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We shall denote by 𝐾 the class of all finitely presented groups 𝐺 =
⟨𝑎1, … , 𝑎𝑛; 𝑅1 = 1, … , 𝑅𝑘 = 1⟩ such that: 1) the set of all defining words
{𝑅𝑖} is closed under the operation of taking inverses and cyclic permutation
of letters; 2) each 𝑅𝑖 is cyclically irreducible; 3) when reducing the product of
two words 𝑅𝑗1

and 𝑅𝑗2
from {𝑅𝑖} that are not mutually inverse, less than 1/4

of the letters of the word 𝑅𝑗 are cancelled; 4) if the defining words 𝑅𝑖1
, 𝑅𝑖2

, 𝑅𝑖3
are written on a circle one after another and a reduction occurs between each
pair, then less than 1/4 of each of the words 𝑅𝑖𝑞

, 𝑞 = 1, 2, 3, is cancelled.

For groups of the class 𝐾, the identity problem is solved by Dehn’s algorithm,
and the conjugacy problem by the generalized Dehn algorithm.

In the work (1), M. Grindlinger gave positive solutions of the identity and con-
jugacy problems for a certain class of groups narrower than 𝐾, and in the work
(3) Lyndon did so for certain other classes, which partially intersect the class
𝐾.

We shall use the following notation. If 𝐴 is a word written in the generators of
the group 𝐺, then the inverse word to it will be denoted by 𝐴. By ≡, ≅, = we
shall denote, respectively, free equality, graphical equality, and equality in the
group 𝐺.

1∘. In every group of the class 𝐾, every word equal to the identity is freely equal
to a product of 𝑛 factors of the form 𝑇 𝑖𝑅𝑖𝑇𝑖, where 𝑅𝑖 is some defining word;
𝑇𝑖 contains no more than half of some defining word, 𝑇 𝑖𝑅𝑖𝑇𝑖 is irreducible; for
any 𝑅𝑗 and 𝑅𝑘 from

𝑛
∏
𝑖=1

𝑇 𝑖𝑅𝑖𝑇𝑖

such that 𝑅𝑗 ≅ 𝑋𝑌 𝑍, 𝑅𝑘 ≅ 𝑃 𝑌 𝑄, and under some way of reducing this product
the words 𝑌 and 𝑌 cancel with one another, we have 𝑍𝑋𝑌 ≇ 𝑌 𝑄𝑃 .
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The product 𝑅″
𝑖1

… 𝑅″
𝑖𝑝

, remaining under some way of reducing

𝑛
∏
𝑖=1

𝑇 𝑖𝑅𝑖𝑇𝑖,

we shall call an adjacent product if

for 𝑝 = 1 𝑙(𝑅″
𝑖1

) > 3/4 𝑙(𝑅𝑖1
),

for 𝑝 > 1 𝑙(𝑅″
𝑖𝑞

) > 1/2 𝑙(𝑅𝑖𝑞
), 𝑞 = 1, 𝑝,

𝑙(𝑅″
𝑖𝑗

) > 1/4 𝑙(𝑅𝑖𝑗
), 𝑗 = 2, … , 𝑝 − 1,

each 𝑅𝑖𝑞
is reduced with 𝑅𝑖𝑞+1

, 𝑞 = 1, … , 𝑝 − 1, and no 𝑅𝑖𝑠
is reduced with any

𝑇 𝑖𝑞
or 𝑇𝑖𝑟

.

Theorem 1. If a nonempty irreducible word 𝐶 is equal to the identity in a
group 𝐺 from 𝐾, then under any way of reducing the product

𝑛
∏
𝑖=1

𝑇 𝑖𝑅𝑖𝑇𝑖 ≡ 𝐶,

the word 𝐶 contains an adjacent product.

It is easy to see that Theorem 1 implies a positive solution of the identity
problem for groups of the class 𝐾.

2∘. For every group in 𝐾, denote by 𝒜1 the set of all defining words 𝑅𝑖; of
the parts of the defining words 𝑅′

𝑖 remaining after reduction of the product of
two not mutually inverse defining words; and of the parts 𝑅″

𝑖 of defining words
remaining after reduction of 𝑅𝑖, 𝑅𝑗, 𝑅𝑘, when they are written one after another
on a circle and a reduction occurs between each pair.

Let the sets 𝒜2, … , 𝒜𝑛−1 be defined. By 𝒜𝑛 we shall denote the set of all words
freely equal to a product 𝑋𝑌 such that

𝑋 ≅ 𝑅∗
𝑖1

… 𝑅∗
𝑖𝑛−1

∈ 𝒜𝑛−1, 𝑌 ≅ 𝑅∗
𝑗 ∈ 𝒜1,

𝑅∗
𝑖𝑛−1

and 𝑅∗
𝑗 are not parts of mutually inverse defining words, and 𝑅∗

𝑖𝑛−1
𝑅∗

𝑗 is
reducible.

The set ∞
⋃
𝑛=1

𝒜𝑛

will be denoted by 𝒜.

Lemma. A nonempty irreducible cyclic word equal to 1, not a defining word,
and folded into a cycle, contains an occurrence of two nonintersecting words
from the set 𝒜.
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Let words 𝐴 and 𝐵 be given. In order to determine whether these words are
conjugate or not, we fold each of them into a cycle, reduce them, and, if it
contains a word 𝑆 whose length is more than half of a defining word 𝑅 ≅ 𝑆𝑇 ,
replace it by the smaller part 𝑇 . If the word 𝐴 transformed in this way is
nonempty, we consider all its cyclic permutations 𝐴1, … , 𝐴𝑠. If there exists a
defining word 𝑅𝑖 ≅ 𝑋𝐴𝑖𝑋𝐷 and 𝑙(𝐷) < 1/2𝑙(𝑅𝑖), then we add to the sequence
𝐴1, … , 𝐴𝑠 all possible permutations of 𝐷. We proceed analogously with the
word 𝐵. We obtain two sequences 𝐴1, … , 𝐴𝛼 and 𝐵1, … , 𝐵𝛽.

Theorem 2. The words 𝐴 and 𝐵 are conjugate if and only if at least one of
the relations 𝐴𝑖 = 𝑋𝐵𝑗𝑋 holds, where 1 ≤ 𝑖 ≤ 𝛼, 1 ≤ 𝑗 ≤ 𝛽, and 𝑙(𝑋) ≤
1/2 max{𝑙(𝑅𝑖)}.

3∘. In the following theorems a number of abstract properties of groups of the
class 𝐾 are established. In the proofs of these theorems the lemma given above
is used.

Theorem 3. In every group of 𝐾 which is not cyclic, no nontrivial identity
holds.

Theorem 4. Every noncyclic group of 𝐾 is a group without a center.

Theorem 5. Every element of a group in 𝐾 has trivial centralizer.

I take this opportunity to express my gratitude to M. D. Grindlinger for his
attention to the work and for valuable advice.
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