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A transformation of the variables and unknown functions is constructed for the
equations of plane steady motions of a gas, leaving the form of these equations
unchanged. Under application of this transformation, the initial equation of
state of the gas is transformed into a new one containing arbitrary parameters.
This may make it possible, by choosing the parameters, to approximate com-
plicated equations of state of a given medium (in particular, for gases taking
account of equilibrium reactions occurring in them) and, using the indicated
transformation, to reduce the problem to one for a gas with a simpler equation
of state, for which it can be solved by less complicated means. In contrast to ex-
isting works in this direction, the present approach makes it possible to consider
vortical motions of a gas, as well as flows with shock waves.

The equations of plane stationary motions of a gas (%)
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allow one to introduce into consideration new independent functions z,(x;,y; ),
Yo (21,1, ), for which the differential relations

dzy = [1 + a(pyv? + py)| dzy — apyuyv, dyy,

dyy = —apyuyvy dzy + [1+ a(pyuf + py)] dy;. (2)

hold. Here w,, v, are the projections of the gas velocity on the coordinate axes
xq,Y1; P1, 1 are the pressure and density of the gas; a is an arbitrary constant.
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In system (1), passing to the new independent variables x4, y, by formulas (2),
one can obtain an analogous system

Ou, Ouy  Opy 0, Ovy | Opy
Py D, + Pavs 0, + Dz, 0, Py 0, + Pavs 9, + Oy 0,
0 0
87%(02”2) + 9y (pavg) = 0. (3)

Here
Uy = uy [Aq, vy = vy /Ay, P2 =p1/Ay, Py = p1/01,

Ay =1+apy, o =1+ a(pyui + pyof + py). (4)

Thus, the indicated transformations (2), (4) put into correspondence with the
flow plane =y, (plane 1) a new flow plane x5y, (plane 2).

It is easy to see that the inverse transition from plane 2 to plane 1 can be effected
by the formulas

dzy = [1 — a(pyvs + po)] dzy + apyusvadys,
dy; = apyusvady + [1— alpaus + py)] dys,
Uy = uy /Ay, v = vy /Ay, p1 = D2/A, p1 = Pa/da;
Ay =1—ap,, dy =1 —a(pyu3 + pyv3 + py).

(5)

The transformations (2), (4) carry the streamlines ¢, (x4, y;) = const of plane 1
into the streamlines 15 (x4, y5) = const of plane 2. Indeed, since

vi_t% 0% %_%/%

up Uy Oxy/ Oyy — Owy/ Oyy’

then along the streamlines di; = A,dw,. The asserted statement follows from
this. The same can also be said about the lines orthogonal to the streamlines of
both planes. The mapping obtained is not conformal; there is only conservatism
of the angles between the streamlines and the trajectories orthogonal to them.

The vortices of the two planes are related by the relation

rot; V; = A0, roty, 'V, (rot; V, = Ov,;/0x; — Qu;/0y;, i=1,2), (6)

which can be obtained from the system (1) and formulas (2), (4).
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It is clear from relation (6) that in both planes simultaneously the motion is
either vortical or potential.

Let us dwell somewhat more closely on the equations of state of the two planes.
If in plane 1 the relation Fj(py,p;,%;) = 0 is fixed, then in plane 2 the cor-
responding relation F,(py, py,¥5) = 0 will be completely determined. Indeed,
from the formula p, = p,/d; we have

A 1 1
2 1

Differentiating (7) along a streamline and using the Bernoulli equation in differ-
ential form, for plane 1 one may write the relation

dpy a_dp, _ dpy a_ 9py (8)
pi  14ap; p py  l—apy py
Expressing p; in terms of p;,; from Fj(py,p;,%;) = 0 and using formula
(4) for p,, from the differential equation (8) one can obtain p, as a function
of py,%;. Then, upon carrying out (5) for p; and the equality ¥;(x1,y;) =
(g, ys) + const, the desired relation Fy(py, py,1P5) = 0 will be determined.

Assuming that dp,/dp; > 0, dpy/dpy > 0, introduce the notation

dpy/dpy =3, dpy/dp,=c3,  (ui+v})/F =ME,  (u3+v})/c} = 1\213)
9

Here ¢;, ¢, are the speeds of sound in the two planes, and M, M, are the Mach
numbers.

When the equality dp,/dp, = A2, formulas (4) for u;,v; and relation (7) are
used, from equation (8) the equality can be obtained without particular diffi-
culty:

1—M3 = N\*(1 - M3) (A= pa/p1)- (10)

Hence it follows that in the corresponding domains of the two planes the gas
motion is either subsonic, or sonic, or supersonic.

If in plane 1 the solution of some problem is known for a definite-

state equation, the solution of the corresponding problem in plane 2 for another
equation of state can be obtained by a simple recalculation. Indeed, if the
known functions wu;(xy,v,), v1(xq,y1), P1(21,91), p1(2y,y;) are available, the
transformation formulas (2) give
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xy = [ [L+a(pyof + py)ldzy — apyugvy dy; + const,

(11)

Yo = [ (—apyuyvy) day + [1+ a(pyui + py)] dy; + const.

—

Here the contour of integration plays no role, since the expressions under the
integrals are complete differentials.

From relations (4), determining the functions wus (21, ), v9(21, Y1), Po(T1,Y7),
po(x1,y1) for o = xo(x1,91), Y5 = Ys(xy,y;), we obtain the solution of the
corresponding problem in plane 2 in parametric form.

If in plane 1 the shape of the shock wave f(zy,y;) = 0 is specified, then the
corresponding image of the shock wave in plane 2 can be found from (11) by elim-
inating z,y; from the equations z, = z9(z1,y1), Yo = Y2(21,41), f(z1,91) = 0.

Generalization of S. A. Chaplygin’ s approximation to the case of
vortical gas motion. First of all it should be noted that if, in the equations
of plane steady gas motions,

du  9dp dv Op . _ d 3 2
plEJr%_O’ Pt +8y =0, div(pV) =0, dt _u6x+v8y
(12)

one makes the replacement of the flow parameters

p=x*W)p,  u=u/x(@), v=v/x@), p=p, (13)

then system (12) will be invariant with respect to the transformations (13), i.e.

jdu’Op" v Op" (Y dx(¥) _
o +8x_0’ p dt+3y_o’ div(p’V’) =0 ( =0].

Here () is an arbitrary function of the flow.

Consider in plane 1 the vortical motion of an incompressible fluid (p; = const).
Passing from plane 1 to plane 1’ by means of transformations (13), we have

pr=p1/X*(¥).

Suppose that transformations (2), (4) take plane 1’ into plane 2. (Since under
this mapping the streamlines pass into themselves, the index of the function ¥
has been omitted.) Along streamlines pj is constant, therefore M; = 0 in plane
1. According to equality (10), M, = V1 —A2 <1 (A < 1), i.e. in plane 2 the
gas motion must be subsonic. Applying Bernoulli’ s equation to equation (7) for
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plane 17, u}?2 +v{% + 2p} /p} = 2i} (i} is a function of the flow, and i} p} = i1p;)
and formula (5) (p; = py/A,), we obtain the function

1 2 -/ 4
P,=A —B/p, (A’ = LW% B = pl) :
2a(1 + aip}) 2a(1 + aip})

which in the parameters of plane 1 has the form

1+ 2ai,p, P1 )
P,—A—B A= _—12P g P )y
2 i (A= maras 2t aipe) Y

Thus, transformations (2), (4) put the motion of an incompressible fluid (plane
1) into correspondence with the motion of a compressible fluid with equation of
state (14) (plane 2). The expressions A and B contain two functions of the flow,
x(1), i1 (1), which can be chosen from the conditions of appro-

approximation of the Poisson adiabat p, = 0(¢))pg (0(¢) is a certain function
of the stream function, 7 is the adiabatic exponent) by the functions (14). The
functions p, = 0(¥)py, py = A(Y)) — B()/py in the pypy-plane define one-
parameter families of curves with parameter ¥. We shall require that, for the
prescribed value p,, each curve of one family be tangent to the corresponding
curve of the other family.

Equating the functions and their first derivatives at p,y, one readily obtains

X2 = py [1—apdy(y + 1)0()] /2ap3s '70(b),

iy = [2a(y + Dpyef(¢) — 1] /2ap; [1 — apsy (v + 1)0(4)] -

If it is assumed that in both planes the motion of the gas is irrotational, then,
taking 0(1)) = pyg/pay = const, we obtain A and B constant—this is the well-
known result of S. A. Chaplygin (2).

I express my gratitude to Academician L. I. Sedov for valuable advice.
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