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MATHEMATICS

B. STERNIN

BOUNDARY-VALUE PROBLEMS OF S. L.
SOBOLEV TYPE FOR ELLIPTIC OPERA-
TORS
(Presented by Academician I. G. Petrovskii on 29 III 1968)

1. Let 𝑋 be a manifold (closed, for simplicity) and let 𝑌 ⊂ 𝑋 be its submanifold
of codimension 𝜈 ≥ 1.

By problems of Sobolev type, or, briefly, S-problems, we shall mean the problem
of finding a function satisfying an elliptic equation on 𝑋 ∖ 𝑌 and assuming on
𝑌 certain boundary values.

As far as I know, problems of this type were first considered by S. L. Sobolev
(3), who proved unique solvability of the Dirichlet problem for the polyhar-
monic equation Δ𝑚𝑢 = 0. In the paper (4) a general theory of such problems
was constructed for the case of closed submanifolds of an arbitrary (elliptic)
pseudodifferential operator on the manifold 𝑋 and arbitrary pseudodifferential
operators on the submanifold 𝑌 . More precisely, in that paper spaces and con-
ditions on the coefficients of the equation were indicated that are necessary and
sufficient in order that the S-problem in these spaces be normally solvable, i.e.,
uniquely solvable up to finite-dimensional spaces.

In the present paper an analogous question is investigated for the case when the
submanifold 𝑌 of the S-problem has a boundary.

If we realize pseudodifferential expressions as an unbounded operator acting in
spaces in which the corresponding S-problem is normally solvable, then such an
operator will, obviously, be Fredholm, i.e., will have finite-dimensional kernel
and cokernel. Thus, the theorem on normal solvability of such a problem may be
regarded as a finiteness theorem for the corresponding operator. The topological
aspects of boundary S-problems, and in particular the computation of the index
of the corresponding (Fredholm) operator, I shall consider elsewhere.

2. Thus, let 𝑋 be (for simplicity) a closed manifold of dimension 𝑁 , and let
𝑌 ⊂ 𝑋 be its submanifold of codimension 𝜈:

1 ≤ 𝜈 ≤ dim 𝑋 − 1.
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The cases 𝜈 = dim 𝑋, 𝜈 = dim 𝑋 − 1 are atypical and differ somewhat from the
general case. For example, if 𝜈 = dim 𝑋, i.e., the manifold 𝑌 degenerates to a
point, then no boundary values can be prescribed on it, and nevertheless the
problem will be normally solvable. If 𝜈 = dim 𝑋 − 1, then the boundary of the
manifold 𝑌 degenerates to a point, and nothing can be prescribed on it. Next,
we note that for 𝜈 > 1, normally solvable problems are only S-problems (at least
in Sobolev spaces), whereas in the case 𝜈 = 1, besides problems of type S, one
may also consider other problems (of conjugation-problem type).

3. In the paper (5) we introduced the notions of boundary and coboundary
operators. Let us recall them.

For any finite-dimensional complex vector bundle 𝐸 → 𝑋 over a smooth (pos-
sibly with boundary) manifold 𝑋 and any real number 𝑠 ∈ 𝑅1, we shall denote
by Γ𝑠(𝑋, 𝐸) the Sobolev space (2) of sections of the bundle 𝐸.

If 𝑖 ∶ 𝑌 ⊂ 𝑋 is the embedding of a submanifold 𝑌 of codimension 𝜈 in a manifold
𝑋, then for 𝑠 > 𝜈/2 there is a continuous mapping

𝛿 = 𝛿𝑌 ∶ Γ𝑠(𝑋, 𝐸) → Γ𝑠−𝜈/2(𝑌 , 𝑖∗𝐸),

which assigns to each section 𝑓 ∈ Γ𝑠(𝑋, 𝐸) its restriction 𝑓|𝑌 to the manifold
𝑌 . We shall call such an operator an elementary boundary operator. A
general boundary operator is a composition

Γ𝑠(𝑋, 𝐸1) 𝐷−→ Γ𝑡(𝑋, 𝐸2) 𝛿−→ Γ𝑡−𝜈/2(𝑌 , 𝑖∗𝐸2)

of some pseudodifferential operator 𝐷 and the restriction operator. It is easy to
see that a boundary operator is continuous if its components are continuous.

The operator adjoint (in the sense of the 𝐿2-scalar product) to an elementary
boundary operator is

𝛿∗ = 𝛿∗
𝑌 ∶ Γ−𝑠+𝜈/2(𝑌 , 𝑖∗𝐸) → Γ−𝑠(𝑋, 𝐸),

which we shall call an elementary coboundary operator. A general
coboundary operator is a composition

Γ−𝑠+𝜈/2(𝑌 , 𝑖∗𝐸1) 𝛿∗
−→ Γ−𝑠(𝑋, 𝐸1) 𝐷−→ Γ−𝑡(𝑋, 𝐸2)

of an elementary coboundary operator and some pseudodifferential operator 𝐷.

Let us now consider the problem

𝐷𝑋𝑢 = 𝑓𝑋, 𝑥 ∉ 𝑌 ∪ 𝜕𝑌 (1)

of finding a section 𝑢 ∈ Γ𝑠(𝑋, 𝐸1) satisfying, off the manifold 𝑌 , equation (1)
for 𝑓𝑋 ∈ Γ𝑠−𝑚(𝑋, 𝐸2), where 𝑚 is the order of the expression 𝐷𝑋. First of all,
note that if 𝑠 − 𝑚 + 𝜈/2 ≥ 0, then equation (1) is equivalent to the equation on
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the whole manifold 𝑋, and, thus, problem (1) is normally solvable if and only
if the expression 𝐷𝑋 is elliptic.

Now let 𝑠 − 𝑚 + 𝜈/2 < 0. Then, since in the space Γ𝑠−𝑚(𝑋, 𝐸2) there are
nontrivial elements concentrated on the submanifold 𝑌 , and since dim 𝑌 > 0,
equation (1) has, generally speaking, an infinite-dimensional space of solutions.
To remove this nonuniqueness one must additionally impose a certain number
of boundary conditions. In order to understand the situation precisely, we
proceed (following the principle of locality) as follows. We shall straighten
the boundary near a typical point of the submanifold 𝑌 . Then we arrive at
a problem in the space R𝑁 and see that on the manifold 𝑌 one must impose
a certain number of boundary operators connected with the operator 𝐷𝑋 by
a certain algebraic condition (see (4)). In the case when the manifold 𝑌 had
no edge, this condition, together with the ellipticity condition of the operator
𝐷𝑋, ensured normal solvability of the equation. In invariant terms, fulfillment
of this condition means that normal solvability of our problem is equivalent
to normal solvability of two problems: the problem for an elliptic operator
on the manifold 𝑋 and the problem for an elliptic operator on the manifold
𝑌 . In the case when the manifold 𝑌 has no boundary (recall that we have
everywhere assumed that the manifold 𝑋 is closed), these problems are normally
solvable. If, however, the manifold 𝑌 has an edge 𝜕𝑌 and dim 𝜕𝑌 > 0, this is,
generally speaking, no longer the case. To understand the situation, we again
consider a typical point on the (closed) manifold 𝜕𝑌 . Again, in accordance
with the principle of locality, we straighten the boundary near such a point.
Let 𝑡1, … , 𝑡𝜈, 𝑥1, … , 𝑥𝑛−1, 𝑥𝑛 = (𝑡, 𝑥′, 𝑥𝑛) be coordinates in the space R𝑛, with
the (open) manifold 𝑌 is given by the equation 𝑡 = 0, 𝑥𝑛 > 0. Freezing
the coefficients of equation (1) and passing in it to the Fourier image with
respect to the variables 𝑥1, … , 𝑥𝑛−1 = 𝑥′, we obtain an equation which we shall
conventionally write in the form

𝐷𝑋(𝑡, 𝜉′, 𝑥𝑛)𝑢(𝑡, 𝜉′, 𝑥𝑛) = 𝑓. (2)

This equality holds for all 𝑥𝑛 and 𝑡, except for points lying on the half-line
𝑡 = 0, 𝑥𝑛 > 0. For the subsequent investigation the right-hand side of equation
(2) is inessential, and we shall assume 𝑓(𝑡, 𝜉′, 𝑥𝑛) ≡ 0. Hence it follows that in
the whole space ℝ𝑁 equation (2) can be written in the form

𝐷𝑋(𝑡, 𝜉′, 𝑥𝑛)𝑢(𝑡, 𝜉′, 𝑥𝑛) = 𝐶𝑣(𝜉′, 𝑥𝑛), (3)

where the matrix 𝐶 has the form

𝐶 =
⎛⎜⎜⎜⎜
⎝

1 𝜕𝑗𝛿(𝑡)
𝜕𝑡𝑗

⋱ ⋱
⋱

𝜕𝑗𝛿(𝑡)
𝜕𝑡𝑗

⎞⎟⎟⎟⎟
⎠

.
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Here 𝛿 is the Dirac 𝛿-function; 𝑗 = (𝑗1, … , 𝑗𝜈), |𝑗| = ∑ 𝑗𝑘 ≤ 𝑙𝜈 (see (5)), 𝑣(𝜉′, 𝑡)
is a (vector-)function concentrated on the half-axis 𝑥𝑛 > 0 with as yet arbitrary
components. Let now 𝜉′ ≠ 0. Then the solution of equation (3) has the form

𝑢(𝑡, 𝜉′, 𝑥𝑛) = ∫
ℝ1

∫
ℝ𝑛−1

exp{−𝑖[(𝑡, 𝜏)+(𝑥𝑛, 𝜉𝑛)]}𝐷−1
𝑋 (𝜏, 𝜉′, 𝜉𝑛)𝐶(𝜏)𝑣(𝜉′, 𝜉𝑛) 𝑑𝜏 𝑑𝜉𝑛.

Applying to the left- and right-hand sides of the written equality the boundary
operators 𝛿𝑌 𝐷𝑌 (𝑡, 𝜉′, 𝑥𝑛), we obtain, for any 𝜉′ ≠ 0,

𝑔 = 1
2𝜋 ∫

ℝ1
exp[−𝑖(𝑥𝑛, 𝜉𝑛)] ∫

ℝ𝑛−1
𝐷𝑌 (𝜏, 𝜉′, 𝜉𝑛)𝐷−1

𝑋 (𝜏, 𝜉′, 𝜉𝑛)𝐶(𝜏) 𝑑𝜏 𝑣(𝜉′, 𝜉𝑛) 𝑑𝜉𝑛,

where 𝑔 = 𝛿𝑌 𝐷𝑌 𝑢. Thus we arrive at a system of pseudodifferential equations

𝑔(𝑥𝑛) = 1
2𝜋 ∫

ℝ1
exp[−𝑖(𝑥𝑛, 𝜉𝑛)]𝜎(𝜉′, 𝜉𝑛)𝑣(𝜉′, 𝜉𝑛) 𝑑𝜉𝑛 (4)

with symbol

𝜎(𝜉′, 𝜉𝑛) = ∫
ℝ𝑛−1

𝐷𝑌 (𝜏, 𝜉′, 𝜉𝑛)𝐷−1
𝑋 (𝜏, 𝜉′, 𝜉𝑛)𝐶(𝜏) 𝑑𝜏.

The unique solvability of equation (4) is what interests us.

Let us first observe that, since the solutions 𝑣(𝜉′, 𝜉𝑛) of this equation must be
concentrated for 𝑥𝑛 ≥ 0, the equation obtained is essentially an equation on a
half-line.

From what was said above it follows that the symbol of this operator is not
equal to zero for any 𝜉𝑛. (Recall that 𝜉′ ≠ 0.) The theory of such equations
in Sobolev spaces was developed in a series of works by M. I. Vishik and G. I.
Eskin (1). This theory is based on the principle of factorization and consists in
the following. It is known that the matrix 𝜎(𝜉′, 𝜉𝑛) admits the factorization

𝜎(𝜉′, 𝜉𝑛) = 𝜎+(𝜉′, 𝜉𝑛)𝜎−(𝜉′, 𝜉𝑛)

with factors nondegenerate for 𝜉′ ≠ 0 and analytic, respectively, in the upper
and lower complex half-planes. It is shown—

It follows from (1) that the operator Σ+ with symbol 𝜎+(𝜉′, 𝜉𝑛) is Fredholm.
Let dim Ker Σ+ and dim Coker Σ+ be the dimensions of its kernel and cokernel.
Then, specifying dim Ker Σ+ boundary and dim Coker Σ+ coboundary condi-
tions at the point 𝑥𝑛 = 0, connected by a natural algebraic condition of the
Shapiro–Lopatinskii type, we obtain unique solvability of equation (4).
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4. In the preceding paragraph we have completely defined the boundary-value
problem that we shall call a boundary-value problem of type 𝑆, or, briefly,
an 𝑆-problem. (In order not to burden the exposition, I do not write out
the spaces of the right-hand sides of the 𝑆-problem. The reader will have
no difficulty filling this gap.)

We now formulate the main result of the paper.

Theorem. Suppose that the algebraic conditions on the coefficients of the prob-
lem formulated in § 3 are satisfied. Then the boundary 𝑆-problem is normally
solvable.

5. Lack of space does not allow us to consider constructions that generalize
𝑆-problems and are of great importance in considering topological aspects
of the theory, namely elliptic morphisms (7) for manifolds with boundary.
These questions will be considered in a subsequent paper.

I discussed the questions touched upon in this work with V. V. Grushin; I
express my gratitude to him for his attention.

Institute for Problems in Mechanics
Academy of Sciences of the USSR

Received
13 XII 1967
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