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(Presented by Academician L. S. Pontryagin, March 9, 1966)

1. Let there be sets Y and U of arbitrary nature, with elements y and u,
respectively, and an integer sequence A = (0,1,2,...,N). To each i € A there
is assigned a subset V(7) of the direct product Y x U. We shall consider the set
D of pairs y(i),u(4) of functions of the integer argument 4, defined on A, such
that

y(i), u(i) € V(i), i=0,1,..,N; (1)

y(i+1) = fl,y(2), u(@)], 1=0,1,...,N—1, (2)

where the function (operator) f[i, y, u] is defined on the direct product AxY xU
and maps the latter into the set Y. It is assumed that the set D is nonempty.
The element y will be called the state of the system, or phase state, and u
the control. The former differs from the latter in that it enters the constraint
equation (2) for different values of i.

Define on D the functional I = Zij\io fOli, y(i),u(i)], where fO(i,y,u) is a func-
tional defined on A x Y x U. Suppose that the functional I on D is bounded
below, i.e. inf] = d > —oo. It is required to find a sequence {y,(¢),u,(i)} C D
minimizing the functional I on D, i.e. such that I[y,(i),u,(i)] = d as s — oo.
In particular, if there exists an element (y(¢),u(i)) € D satisfying the equality
I[y(i),u(i)] = d and called an absolute minimum, then the problem reduces to
finding the latter.

2. Let us prescribe on the direct product A x Y an arbitrary functional ¢(i,y)
and, with its help, construct the following quantities:

R<i7 Y, U) = (p{i + 17 f(zv Y, U)] - Qp(ia y) - fo(ia Y, u>; (3)
p(i) = sup R(i,y,u); (4)
y,ueV (i)
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¢)0<ya u) = _90[1’ f(07y7u)] + fO(O,y,u);

P, (y,u) = (N, y) + fO(N,y, u); (5)
mO = y,uien\f(o) (bO (y7 U), ml = y,uler\l/f(N) ¢)1<y7 u) (6)

Theorem. Let there be a sequence {y,(i),u,(:)} C D. In order that this
sequence minimize the functional I on D, it is sufficient (and, if fO(i,y,u) is
bounded on V(3) for all i € A, also necessary) that there exist such a functional
(i,y) that: 1) on {1,2,..., N—1} the function () defined by (4) is determined;
2) foralli=1,2,...,N—1

R[i,y,(i), us(i)] = p(i), 5= 00; (7)

Do[y,(0), ug(0)] = mg,  ®4[y,(N), ug(N)] = my,  s—=o00 (8

Remark 1. If the sequence appearing in the theorem has the form (i) = y(i),
ug(i) = u(i) for all s, then in (7), (8) the convergence requirement is replaced
by the equality sign, and the pair (y(7),u(i)) € D, satisfying the conditions of
the theorem, is an absolute minimum.

For the proof of the theorem the following is needed.

Lemma. Let a functional I(v), v € D, bounded from below, be given on a
set D, and let there be a set E, containing D, on which a functional L is
defined such that L(v) = I(v) if v € D, and there exists a sequence {v,} C D,
L(v,) — | = inf, g L(v). Then: 1) I(vy) — d = inf,I; 2) any sequence
{v,} € D, I(vy) — d, satisfies the condition L(v,) — .

Let us prove that d =1. Since DC Fand L=1forve D, 1 <d. Butl<dis
impossible, since I(v,) = L(v,) — l. Consequently, d = I, which also means the
validity of the lemma.

Proof of the theorem. Introduce into consideration a set E satisfying all
the conditions of the set D, except for the equalities (2), and define on it the
functional

N-1
Lly(i), u(i)] = @o[y(0), u(0)] + €4 [y(N), u(N)] = Y Rli, y(i), u(i)].

=

Tt is easy to see that for y(i),u(i) € D: L=1.
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Suppose that there exists such a functional ¢(i,y) that, on some sequence
{ys(?),ug(i)} C D, the conditions of the theorem are fulfilled. Then this se-
quence is minimizing for the functional L on the set E, and, by virtue of the
lemma, for the functional I on D. The first part of the theorem—the sufficiency
—has been proved. Necessity will be proved below (item 6), after the description
of possible constructions of the functional p(i,y).

3. This theorem generalizes to the discrete case the sufficient optimality con-
ditions formulated in (%) for continuous processes. Analogously to these
conditions, it makes it possible to reduce the problem of the minimum of
the functional I on D to the aggregate of problems of the maximum of the
functional R(i,y,u) on V(4) for each ¢ and of the functionals ®,(y, ) and
®, (y, u), implementing the connection between them by the corresponding
choice of the functional ¢(i,y).

Analogously to (1%), the conditions of the theorem leave freedom in the choice
of the functional (4, y), making it possible, by imposing additional requirements
on ¢, to specify various methods for solving the problem within the proposed
formalization, including discrete analogues of the methods considered in (1:2).
Let us consider some of them.

4. Hamilton-Jacobi-Bellman formalism. Denote by Vy(z) the projection
of the set V(i) onto Y, i.e., the set of such elements y € Y that at least
one element u can be matched with y so that (y,u) € V(i); V,,(¢,y) is the
section of V(i) for a given y € V, (i). Construct on V(i) the functionals:

P(Zay): sup R(iayaU’)? i=1,2,...,N—1;
ueV,, (4,y)

Fyly) = ueviil(fw Qo (y, u); Fi(y) = ueviﬁfv,w ;4 (y,u), i=0,N,

and choose ¢(i,y) so that: 1) the functional P(7,y) exists and does not depend
on y

P(i,y) = c(i), 1=1,2,..,N—1, 9)

where ¢(7) is an arbitrary function; 2) the functional F}(y) exists and does not
depend on y

Fi(y) = ¢, (10)

where ¢; is an arbitrary number. In practice, the choice of such a ¢ reduces to
solving the Cauchy problem for the functional equation (9) with initial condition
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(10) in the direction from N to 0. Namely, from (10) one finds p(N,y) =

— inf  f9(N,y,u) + ¢y, and then from (9), for i = N — 1,
ueV, (N,y)

@(Nilay) = sup {@[N7f(N717yau)]7fO(N713yau)}
ueV, (N—1,y)

and so on. If the functional f°(i,y,u) is bounded on V(i) for each i € A, then
a solution ¢(4,y) of this problem exists.

Denote by {u,(i,y)} a sequence of values u € V,,(4,y) on which R[i,y, u,(i,y)] —
P(i,y) for i =1,...,N — 1; (I)O[y’as(ovy)] — Fy(y); Py [y, us (N, y)] — Fi(y),
s — oo, and denote by {y,(7)} a sequence of solutions of the system y(i + 1) =
flisy(0), u (i, y(@)], i = 0,1,..., N = 1; Fylu(0)] — my.

If y,(i) € V,(i), i = 1,2,..., N, then the sequence {y (i), u(i) = u[i,y,(i)]}
belongs to D and satisfies all the conditions of the theorem, i.e., is minimizing,.
This will hold, in particular, if the sets V, (i) coincide with Y foralli = 1,2, ..., N.
Thus, with the given method of choosing ¢(7,y), the posed problem is solved
completely.

The functional equation (9) coincides with the equation of R. Bellman’ s opti-
mality principle (3), if one sets ¢(i) = 0, and understands ¢(i,y) as the “payoff
function” taken with the opposite sign.

5. Lagrange formalism. Let Y and U be finite-dimensional Euclidean spaces
with elements y = (y',...,y") and u = (u', ..., u"), respectively; V(i) = V(i) x
V,,(i); the sets V, (0) and V, (N) are fixed points y, € ¥ and yy € Y, while for
i=1,2,..., N —1V,(i) coincides with Y; V, (i), i = 0,1,..., N, coincides with
U; the vector function f(i,y,u) and the function f°(i,y,u) are continuous and

differentiable on V(i), i =0,1,..., N.

The idea of the method is that the function ¢(i,y) is sought jointly with an
extremal y(i),u(i) € D. Assuming ¢(i,y) continuous and differentiable with
respect to y for each ¢, and introducing the vector function (i), the gradient
of ¢ at the extremal points,

(i) = 0p(i,y)[0y| .. (11)

we write the necessary conditions for the maximum of R:

OR 0

O lymgti), u=ati 9y

o .. 0 .. ... P

gRl)] = D0 =0 1)
y=y(i), u=u(i
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where

H[i,w,y,u]zz/)~f(i,y,u)—f0(i,y,u). (14)

These equations are the discrete analogue of the Euler-Lagrange equations of
the calculus of variations in the form of L. S. Pontryagin (¥). Together with the
boundary condition

y(0) = Y5 y(N) = yn;

0

Byl 1(0)] = (1) 5 F(0,0,3(0)) + - 10,5 w0 =0, (15)

20y u(N)] = o fOIN, i, H(N)] = 0

they determine the extremal y(i),u(i) € D and ¢(i). In order to solve the
problem to the end, i.e., to prove that the pair 4(¢),u(7) is the desired absolute
minimum, it is necessary to prove the existence of a function p(i,y) satisfying

(7), (8), (11).

Remark 2. Equations (12), (13) are necessary conditions not only for the
maximum of R(i,y,u), but also for the minimum of the functional I on D ),
Thus—

We also note that in the discrete variant under consideration, unlike the contin-
uous one, the maximum of the Hamiltonian H with respect to u (the maximum
principle of L. S. Pontryagin) is not a necessary condition for the maximum of
R(i,y,u) and, at the same time, is not a necessary condition for the optimality

of (5).
6. We now prove the second part of the theorem—the necessity.

It follows from the lemma that in those cases where one can specify an obviously
admissible algorithm for constructing a functional ¢(i,y) satisfying the condi-
tions of the lemma, conditions 1)—3) of the theorem are necessary optimality
conditions. Such an algorithm is, in particular, given by Bellman’ s formalism
if the sets V, (i), i = 1,2,..., N, coincide with Y and the functional O, y,u) is
bounded on V(i) for each fixed i € A.

Consider the auxiliary problem of minimizing the functional

,.4

SO(, y(i), u(i))

Mz

=0
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on the set D of pairs y(i),u(i). Here fOli,y,u] = fO(i,y,u) for y € V, (i), and

fO =K fory ¢ V,(i); K = q+ SUD, ey, icA O3, y,u); g is any number
satisfying the inequality

N
q>SU.pI—ian: sup fO i7y>u - inf fO iayﬂu
E B ; y,ucV (i) ( ) y,ucV (i) ( )

The set D differs from D only in the structure of the set V(i) of admissible
pairs y,u € Y x U. Namely, "\/;(2) coincides with Y for all i € A, while V, (i, y)
coincides with V,,(i,y) for y € V(i) and coincides with U for y € Y/V,(i).
Obviously, D C D and I = I for y(i),u(i) € D. On any element D not
belonging to D, the value of the functional Iis greater than on any element of
D. Indeed, suppose the condition y(i), u(i) € V(i) is violated for 1 <m < N+1
values of i; then

~

I—supl >mqg+infl —supl > (m—1)qg > 0.
D E E

This means that, beginning with some s = S, all elements of a minimizing
sequence of the functional I will lie in D: {y,(i),us(i)} C D for s > S. And
since I = I on D, this sequence is also minimizing for the functional I.

Let the functional ¢(i,y) satisfy the conditions of the theorem for this problem.
The functionals R(i,y,u), ®,, and ®, corresponding to this ¢(i,y) coincide
on V(i) with the analogous functionals for the original problem, and, since
V(i) C V(i), they tend on the sequence {7, (i), @ (i)} C D to their greatest
(least) value on V(i), i.e. the functional ¢(i,y) satisfies conditions 1)—3) of
the theorem also for the problem of minimizing I on D. Since the problem
of minimizing I on D belongs to the type singled out above, for which the
existence of such a functional ¢(i,y) is necessary, it is necessary also for the
original problem. The theorem is proved.
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