(y) € U,, where U, is some neighborhood of z. The neighborhoods U, form
coverings of the space, into which, by assumption, one may inscribe a covering
whose cardinality does not exceed the cardinality of the set I. Therefore from
all the mappings 7, one may select a collection of mappings {;}, indexed by
the elements of the set i, such that for each point y € E at least one of the
mappings 7,7, will be invertible in the semigroup A. It remains to define the

mapping ® : E — £L by putting ®(y) = {miny, }-

Thus, the bundle ¢ = (€L, p,SL) is universal for locally T-trivial principal
G-bundles whose bases have a basis of neighborhoods whose cardinality does
not exceed the cardinality of the set I.

Let us dwell in more detail on two basic examples of elementary G-objects. If
G is a Lie group, T = R™, and A is the semigroup of all linear mappings, then
&L is the space of all linear embeddings

R™ — (R™)!
such that the composition with one of the projections
(R — R™

is nondegenerate. Recall that in the paper (1), as the space & é we considered
the space of all linear embeddings

R™ — (R™)1.
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Thus the universal bundle obtained from the general construction set forth is
a subbundle of the universal bundle from the paper (!), and the base of the
former is an everywhere dense open set in the base of the latter.

If T = CG, then the space & is obtained from (CG)! by deleting the single
point {a,}, where a;, = * (the vertex of the cone) for all I. Let us note that if 7'
is a set of n elements, then the space & é is homeomorphic to the direct product
of the (n — 1)-fold join

Gx..xG

of the group G with the line R, where the action of the group does not change
the coordinate of the point on R. Recall that Milnor’ s classical construction of
the universal bundle for the group G consists in defining the action of the group
on the space

E,=Gx..xG,

n

and then as--

as the universal bundle for the group G one takes (Eq,p, Bg), where Eg =
limE, and B; = E;/G. Thus, in the case T = C'G our construction gives an

analogue of Milnor’ s universal bundle.

3. Definition. One says that a g-dimensional characteristic class of locally
T-trivial principal G-bundles with coefficients in the topological G-module V/
is given if to each locally T-trivial principal G-bundle ¢ = (E,p, X) there is
assigned an element a(§) € H(X; V), where V is the sheaf of germs of sections
of the bundle with fiber V' induced by the bundle &, and, moreover, for any map
€ = (B,p,X') > & = (E",p",X") the equality 3"a(€") = a(¢’) holds.
Here ¢ : X’ — X” is the map of bases corresponding to the map ¢.

The characteristic classes form an abelian group, which is denoted by
HY (G V).

alg

Definition. The group HZ(G;V) of continuous cohomology of Eilenberg-Mac
Lane of the group G with coefficients in the topological G-module V is the ¢-th
cohomology group of the complex

% B
Fy —> Fy —» -+,

where F) is the group of continuous maps of the product G x - x G (with ¢
factors) into V', and

8qf(91> ey Ggr1) = 91 (g - y9q+1)

Z(i]‘)lf(gla 7gigi+17 7gq+l) + (71)q+1f<gl7 7gq)‘

%
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Theorem 2. For every paracompact group G the equality
ngg<G§ V)=HI(G;V)
holds. (In particular, the group H7, (G;V') does not depend on T'.)

Proof of this theorem is based on the fact that if the characteristic classes a’
and a” coincide for all bundles fé, then they are equal to one another. The
following lemma plays the decisive role.

Lemma. For every continuous real-valued function on the space Eé there is
a subset I’ C I such that the difference I \ I’ is at most countable, and the
restriction f|.r is constant.

G

The proof is the same as the proof of the analogous lemma in (1) (see Lemma
2.4).

Recall that in the paper (1) it was proved for closed subgroups G of the group

GL(n;R) that the group Hglg(G; R) is isomorphic to the ¢g-th cohomology group

of the complex of G-invariant differential forms on the space G/ é, where G C G
is a maximal compact subgroup. The isomorphism of this group with the group
HI(G;V) was established by Hochschild and Mostow (5).

In conclusion we express our gratitude to Prof. A. Borel for his interest in our
work and for pointing out the relevant literature.

Moscow State University
named after M. V. Lomonosov
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