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MATHEMATICS

I. I. BAVRIN

GENERAL INTEGRAL REPRESENTATIONS
OF HOLOMORPHIC FUNCTIONS OF SEV-
ERAL COMPLEX VARIABLES
(Presented by Academician M. A. Lavrent’ev on 27 X 1967)

Bergerskii (1,2) used, in constructing integral representations, the constructions
of kernels given in the integral representations of Cauchy (𝑛 ≥ 1) and Temlyakov.
This enabled him to obtain, for functions 𝑓(𝑧) (𝑧 = (𝑧1, … , 𝑧𝑛)), holomorphic
in complete 𝑛-circular (𝑛 ≥ 2) domains, integral representations over (𝑛 + 𝑝)-
dimensional manifolds (𝑝 = 0, 1, … , 𝑛−1) on the (2𝑛−1)-dimensional boundary
of the domain, in which the kernels with respect to the coordinates of the point
𝑧 are holomorphic functions. Below, as follows from the specific properties of
complete 𝑛-circular domains, it is noted (see § 2) that more general integral
representations are also valid, including, in particular, the integral formulas
from (1). In the exposition of § 2 we adhere to the definitions and notation used
in (1).
§ 1. Let 𝑓 = 𝑓(𝑧1, … , 𝑧𝑛) be a function holomorphic in a complete 𝑛-circular
(𝑛 ≥ 2) domain 𝑄 with center at the point (0, … , 0), 𝑘 a natural number, and
𝛾1, … , 𝛾𝑘 arbitrary positive numbers satisfying 𝛾𝑗 ≥ 1 (𝑗 = 1, … , 𝑘). Further, for
each 𝑗 from the set {1, … , 𝑘}, let 𝛿(𝑗)

1 , … , 𝛿(𝑗)
𝑛 be arbitrary nonnegative numbers

satisfying 𝛿(𝑗)
1 + ⋯ + 𝛿(𝑗)

𝑛 > 0. Introduce the notation

𝐿𝐴𝑗
[𝑓] ≡ 𝐿(𝛾𝑗,𝛿(𝑗)

1 ,…,𝛿(𝑗)
𝑛 )[𝑓] = 𝛾𝑗𝑓 +

𝑛
∑
𝜈=1

𝛿(𝑗)
𝜈 𝑧𝜈𝑓 ′

𝜈, (𝑓 ′
𝜈 ≡ 𝑓 ′

𝑧𝜈
), 𝑗 = 1, … , 𝑘,

𝐿(𝑘)
𝐴 [𝑓] ≡ 𝐿(𝑘)

(𝐴1,…,𝐴𝑘)[𝑓] = 𝐿𝐴𝑘
[𝐿𝐴𝑘−1

⋯ [𝐿𝐴1
[𝑓]] ⋯] ∗,

𝐿(−𝑘)
𝐴 [𝑓] = ∫

1

0
𝑑𝜀1 ⋯ ∫

1

0
𝑑𝜀𝑘−1 ∫

1

0
𝜀𝛾1−1

1 ⋯ 𝜀𝛾𝑘−1
𝑘 𝑓(𝜀𝛿(1)

1
1 ⋯ 𝜀𝛿(𝑘)

1
𝑘 𝑧1, …

… , 𝜀𝛿(1)
𝑛

1 ⋯ 𝜀𝛿(𝑘)
𝑛

𝑘 𝑧𝑛) 𝑑𝜀𝑘. ∗∗
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and put 𝐿(0)
𝐴 [𝑓] = 𝑓 .

Theorem 1. If the function 𝑓(𝑧) (𝑛 ≥ 2) is holomorphic in the domain 𝑄, then
for every natural 𝑘 the formula

𝑓(𝑧) = ∫
1

0
𝑑𝜀1 ⋯ ∫

1

0
𝑑𝜀𝑘−1 ∫

1

0
𝜀𝛾1−1

1 ⋯ 𝜀𝛾𝑘−1
𝑘 𝐿(𝑘)

𝐴 [𝑓(𝜀𝛿(1)
1

1 ⋯ 𝜀𝛿(𝑘)
1

𝑘 𝑧1, …

… , 𝜀𝛿(1)
𝑛

1 ⋯ 𝜀𝛿(𝑘)
𝑛

𝑘 𝑧𝑛)] 𝑑𝜀𝑘. (1)

holds in the domain 𝑄.

The proof is similar to the proof of Theorem 1 in the author’s note (3). With
the aid of formula (1) it is established that

𝐿(−𝑘)
𝐴 [𝐿(𝑘)

𝐴 [𝑓]] = 𝐿(𝑘)
𝐴 [𝐿(−𝑘)

𝐴 [𝑓]] = 𝑓.

* Here, as everywhere below, 𝐴𝑗 = (𝛾𝑗, 𝛿(𝑗)
1 , … , 𝛿(𝑗)

𝑛 ), 𝑗 = 1, … , 𝑘, 𝐴 =
(𝐴1, … , 𝐴𝑘) (𝑘 ≥ 1).
** Here and everywhere below we assume 00 = 1.
Consequently, 𝐿(−𝑘)

𝐴 [𝑓] is the inverse operator with respect to the operator 𝐿(𝑘)
𝐴 [𝑓]

(or, briefly, the inverse operator).

Only the operators just introduced are used below in the propositions of § 2 (for
explanations concerning some of the operators introduced earlier by the author,
also used in the propositions of § 2, see (3–6)).

Remark 1. Under the hypothesis of Theorem 2 from the author’s note (7),
formula (2) in that theorem also holds in the case when, in formula (2), 𝑌 is
replaced by 𝐴. The proof is unchanged.

§ 2. In what follows, 𝑎 is a number equal to 0 or 1; 𝐷 is a bounded complete
𝑛-circular (𝑛 ≥ 2) domain with center at the origin; Δ is the same bounded
convex complete 𝑛-circular (𝑛 ≥ 2) domain with center at the origin that occurs
in (1) (see (1), pp. 166, 167); 𝐷 and Δ are closed domains.

Theorem 2. Let the function 𝑓(𝑧) (𝑛 ≥ 2) be holomorphic in 𝐷. Then, if
the functions 𝑓 (𝛼)

𝜈 (𝑧), 𝜈 = 1, … , 𝑛, and all their partial derivatives up to order
𝜇 (𝜇 ≥ 0) inclusive are continuous in 𝐷, then for every point 𝑧 ∈ 𝐷 there
exists a boundary point 𝜂 ∈ 𝜕𝐷 such that |𝑧𝜈| < |𝜂𝜈| (𝜈 = 1, … , 𝑛) and, for
𝑝 = 1, … , 𝑛 − 1, 𝑘 = 0, 1, … , 𝜇,

𝑓(𝑧) = 𝛼𝑓(0) + 1
𝑛 + 𝛼(1 − 𝑛)

𝑛
∑
𝜈=1

𝑧𝛼
𝜈

(2𝜋𝑖)𝑛 ∫
𝐶1

𝑑𝜉1
𝜉1

⋯ (2)
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⋯ ∫
𝐶𝑛

𝑑𝜉𝑛
𝜉𝑛

∫
𝑆𝑝

𝐿(−𝛼)
1,𝛼 [𝐿(𝑝)

𝑛−𝑝,𝑛−1 [𝐿(−𝑘)
𝐴 [𝐼]]] 𝐿(𝑘)

𝐴 [𝑓 (𝛼)
𝜈 (𝜁)] (1 − 𝜏𝑝)𝑛−𝑝−1 𝑑𝜏1 ⋯ 𝑑𝜏∗

𝑝 ,

where 𝜁 = (𝜉1, … , 𝜉𝑛), 𝐶𝜈 (𝜈 = 1, … , 𝑛) is the circle |𝜉𝜈| = |𝜂𝜈|; 𝑆𝑝 is the
𝑝-dimensional (𝑝 = 1, … , 𝑛 − 1) simplex (see (1), p. 165),

𝐼 =
𝑛

∏
𝑙=𝑝+1

(1 − 𝑈𝑝𝑙)−1,

𝑈𝑝𝑙 = 𝜏1
𝜉1

𝑧1 + 𝜏2 − 𝜏1
𝜉2

𝑧2 + ⋯ + 𝜏𝑝 − 𝜏𝑝−1
𝜉𝑝

𝑧𝑝 + 1 − 𝜏𝑝
𝜉𝑙

𝑧𝑙.

Theorem 3. Let the function 𝑓(𝑧) (𝑛 ≥ 2) be holomorphic in Δ. Then, if the
functions 𝑓 (𝛼)

𝜈 (𝑧), 𝜈 = 1, … , 𝑛, and all their partial derivatives up to order 𝜇
(𝜇 ≥ 0) inclusive are continuous in Δ, then, for a point 𝑧 ∈ Δ, 𝑝 = 1, … , 𝑛 − 1,
𝑘 = 0, 1, … , 𝜇,

𝑓(𝑧) = 𝛼𝑓(0) + 1
𝑛 + 𝛼(1 − 𝑛)

𝑛
∑
𝜈=1

𝑧𝛼
𝜈

(2𝜋)𝑛 ∫
2𝜋

0
𝑑𝜑1 ⋯

⋯ ∫
2𝜋

0
𝑑𝜑𝑛 ∫

𝑇𝑝

𝐿(−𝛼)
1,𝛼 [𝐿(𝑝)

𝑛−𝑝,𝑛−1 [𝐿(−𝑘)
𝐴 [𝐽𝑝]]] 𝐿(𝑘)

𝐴 [𝑓 (𝛼)
𝜈 (𝑟1(𝜏)𝑒𝑖𝜑1 , …

… , 𝑟𝑛(𝜏)𝑒𝑖𝜑𝑛)] (1 − 𝜏𝑝)𝑛−𝑝−1 𝑑𝜏1 ⋯ 𝑑𝜏∗∗
𝑝 , (3)

∗ In the case 𝑝 = 0 formula (2) must be replaced by the following:

𝑓(𝑧) = 𝛼𝑓(0) + 1
𝑛 + 𝛼(1 − 𝑛)

𝑛
∑
𝜈=1

𝑧𝛼
𝜈

(2𝜋𝑖)𝑛 ∫
𝐶1

𝑑𝜉1
𝜉1

⋯

⋯ ∫
𝐶𝑛

𝐿(−𝛼)
1,𝛼 [𝐿(−𝑘)

𝐴 [
𝑛

∏
𝑙=1

(1 − 𝑧𝑙
𝜉𝑙

)
−1

]] 𝐿(𝑘)
𝐴 [𝑓 (𝛼)

𝜈 (𝜁)] 𝑑𝜉𝑛
𝜉𝑛

(a)

∗∗ In the case 𝑝 = 0 formula (3) must be replaced by a formula analogous in form to formula (a).

where 𝑇𝑝 is the 𝑝-dimensional set∗ defined in (1) (p. 167),
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𝐽𝑝 =
𝑛

∏
𝑙=𝑝+1

(1 − 𝑢𝑝𝑙)−1, 𝑢𝑝𝑙 = 𝜏1
𝑟1(𝜏)𝑒−𝑖𝜑1𝑧1+

+𝜏2 − 𝜏1
𝑟2(𝜏) 𝑒−𝑖𝜑2𝑧2 + ⋯ + 𝜏𝑝 − 𝜏𝑝−1

𝑟𝑝(𝜏) 𝑒−𝑖𝜑𝑝𝑧𝑝 + 1 − 𝜏𝑝
𝑟𝑙(𝜏) 𝑒𝑖𝜑𝑙𝑧𝑙

(the further explanations possible here are omitted).

Corollary 1. Let the function 𝑓(𝑧) (𝑛 ≥ 2) be holomorphic in 𝐷, and

𝛼𝑝 = {0 for 𝑝 = 1, … , 𝑛 − 2 (𝑛 > 2),
𝛼 for 𝑝 = 𝑛 − 1 (𝑛 ≥ 2).

Then, if the functions 𝑓 (𝛼𝑝)
𝜈 (𝑧), 𝜈 = 1, … , 𝑛, and all their partial derivatives up

to order 𝜇 (0 ≤ 𝜇 ≤ 𝑝 − 𝛼𝑝), inclusive, are continuous in 𝐷, then for every point
𝑧 ∈ 𝐷 there exists a point 𝜂 ∈ 𝜕𝐷 such that |𝑧𝜈| < |𝜂𝜈| (𝜈 = 1, … , 𝑛), and, for
𝑝 = 1, … , 𝑛 − 1; 𝑘 = 0, 1, … , 𝜇,

𝑓(𝑧) = 𝛼𝑝𝑓(0) + 1
𝑛 + 𝛼𝑝(1 − 𝑛)

𝑛
∑
𝜈=1

𝑧𝛼𝑝
𝜈

(2𝜋𝑖)𝑛 ∫
𝐶1

𝑑𝜁1
𝜁1

⋯

⋯ ∫
𝐶𝑛

𝑑𝜁𝑛
𝜁𝑛

∫
𝑆𝑝

𝐿(𝑝−𝑘−𝛼𝑝)
(𝑚𝛼𝑝+𝑛−𝑝

𝑚𝑛−𝑘−1
)[𝐼] 𝐿(𝑘)

(𝑚𝑛−𝑘𝑚𝑛−1)[𝑓 (𝛼𝑝)
𝜈 (𝜁)](1 − 𝜏𝑝)𝑛−𝑝−1 𝑑𝜏1 ⋯ 𝑑𝜏𝑝,

where 𝑚𝛼𝑝+𝑛−𝑝, 𝑚𝛼𝑝+𝑛−𝑝+1, … , 𝑚𝑛−1 (𝑛 ≥ 3) are arbitrary, but all distinct nat-
ural numbers taken from {𝛼𝑝+𝑛−𝑝, 𝛼𝑝+𝑛−𝑝+1, … , 𝑛−1}, and for 𝑛 = 2, 𝛼 = 0,
𝑚1 = 1.
Remark 2. Along with the point 𝑧 ∈ 𝐷 indicated in Theorem 2, the integral
formula (2) will also hold in the polydisc {|𝑧𝜈| < |𝜂𝜈|, 𝜈 = 1, … , 𝑛}. Analogously
also in the case of Corollary 1.∗∗

Corollary 2. Let the function 𝑓(𝑧) (𝑛 ≥ 2) be holomorphic in Δ, and

𝛼𝑝 = {0 for 𝑝 = 1, … , 𝑛 − 2 (𝑛 > 2),
𝛼 for 𝑝 = 𝑛 − 1 (𝑛 ≥ 2).

Then, if the functions 𝑓 (𝛼𝑝)
𝜈 (𝑧), 𝜈 = 1, … , 𝑛, and all their partial derivatives up

to order 𝜇 (0 ≤ 𝜇 ≤ 𝑝 − 𝛼𝑝), inclusive, are continuous in Δ, then for a point
𝑧 ∈ Δ, 𝑝 = 1, … , 𝑛 − 1; 𝑘 = 0, 1, … , 𝜇,
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𝑓(𝑧) = 𝛼𝑝𝑓(0) + 1
𝑛 + 𝛼𝑝(1 − 𝑛)

𝑛
∑
𝜈=1

𝑧𝛼𝑝
𝜈

(2𝜋)𝑛 ∫
2𝜋

0
𝑑𝜑1 ⋯

⋯ ∫
2𝜋

0
𝑑𝜑𝑛 ∫

𝑇𝑝

𝐿(𝑝−𝑘−𝛼𝑝)
(𝑚𝛼𝑝+𝑛−𝑝

𝑚𝑛−𝑘−1
)[𝐽𝑝] 𝐿(𝑘)

(𝑚𝑛−𝑘𝑚𝑛−1)[𝑓 (𝛼𝑝)
𝜈 (𝑟1(𝜏)𝑒𝑖𝜑1 , …

… , 𝑟𝑛(𝜏)𝑒𝑖𝜑𝑛)](1 − 𝜏𝑝)𝑛−𝑝−1 𝑑𝜏1 ⋯ 𝑑𝜏𝑝.

Remark 3. Setting in Corollaries 1 and 2 𝛼 = 0, 𝑚𝑛−𝑝 = 𝑛 − 𝑝, 𝑚𝑛−𝑝+1 =
𝑛 − 𝑝 + 1, … , 𝑚𝑛−1 = 𝑛 − 1, we obtain formulas that were earlier obtained, in
another form, by Bierski (1).

∗ For 𝑝 < 𝑛 − 1, 𝑇𝑝 ⊂ 𝑆𝑛−1, and for 𝑝 = 𝑛 − 1, 𝑇𝑝 = 𝑆𝑛−1 (1).
∗∗ If the domain 𝐷 is a polydisc {|𝑧𝜈| < 𝑅𝜈, 𝜈 = 1, … , 𝑛}, then for all points
𝑧 ∈ 𝐷 there exists one and the same point 𝜂 (as it one may take any point of
the skeleton of the given polydisc).

Remark 4. The integral formulas in Corollaries 1, 2, similarly to those noted in
(8) (item 2), are solutions of the problems of establishing, in the case 𝑛 = 3, the
corresponding general integral representations and of their complete extension
to the case 𝑛 > 3.
Remark 5. Formula (1) (for 𝑘 = 1) remains valid also in the case when 𝛾1
is any positive number. But for 0 < 𝛾1 < 1, the integral entering this for-
mula should be understood as improper. Taking into account the same remark
concerning analogous integrals, Theorem 1 and all the content of the present
article connected with 𝛾1, … , 𝛾𝑘 remain valid also in the case when 𝛾1, … , 𝛾𝑘 are
arbitrary positive numbers.

Moscow Regional Pedagogical Institute
named after N. K. Krupskaya

Received
13 X 1967
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