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Bergerskii (1'?) used, in constructing integral representations, the constructions
of kernels given in the integral representations of Cauchy (n > 1) and Temlyakov.
This enabled him to obtain, for functions f(z) (z = (2, ..., 2,)), holomorphic
in complete n-circular (n > 2) domains, integral representations over (n + p)-
dimensional manifolds (p = 0,1, ...,n—1) on the (2n—1)-dimensional boundary
of the domain, in which the kernels with respect to the coordinates of the point
z are holomorphic functions. Below, as follows from the specific properties of
complete n-circular domains, it is noted (see § 2) that more general integral
representations are also valid, including, in particular, the integral formulas
from (1). In the exposition of § 2 we adhere to the definitions and notation used
in (1).

§ 1. Let f = f(#,...,2,) be a function holomorphic in a complete n-circular
(n > 2) domain @ with center at the point (0,...,0), k¥ a natural number, and
Y1» -+ s Vi, arbitrary positive numbers satisfying v; > 1 (j=1,..., k). Further, for

each j from the set {1,...,k}, let 59), ,555) be arbitrary nonnegative numbers
satisfying 55” 4+ 555> > 0. Introduce the notation

LAJ [f] = L(»y]_’g(lj)’m,g%‘))[f] = ij + Z(Sl(’j)zl/ 1;5 (fl// = f;u)a ] =1,.., k7
v=1
LY =L ) =La [La, L lf]]%

(—k) ! ! ! Y=l =1, 8 s
L, "[f] :/ dslm/ dek,l/ et g f(eT et 2y,
0 o )

st 5%] *%
e EY ey 2, ) dey.
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and put Lf)[f] =f.

Theorem 1. If the function f(z) (n > 2) is holomorphic in the domain Q, then
for every natural k the formula

' ' e O PYI S
f(z) :/ dslm/ dekfl/ el gL [f (T et 2
0 0 0

sk
€ el 2 Y] dey. (1)

holds in the domain Q).

The proof is similar to the proof of Theorem 1 in the author’ s note (3). With
the aid of formula (1) it is established that

LY = LY P = 1

* Here, as everywhere below, A; = (’yj,égj),...ﬁg)), j = 1,...,k A =
(Al,“'vAk) (k > 1)

** Here and everywhere below we assume 0° = 1.

Consequently, LE;}C) [f] is the inverse operator with respect to the operator LEP [f]
(or, briefly, the inverse operator).

Only the operators just introduced are used below in the propositions of § 2 (for
explanations concerning some of the operators introduced earlier by the author,
also used in the propositions of § 2, see (3-6)).

Remark 1. Under the hypothesis of Theorem 2 from the author’ s note (7),
formula (2) in that theorem also holds in the case when, in formula (2), Y is
replaced by A. The proof is unchanged.

§ 2. In what follows, a is a number equal to 0 or 1; D is a bounded complete
n-circular (n > 2) domain with center at the origin; A is the same bounded
convex complete n-circular (n > 2) domain with center at the origin that occurs
in (1) (see (1), pp. 166, 167); D and A are closed domains.

Theorem 2. Let the function f(z) (n > 2) be holomorphic in D. Then, if

the functions f,SO‘>(z), v =1,...,n, and all their partial derivatives up to order
p (> 0) inclusive are continuous in D, then for every point z € D there
exists a boundary point n € 9D such that |z,| < |n,| (v = 1,...,n) and, for
p=1..,n—1k=0,1,..., 4,

. 1 S LS
f(z) =af(0)+ n+a(l—n) ; (2mi)™ /Cl &1 ®
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o [ [ [ [0 28 [A7O] (= 1) iy e,
c, Sn JS,

where ¢ = (§y,...,§,), C, (v = 1,...,n) is the circle |[{,| = |n,[; S, is the
p-dimensional (p = 1,...,n — 1) simplex (see (1), p. 165),

I= (1 - Upl)717
l=p+1
Ty —T Ty — Tp 1—7
Up=72+2—to+ -+ 2222 + £z
1 52 é.p gl

Theorem 3. Let the function f(z) (n > 2) be holomorphic in A. Then, if the
functions fl(,a)(z), v =1,...,n, and all their partial derivatives up to order u
(1 > 0) inclusive are continuous in A, then, for a point z€ A, p=1,...,n—1,
kE=0,1,..., 1,

1 n Zg 27
1) = 0f0) + i Y e [ e
u ) M (k) -
/ d<pn/ L(ljo(zl [L'rfjf)p,nfl [LE; [‘]p]” LA [féa)(rl(T)e“plv'"
0 T,
., rn(T)ei‘/’")] (1- Tp) nrlr . dry’, (3)

* In the case p = 0 formula (2) must be replaced by the following:

B 1 2 s,
f(z) = af(0) + n+a(l —n) &= (2mi)" /01 &

-1
o[ e | L T (1= 2 [ ) )] G X
[ m [LA {H (-2) HL"‘ 57 % (®)

**In the case p = 0 formula (3) must be replaced by a formula analogous in form to formula (a).

where T}, is the p-dimensional set” defined in (1) (p. 167),
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(the further explanations possible here are omitted).
Corollary 1. Let the function f(z) (n > 2) be holomorphic in D, and

p

_Joforp=1,...,n—2(n>2),
 aforp=n—1(n>2).

Then, if the functions f,ga”)(z), v =1,...,n, and all their partial derivatives up
toorder p (0 < pu<p— ozp), inclusive, are continuous in D, then for every point
z € D there exists a point n € D such that |z,| < |n,| (v =1,...,n), and, for
p=1,..,n—1;, k=0,1,...,pu,

[e3%

_ 1 )’ ST
£(2) = o, £(0) + ; /C -

n+a,(l—n) <= (27

v=

% (p—h—ey) (k) (ap) _ n—p—1
L L oy D I Ol =),

P Mp—k—1 Mp—1

where my, 4y M o pr1s e M1 (n > 3) are arbitrary, but all distinct nat-
ural numbers taken from {ap+n—p, a,+n—p+1, .. ,n—1}, and forn = 2, = 0,
m; = 1.

Remark 2. Along with the point z € D indicated in Theorem 2, the integral
formula (2) will also hold in the polydisc {|z,| < |n,|, v =1,...,n}. Analogously
also in the case of Corollary 1.**

Corollary 2. Let the function f(z) (n > 2) be holomorphic in A, and

p

_JOoforp=1,...,n—2(n>2),
 aforp=n—1(n>2).

Then, if the functions f,(,ap)(z), v =1,...,n, and all their partial derivatives up
to order p (0 < p < p — ), inclusive, are continuous in A, then for a point
zeA,p=1,....,n—1; k=0,1,..., p,
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2
(p—k—a,) k (o) ;
/ do,, / L(fj”apjfp)up] LGiylik)[fl}’ (ry (7).
T, Moy,

0 p My k-1

oy (T)en )] (1 — ) =gy dr,,.

Remark 3. Setting in Corollaries 1 and 2 o =0, m,,_, = n—p, m,,_,.1 =
n—p+1,..,m,_; =n—1, we obtain formulas that were earlier obtained, in
another form, by Bierski (1).

*Forp<n—1,T,CS and for p=n—1,T,=S5, ; ().

n—1»

“ If the domain D is a polydisc {|z,| < R,, v = 1,...,n}, then for all points
z € D there exists one and the same point 7 (as it one may take any point of
the skeleton of the given polydisc).

Remark 4. The integral formulas in Corollaries 1, 2, similarly to those noted in
(8) (item 2), are solutions of the problems of establishing, in the case n = 3, the
corresponding general integral representations and of their complete extension
to the case n > 3.

Remark 5. Formula (1) (for k¥ = 1) remains valid also in the case when 7,
is any positive number. But for 0 < ~; < 1, the integral entering this for-
mula should be understood as improper. Taking into account the same remark
concerning analogous integrals, Theorem 1 and all the content of the present
article connected with vy, ..., 7, remain valid also in the case when v, ..., 7, are
arbitrary positive numbers.
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