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MATHEMATICS

A. A. POLYANSKII

ON ONE ANALOGUE OF THE HARDY–LIT-
TLEWOOD EQUATION
(Presented by Academician Yu. V. Linnik on 19 VI 1967)

In the monograph of Yu. V. Linnik (1), among analogues of the Hardy–Little-
wood equation, the equation

𝑝1𝑝2 + 𝜉2 + 𝜂2 = 𝑛, (1)

is considered, where 𝑝1 and 𝑝2 independently run through the prime numbers;
𝜉 and 𝜂 run through the integers; 𝑛 is a sufficiently large natural number (the
main parameter).

For the number 𝑆(𝑛) of solutions of equation (1), in (1) an asymptotic formula
is derived under the additional restrictions

𝑝1, 𝑝2 > exp(ln ln 𝑛)2.

The aim of the present note is to remove these restrictions and to obtain 𝑆(𝑛)
with a better remainder term than in (1).

Theorem. As 𝑛 → ∞,

𝑆(𝑛) = 𝜋𝐴0𝐴(𝑛) 𝑛
ln 𝑛 ∏

𝑝∣𝑛

(𝑝 − 1)(𝑝 − 𝜒(𝑝))
𝑝2 − 𝑝 + 𝜒(𝑝) + 𝑂 ( 𝑛

(ln 𝑛)1.042 ) , (2)

where

𝐴0 = ∏
𝑝>2

(1 + 𝜒(𝑝)
𝑝(𝑝 − 1)) ; 𝜒(𝑚) is the nonprincipal character mod 4; 𝐴(𝑛) is

some arithmetical factor, whose structure is clear from the proof.

We precede the proof of the theorem with two lemmas. Consider the equation
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𝑎𝑝 + 𝑏(𝜉2 + 𝜂2) = 𝑛, (3)

where 𝑎, 𝑏 are integers satisfying the conditions: 𝑎 = 𝑂(exp(ln 𝑛)𝛼),
𝑏 = 𝑂(ln𝐶 𝑛), 𝐶 > 0 is a sufficiently large constant, and 𝑝 runs through
the prime numbers. We shall assume that (𝑎, 𝑏) = 1, (𝑎𝑏, 2𝑛) = 1. The latter
conditions are not essential.

Let 𝑄(𝑛) be the number of solutions of equation (3).

Lemma 1. As 𝑛 → ∞,

𝑄(𝑛) = 𝜋𝐴0
𝑛

𝑎𝑏 ln 𝑛 ∏
𝑝∣𝑎𝑛

(𝑝 − 1)(𝑝 − 𝜒(𝑝))
𝑝2 − 𝑝 + 𝜒(𝑝) ∏

𝑝∣𝑏

𝑝2

𝑝2 − 𝑝 + 𝜒(𝑝)+𝑂 ( 𝑛
𝑎𝑏(ln 𝑛)1.042 ) .

(4)

For the proof of the lemma, following C. Hooley (4) and B. M. Bredikhin (4),
we represent 𝑄(𝑛) in the following form:

𝑄(𝑛) = ∑
𝑎𝑝+𝑏(𝜉2+𝜂2)=𝑛

1 = 4 ∑
𝑎𝑝+2𝜆𝑏𝑥𝑦=𝑛

𝜒(𝑥) = 8 ∑
𝑎𝑝+2𝜆𝑏𝑥𝑦=𝑛

𝑥≤√𝑛 𝑛−1
1

𝜒(𝑥)

− 4 ∑
𝑎𝑝+2𝜆𝑏𝑥𝑦=𝑛√𝑛 𝑛−1

1 <𝑥<√𝑛 𝑛1
𝑦<√𝑛 𝑛1

𝜒(𝑥) + 4 ∑
𝑎𝑝+2𝜆𝑏𝑥𝑦=𝑛√𝑛 𝑛−1

1 <𝑥<√𝑛 𝑛1

𝜒(𝑥) + 𝑂 ( 𝑛
𝑎𝑏 ln2 𝑛

)

= Σ𝐴 − Σ𝐵1
+ Σ𝐵2

+ 𝑂 ( 𝑛
𝑎𝑏 ln2 𝑛

) ,

where 𝑛1 = exp(ln 𝑛)𝛼1 ; 𝛼0, 𝛼1 > 0 are sufficiently small constants.

Σ𝐴 is evaluated with the aid of E. Bombieri’s lemma (5), while Σ𝐵1
and Σ𝐵2

are estimated by S. Hooley’s method (4) according to the scheme developed in
(8).
Equation (3) may be regarded as a special case of the linear equation 𝑎𝑥+𝑏𝑦 = 𝑛,
when 𝑥 runs through the primes and 𝑦 assumes values of the quadratic form
𝜑(𝜉, 𝜂) = 𝜉2 + 𝜂2. This equation is a natural generalization of the classical
Hardy–Littlewood equation and is of interest from the point of view of possible
applications (see, for example, below and (7,8 )).
Next, let 𝑆1(𝑛) be the number of solutions of equation (1) when

𝑝1, 𝑝2 > 𝑃0 = exp(ln 𝑛)𝛼0 .

Lemma 2. As 𝑛 → ∞,
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𝑆1(𝑛) = 𝜋𝐴0 ∏
𝑝∣𝑛

(𝑝 − 1)(𝑝 − 𝜒(𝑝))
𝑝2 − 𝑝 + 𝜒(𝑝) ∑

𝑝1𝑝2<𝑛
𝑝1𝑝2>𝑃0

1 + 𝑂 ( 𝑛
(ln 𝑛)1.042 ) . (5)

Proof. We write 𝑆1(𝑛) in the form

𝑆1(𝑛) = 2 ∑
𝑝1𝑝2+𝜉2+𝜂2=𝑛

𝑃0<𝑝1<𝑃

1 + ∑
𝑝1𝑝2+𝜉2+𝜂2=𝑛

1 + 𝑂 ( 𝑛
ln2 𝑛

) =

= 2𝑆2(𝑛) + 𝑆3(𝑛) + 𝑂 ( 𝑛
ln2 𝑛

) , (6)

where 𝑃 = exp ln 𝑛 ln ln ln 𝑛
𝐾 ln ln 𝑛 , and 𝐾 is a sufficiently large constant.

With the aid of the dispersion method (1) (see (6,13 ,10 ) and p. 131) we obtain

𝑆2(𝑛) = 𝜋𝐴0 ∏
𝑝∣𝑛

(𝑝 − 1)(𝑝 − 𝜒(𝑝))
𝑝2 − 𝑝 + 𝜒(𝑝) ∑

𝑝1𝑝2<𝑛
𝑃0<𝑝1<𝑃

1 + 𝑂 ( 𝑛
ln2 𝑛

) . (7)

Refining the proof of Theorem 2 of (2), we obtain

𝑆3(𝑛) = 𝜋𝐴0 ∏
𝑝∣𝑛

(𝑝 − 1)(𝑝 − 𝜒(𝑝))
𝑝2 − 𝑝 + 𝜒(𝑝) ∑

𝑝1𝑝2<𝑛
𝑝1, 𝑝2>𝑃

1 + 𝑂 ( 𝑛
(ln 𝑛)1.042 ) . (8)

From (6)—(8), (5) follows.

Proof of the theorem. Decompose 𝑆(𝑛) as follows:

𝑆(𝑛) = 2 ∑
𝑝1𝑝2+𝜉2+𝜂2=𝑛

𝑝1<𝑃0

1+𝑆1(𝑛)+𝑂 ( 𝑛
ln2 𝑛

) = 2𝑆4(𝑛)+𝑆1(𝑛)+𝑂 ( 𝑛
ln2 𝑛

) . (9)

We find 𝑆4(𝑛):

𝑆4(𝑛) = ∑
(𝑝1,𝑛)=1
𝑝1<𝑃0

∑
𝑝1𝑝2+𝜉2+𝜂2=𝑛

1 + ∑
𝑝1∣𝑛

𝑝1<𝑃0

∑
𝑝1𝑝2+𝜉2+𝜂2=𝑛

1 = Σ1 + Σ2. (10)

The inner sum in Σ1 is evaluated with the aid of Lemma 1. We obtain
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Σ1 = ∑
(𝑝1,𝑛)=1
𝑝1<𝑃0

⎛⎜
⎝

𝜋𝐴0
𝑛

𝑝1 ln 𝑛 ∏
𝑝∣𝑝1𝑛

(𝑝 − 1)(𝑝 − 𝜒(𝑝))
𝑝2 − 𝑝 + 𝜒(𝑝) + 𝑂 ( 𝑛

𝑝1(ln 𝑛)1.042 )⎞⎟
⎠

. (11)

Further, by virtue of

∑
𝑑∣𝑚𝑙

(𝑚,𝑙)=1

𝜒(𝑑) = ∑
𝑑∣𝑚

𝜒(𝑑) ∑
𝑑∣𝑙

𝜒(𝑑)

and Lemma 1, we have (with ad-

with admissible error)

Σ2 = 4 ∑
𝑝1∣𝑛

𝑝1<𝑃0

∑
𝜆, 𝑠=0,1…

∑
𝑑∣𝑝1+𝑠

1

𝜒(𝑑) ∑
𝑝2+2𝜆𝑝𝑠𝑥𝑦

1 =𝑛0

𝜒(𝑥)

= ∑
𝑝1∣𝑛

𝑝1<𝑃0

∑
𝑠=0,1,…

∑
𝑑∣𝑝1+𝑠

1

𝜒(𝑑) ⎛⎜
⎝

𝜋𝐴0
𝑛

𝑝1+𝑠
1 ln 𝑛 ∏

𝑝∣𝑛0

(𝑝 − 1)(𝑝 − 𝜒(𝑝))
𝑝2 − 𝑝 + 𝜒(𝑝)

𝑝2
1

𝑝2
1 − 𝑝1 + 𝜒(𝑝1)+

+𝑂 ( 𝑛
𝑝1+𝑠

1 (ln 𝑛)1.042 )) ,
(12)

where 𝑛0 = 𝑛/𝑝1.

Now (2) follows from (5), (9)–(12).

By the methods of the papers (6,8 ,9 ) one can derive geometric and ergodic
properties of the solutions of equation (1).

Equation (1) can be generalized. By applying analogous means one can treat
the equation

𝑝1𝑝2 … 𝑝𝑘 + 𝜑(𝜉, 𝜂) = 𝑛,

where 𝑘 > 2, and 𝜑(𝜉, 𝜂) is some prescribed quadratic form.
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