
Soviet-era science, translated into English

ON ACCOUNTING FOR
THE EXTENT OF
ACTIVE SECTIONS IN
THE STUDY OF
OPTIMAL TRANSFERS
BETWEEN CLOSE,
NEAR-CIRCULAR,
NON-COPLANAR
ORBITS
MECHANICS

1968

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196801.00846

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196801.00846


Fig. 1

Figure 1: Fig. 1

Fig. 2

Figure 2: Fig. 2

Abstract
Full Text
UDC 521.1

MECHANICS

G. E. KUZMAK

ON ACCOUNTING FOR THE EXTENT OF
ACTIVE SECTIONS IN THE STUDY OF
OPTIMAL TRANSFERS BETWEEN CLOSE,
NEAR-CIRCULAR, NON-COPLANAR OR-
BITS
(Presented by Academician A. A. Dorodnitsyn, 6 X 1967)

In (1−4,7,8) the problem of transfers between orbits was considered in an impul-
sive formulation. In the present work this same problem is considered taking
into account the boundedness of the overload (or thrust). The aim of the work is
to derive rules for recalculating solutions obtained in the impulsive formulation
for the case of extended active sections. The problem is solved under the con-
dition that 𝑛max—the maximum overload—is not a small quantity. Under this
assumption, the durations of the active sections, for small values of the applied
impulses, which according to (1−4,7,8) take place, are also small quantities. The
entire investigation is carried out with a relative error of the order of the squares
of these small quantities.

Fig. 1

Fig. 2

The motion is considered in a cylindrical coordinate system 𝑜𝑟𝜑𝑧, the plane 𝑜𝑟𝜑
of which coincides with the plane of the initial orbit (see Fig. 1). The linearized
equations describing the motion in a small neighborhood of a circular orbit of
radius 𝑟cp are written in the form

sovietrxiv.org/items/ru-196801.00846 Machine Translation

https://sovietrxiv.org/items/ru-196801.00846


𝑑Δ ̄𝑣𝑟/𝑑 ̄𝑡 = 2Δ ̄𝑣𝜏+Δ ̄𝑟+𝑛𝑟; 𝑑Δ𝑣𝜏/𝑑 ̄𝑡 = −Δ ̄𝑣𝑟+𝑛𝜏 ; 𝑑Δ ̄𝑣𝑧/𝑑 ̄𝑡 = −Δ ̄𝑧+𝑛𝑧, 𝑑 ̄𝑞/𝑑 ̄𝑡 = 𝑛;

𝑑Δ ̄𝑟/𝑑 ̄𝑡 = Δ ̄𝑣𝑟; 𝑑Δ ̄𝑧/𝑑 ̄𝑡 = Δ ̄𝑣𝑧; 𝑑𝜑/𝑑 ̄𝑡 = 1 − Δ ̄𝑟 + Δ ̄𝑣𝜏 . (1)

Here Δ𝑣𝑟, Δ𝑣𝜏 , Δ𝑣𝑧 and Δ𝑟, Δ𝑧 denote, respectively, the increments of the
radial, transverse, and lateral components of velocity and of the coordinates
relative to their values on the circular orbit with 𝑟 = 𝑟cp; 𝜑 is the polar angle;
𝑡 is time; 𝑛𝑟, 𝑛𝜏 , 𝑛𝑧, and 𝑛 are the components of the reactive acceleration
and its modulus, referred to the gravitational acceleration 𝑔(𝑟) at 𝑟 = 𝑟cp; ̄𝑞 =

̄𝑐 ln(𝑚0/𝑚) is the characteristic velocity, where 𝑐 is the exhaust velocity; 𝑚0
and 𝑚 are, respectively, the initial and current mass. Bars denote dimensionless
quantities. Linear quantities 𝑟 and 𝑧 are referred to

to 𝑟cp; the velocity components ̇𝑟, 𝑣𝜏 , 𝑣𝑧, 𝑐 and 𝑞 are referred to 𝑣kp =
√𝑔′(𝑟cp)𝑟cp, the velocity in a circular orbit with 𝑟 = 𝑟cp, and 𝑡 is referred to
𝑟cp/𝑣kp = 1/2𝜋 of the time of a complete revolution in such an orbit. The
control functions 𝑛𝑟, 𝑛𝜏 , 𝑛𝑧 satisfy the following conditions: a) for limited
overload; b) for limited thrust

𝑛 = √𝑛2𝑟 + 𝑛2𝜏 + 𝑛2𝑧 ≤ 𝑛max, 𝑃 = 𝑚𝑔(𝑟cp)𝑛 ≤ 𝑃max. (2)

To solve the problem of minimizing the functional Φ = 𝑞(𝑡𝑁), the maximum
principle of L. S. Pontryagin (5,6 ) is used. The function 𝐻 is written in the
form

𝐻 = [(sn) + 𝑝𝑞𝑛] − (𝑠𝜏 − 𝑝𝑟)Δ ̄𝑣𝑟 +
+ (2𝑠𝑟 + 𝑝𝜑)Δ ̄𝑣𝜏 + 𝑝𝑧Δ ̄𝑣𝑧 + (𝑠𝑟 − 𝑝𝜑)Δ ̄𝑟 − 𝑠𝑧Δ ̄𝑧 + 𝑝𝜑, (3)

where n = (𝑛𝑟, 𝑛𝜏 , 𝑛𝑧), s = (𝑠𝑟, 𝑠𝜏 , 𝑠𝑧) are vectors, and 𝑠𝑟, 𝑠𝜏 , 𝑠𝑧, 𝑝𝑞, 𝑝𝑟, 𝑝𝑧 and 𝑝𝜑
denote the conjugate variables corresponding to Δ𝑣𝑟, Δ𝑣𝜏 , Δ𝑣𝑧, 𝑞, Δ𝑟, Δ𝑧 and 𝜑.
The conditions for a minimum of Φ have the form

𝑛𝑟 = 𝑛𝑠𝑟/𝑠; 𝑛𝜏 = 𝑛𝑠𝜏/𝑠, 𝑛𝑧 = 𝑛𝑠𝑧/𝑠; 𝑛 = {𝑛max for 𝜗 > 0,
0 for 𝜗 < 0, (4)

where 𝑠 = √𝑠2𝑟 + 𝑠2𝜏 + 𝑠2𝑧; 𝜗 = 𝑠 + 𝑝𝑞 is the switching function;

𝑑𝑠𝑟
𝑑 ̄𝑡 = 𝑠𝜏 − 𝑝𝑟; 𝑑𝑠𝜏

𝑑 ̄𝑡 = −2𝑠𝑟 − 𝑝𝜑; 𝑑𝑝𝑟
𝑑 ̄𝑡 = −𝑠𝑟 + 𝑝𝜑;

𝑑𝑝𝑞
𝑑 ̄𝑡 = 0, 𝑑𝑠𝑧

𝑑 ̄𝑡 = −𝑝𝑧; 𝑑𝑝𝑧
𝑑 ̄𝑡 = 𝑠𝑧; 𝑑𝑝𝜑

𝑑 ̄𝑡 = 0. (5)
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For the minimum of 𝑞( ̄𝑡𝑁), the function 𝑝𝑞 at ̄𝑡 = ̄𝑡𝑁 must be equal to −1. The
general solution of system (5) is written in the form

𝑠𝑟 = 𝐴 cos 𝑡 + 𝐵 sin 𝑡 − 2𝑝𝜑; 𝑠𝜏 = −2𝐴 sin 𝑡 + 2𝐵 cos 𝑡 + 3𝑝𝜑𝑡 + 𝐶,

𝑠𝑧 = 𝐷 cos 𝑡 + 𝐸 sin 𝑡; 𝑝𝑞 = −1; 𝑝𝜑 = const, (6)

where 𝐴, 𝐵, 𝐶, 𝐷, 𝐸 and 𝑝𝜑 are arbitrary constants. In the case of limited thrust
all relations (3)—(6) remain valid, except for the equation for 𝑝𝑞, which is written
in the form

𝑑𝑝𝑞
𝑑 ̄𝑡 = − 𝑒 ̄𝑞/ ̄𝑐

̄𝑐𝑚0𝑔(𝑟cp)𝑃𝜗, where 𝑃 = {𝑃max for 𝜗 > 0,
0 for 𝜗 < 0, 𝑝𝑞( ̄𝑡𝑁) = −1.

(7)

A singular control, for which 𝜗 ≡ 0 and the magnitude of overload or thrust can
be regulated, by virtue of (6), can occur then and only then when either

𝑝𝜑 = 𝐶 = 0; 𝑠𝑧 = ±
√

3 𝑠𝑟; 𝐴2 + 𝐵2 = 1/4, (8)

or

𝑝𝜑 = 𝐴 = 𝐵 = 𝐷 = 𝐸 = 0; 𝐶 = 1. (9)

It is seen from (6) that if a singular control is possible, then it exists over the
entire time interval under consideration. In the case of the problem of transfers
between orbits with an unspecified angular range, considered in (3,4 ,7 ,8 ), 𝑝𝜑 =
0, and the singular controls correspond to the so-called degenerate transfers,
when the necessary optimality conditions for the instants of impulse application
do not determine them.

The functions Δ ̄𝑟( ̄𝑡) and Δ ̄𝑧( ̄𝑡), which determine the deviation from the initial
orbit, by means of equations (1) and (4) can be written in the form

Δ ̄𝑟( ̄𝑡) = ∫
̄𝑡

̄𝑡0

{𝑠𝑟(𝜉) sin( ̄𝑡 − 𝜉) + 2𝑠𝜏(𝜉)[1 − cos( ̄𝑡 − 𝜉)]} 𝑛(𝜉)
𝑠(𝜉) 𝑑𝜉,

Δ ̄𝑧( ̄𝑡) = ∫
̄𝑡

̄𝑡0

𝑠𝑧(𝜉) sin( ̄𝑡 − 𝜉)𝑛(𝜉)
𝑠(𝜉) 𝑑𝜉, (10)
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where 𝜉 is the variable of integration, and 𝑛(𝜉) = 0 everywhere outside the
interval ̄𝑡0 ≤ ̄𝑡 ≤ ̄𝑡𝑁 . On the other hand, if the terminal orbit is specified, then
for ̄𝑡 ≥ ̄𝑡𝑁 the functions Δ ̄𝑟( ̄𝑡) and Δ ̄𝑧( ̄𝑡) are determined by the formulas

Δ ̄𝑟( ̄𝑡) = Δ0 + Δ𝑐 cos ̄𝑡 + Δ𝑠 sin ̄𝑡; Δ ̄𝑧( ̄𝑡) = Δ𝑧 sin ̄𝑡, (11)

where Δ0, Δ𝑐, Δ𝑠 and Δ𝑧 are known constants (3,7 ,8 ). In the problem of trans-
fers

between the orbits, the functions (10) and (11) for ̄𝑡 ≥ ̄𝑡𝑁 must coincide. This
gives a system of boundary conditions.

∫
̄𝑡𝑁

̄𝑡0

(𝑠𝑟 sin 𝜉 + 2𝑠𝜏 cos 𝜉) 𝑛
𝑠 𝑑𝜉 = −Δ𝑐; ∫

̄𝑡𝑁

̄𝑡0

(𝑠𝑟 cos 𝜉 − 2𝑠𝜏 sin 𝜉) 𝑛
𝑠 𝑑𝜉 = Δ𝑠,

2 ∫
̄𝑡𝑁

̄𝑡0

𝑠𝜏𝑛
𝑠 𝑑𝜉 = Δ0; ∫

̄𝑡𝑁

̄𝑡0

𝑠𝑧𝑛
𝑠 sin 𝜉 𝑑𝜉 = 0; ∫

̄𝑡𝑁

̄𝑡0

𝑠𝑧𝑛
𝑠 cos 𝜉 𝑑𝜉 = Δ𝑧.

(12)

These 5 conditions serve to determine the 5 unknown constants 𝐴, 𝐵, 𝐶, 𝐷, 𝐸,
𝑝𝜑 = 0, which enter the expressions for the adjoint variables. In what follows
we shall consider the problem in which the instants ̄𝑡0 and ̄𝑡𝑁 are determined
optimally. It is shown that for this they must be, respectively, the beginning
and the end of the active arcs determined according to (4).

The investigation of transfers between orbits for which special controls are pos-
sible, carried out on the basis of conditions (8) and (9), showed that for any
thrust-control laws ensuring satisfaction of the boundary conditions (12), the
required value of the characteristic velocity is one and the same and coincides
with its value obtained in (3,4 ,7 ,8 ) as a result of solving the problem in the im-
pulsive formulation. However, the largest domain of the parameters Δ0, Δ𝑐, Δ𝑠
and Δ𝑧 for which transfers with special controls are possible depends on the
thrust-control law and is greatest for the boundary control law containing no
more than two active arcs within one revolution. The boundaries of the active
arcs in this case are determined from equality (12).

Let ̄𝑡−
𝑘 , ̄𝑡𝑘, ̄𝑡+

𝑘 denote the beginning, middle, and end of the 𝑘-th active arc. ̄𝑡−
0 =

̄𝑡0, ̄𝑡+
𝑁 = ̄𝑡𝑁 . Conditions (12) can be rewritten in the form:

𝑛max

𝑁
∑
𝑘=0

∫
̄𝑡+
𝑘

̄𝑡−
𝑘

𝑠𝑟 sin 𝜉 + 2𝑠𝜏 cos 𝜉
𝑠 𝑑𝜉 = −Δ𝑐;
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𝑛max

𝑁
∑
𝑘=0

∫
̄𝑡+
𝑘

̄𝑡−
𝑘

𝑠𝑟 cos 𝜉 − 2𝑠𝜏 sin 𝜉
𝑠 𝑑𝜉 = Δ𝑠, 𝑛max

𝑁
∑
𝑘=0

∫
̄𝑡+
𝑘

̄𝑡−
𝑘

𝑠𝜏
𝑠 𝑑𝜉 = Δ0

2 ; (13)

𝑛max

𝑁
∑
𝑘=0

∫
̄𝑡+
𝑘

̄𝑡−
𝑘

𝑠𝑧 sin 𝜉
𝑠 𝑑𝜉 = 0; 𝑛max

𝑁
∑
𝑘=0

∫
̄𝑡+
𝑘

̄𝑡−
𝑘

𝑠𝑧 cos 𝜉
𝑠 𝑑𝜉 = Δ𝑧.

We shall further use the smallness of the lengths Δ ̄𝑡𝑘 = ̄𝑡+
𝑘 − ̄𝑡−

𝑘 of the active
arcs. Let 𝑓(𝜉) denote any one of the integrand expressions in the equalities (13).
Then, expanding 𝑓(𝜉) in a series in a neighborhood of 𝜉 = ̄𝑡𝑘, we obtain

∫
̄𝑡+
𝑘

̄𝑡−
𝑘

𝑓(𝜉) 𝑑𝜉 = 𝑓( ̄𝑡𝑘)Δ ̄𝑡𝑘 + 𝑂(Δ ̄𝑡3
𝑘). (14)

In accordance with (4) and (6), the ends of the active arcs are determined
from the equalities 𝑠(𝑡+

𝑘 ) = 𝑠(𝑡−
𝑘 ) = 1. Expanding the left-hand sides of these

equalities in a series in a neighborhood of ̄𝑡 = ̄𝑡𝑘 and denoting here and below
the values of all functions at this instant by the subscript 𝑘 below, we shall have

𝑠𝑘 + 𝑠′
𝑘
2 Δ ̄𝑡𝑘 + 𝑠″

𝑘
8 Δ ̄𝑡2

𝑘 + 𝑂(Δ ̄𝑡2
𝑘) = 1; 𝑠𝑘 − 𝑠′

𝑘
2 Δ ̄𝑡𝑘 + 𝑠″

𝑘
8 Δ ̄𝑡2

𝑘 + 𝑂(Δ ̄𝑡3
𝑘) = 1,

𝑠′( ̄𝑡𝑘) = 0 + 𝑂(Δ ̄𝑡2
𝑘); 𝑠( ̄𝑡𝑘) = 1 + 𝑂(Δ ̄𝑡2

𝑘). (15)

Equalities (13), taking (14) and (15) into account, can be rewritten in the form

𝑁
∑
𝑘=0

[(𝑠𝑟𝑘
sin ̄𝑡𝑘 + 2𝑠𝜏𝑘

cos ̄𝑡𝑘) + 𝑂 ( Δ ̄𝑣 2
𝑘

𝑛2
max

)] Δ ̄𝑣𝑘 = −Δ𝑐;

𝑁
∑
𝑘=0

[(𝑠𝑟𝑘
cos ̄𝑡𝑘 − 2𝑠𝜏𝑘

sin ̄𝑡𝑘) + 𝑂 ( Δ ̄𝑣 2
𝑘

𝑛2
max

)] Δ ̄𝑣𝑘 = Δ𝑠, (16)

𝑁
∑
𝑘=0

[𝑠𝜏𝑘
+ 𝑂 ( Δ ̄𝑣 2

𝑘
𝑛2

max
)] Δ ̄𝑣𝑘 = Δ0

2 ;
𝑁

∑
𝑘=0

[𝑠𝑧𝑘
sin ̄𝑡𝑘 + 𝑂 ( Δ ̄𝑣 2

𝑘
𝑛2

max
)] Δ ̄𝑣𝑘 = 0;

𝑁
∑
𝑘=0

[𝑠𝑧𝑘
cos ̄𝑡𝑘 + 𝑂 ( Δ ̄𝑣 2

𝑘
𝑛2

max
)] Δ ̄𝑣𝑘 = Δ𝑧,
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where

Δ ̄𝑣𝑘 = 𝑛maxΔ ̄𝑡𝑘; 𝑠𝑟𝑘
= 𝐴 cos ̄𝑡𝑘 + 𝐵 sin ̄𝑡𝑘; 𝑠𝑞𝑘

= −2𝐴 sin ̄𝑡𝑘 + 2𝐵 cos ̄𝑡𝑘 + 𝐶;

𝑠𝑧𝑘
= 𝐷 cos ̄𝑡𝑘 + 𝐸 sin ̄𝑡𝑘.

Equalities (15) and (16) serve to determine the instants ̄𝑡𝑘 and the constants
𝐴, 𝐵, 𝐶, 𝐷, and 𝐸. With a relative error of order Δ ̄𝑡2

𝑘 , these equalities coincide
with the equalities obtained in solving the problem in the impulsive formulation.
It can be proved that this error does not increase if the direction of thrust
for ̄𝑡−

𝑘 ≤ 𝑡 ≤ ̄𝑡+
𝑘 is taken to coincide with the direction of thrust at ̄𝑡 = ̄𝑡𝑘

(𝑘 = 0, 1, … , 𝑁), which coincides with the direction of the 𝑘-th impulse.

What has been set forth above can be formulated in the form of the following
rules for recalculating impulsive solutions for the case of limited overload:

1) The midpoints of the active arcs coincide with the instants at which the
impulses are applied.

2) The lengths of the active arcs are determined by the formula Δ ̄𝑡𝑘 =
Δ ̄𝑣𝑘/𝑛max, where Δ ̄𝑣𝑘 is the magnitude of the impulse.

3) The constants 𝐴, 𝐵, 𝐶, 𝐷, and 𝐸 coincide with the Lagrange multipliers
determined in solving the problem in the impulsive formulation.

4) The direction of thrust on each of the active arcs coincides with the direc-
tion of the corresponding impulse.

The case of limited thrust differs from the case of limited overload by the equa-
tion for 𝑝𝑞. However, since max 𝜗( ̄𝑡) = 𝑂(Δ ̄𝑡2

𝑘 ), see Fig. 2, it follows, by virtue
of (7), that 𝑝𝑞 = −1 + 𝑂(Δ ̄𝑡2

𝑘 ). Consequently, all the results formulated above
are preserved, except for the formula for Δ ̄𝑡𝑘. In the case of limited thrust the
expression for Δ ̄𝑡𝑘 has the form

Δ ̄𝑡𝑘 = 𝑚0𝑔(𝑟cp)
𝑃max

exp [−1
𝑐

𝑘−1
∑
𝑖=0

Δ ̄𝑣𝑖]
Δ ̄𝑣𝑘

1 + Δ ̄𝑣𝑘/2𝑐 (𝑘 = 0, 1, … , 𝑁).

The relative error of the parameters of the optimal transfers determined in
accordance with these rules is, in the general case, a quantity of order Δ ̄𝑣 2

𝑘 /𝑛2
max

and, consequently, for not small values of 𝑛max lies outside the accuracy of the
linearized equations of motion.
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sovietrxiv.org/items/ru-196801.00846 Machine Translation

https://sovietrxiv.org/items/ru-196801.00846


REFERENCES
1. G. E. Kuzmak, Cosmic Research, 3, issue 4 (1965).

2. G. E. Kuzmak, N. I. Lavrenko et al., Proceedings of the XV International
Congress on Astronautics, Warsaw, 1964, p. 311.

3. G. E. Kuzmak, N. I. Lavrenko, DAN, 173, No. 6 (1967).

4. J. P. Marec, Report at the XVII Congress on Astronautics, Madrid, 1966.

5. L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mishchenko,
Mathematical Theory of Optimal Processes, Moscow, 1961.

6. L. I. Rozonoer, Automation and Remote Control, 20, Nos. 10–12 (1959).

7. G. E. Kuzmak, Cosmic Research, 5, issue 5 (1967).

8. G. E. Kuzmak, Cosmic Research, 5, issue 6 (1967).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196801.00846 Machine Translation

https://sovietrxiv.org/items/ru-196801.00846

	Abstract
	Full Text
	ON ACCOUNTING FOR THE EXTENT OF ACTIVE SECTIONS IN THE STUDY OF OPTIMAL TRANSFERS BETWEEN CLOSE, NEAR-CIRCULAR, NON-COPLANAR ORBITS
	REFERENCES


