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MATHEMATICS

L. A. BOKUT’

ON THE EMBEDDING OF RINGS IN FIELDS
(Presented by Academician A. I. Mal’tsev on 12 IX 1966)

I. In this note a proof is given of the following result:

Theorem. There exists an (associative) ring without zero divisors, not embed-
dable in a field, whose multiplicative semigroup of nonzero elements is embeddable
in a group.

This is a solution of a problem posed by A. I. Mal’tsev.

II. Following (2), let us call a ring 𝐾 an 𝑆𝑁 -ring if 𝐾 is an algebra with 1
over a field 𝐹 , given in some system of generators Ξ by relations of the
form

𝑤𝑖ℎ𝑖 = 𝑢𝑖𝑓𝑖, (1)

where 𝑖 ∈ 𝐼, 𝑤𝑖, ℎ𝑖, 𝑢𝑖, 𝑓𝑖 ∈ Ξ, satisfying the conditions:

S1) {𝑤𝑖, 𝑢𝑖} ∩ {ℎ𝑗, 𝑓𝑗} = ∅.

S2) The words 𝑤𝑖ℎ𝑖, 𝑢𝑖𝑓𝑖, 𝑖 ∈ 𝐼 , are pairwise distinct.

N) If in 𝐾 there is an equality 𝐴𝐵 = 𝐶𝐷, where 𝐴, 𝐵, 𝐶, 𝐷 are nonzero linear
combinations of generators from Ξ, then either 𝐴 = 𝐶𝑋, 𝐷 = 𝑋𝐵, 𝑋 ∈
𝐾, or there is an equality 𝑥𝑦 = 𝑧𝑡 among (1) such that the relations hold:

𝐴 = 𝑎𝑋(𝑥 + 𝛼𝑧), 𝐵 = (𝑦 + 𝛽𝑡)𝑌 , 𝐶 = 𝑋(𝑧 + 𝛽𝑥), 𝐷 = (𝑡 + 𝛼𝑦)𝑌 𝑎, (2)

where 0 ≠ 𝑋, 𝑌 , 𝑎 ∈ 𝐹 , 𝛼, 𝛽 ∈ 𝐹 .

In (1) it is proved that, as a basis of the algebra 𝐾, one may take the element 1
and all words in the generators not containing the left-hand sides of the relations
(1) (assuming that in (1) the left- and right-hand sides are fixed). In (2) it is
proved that 𝑆𝑁 -rings have no zero divisors.

By 𝑆𝑁 we shall denote the totality of completions 𝐾 of rings 𝐾 ∈ 𝑆𝑁 with
respect to the natural norm. The ring 𝐾 is the ring of formal infinite series of
the form
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𝐴 =
∞

∑
𝑖=0

𝐴𝑖,

where 𝐴𝑖 are homogeneous elements of degree 𝑖.
III. Let 𝐾 be an arbitrary 𝑆𝑁 -ring. Introduce the following sets of elements

of the ring 𝐾: Γ is the set of all invertible elements of the ring 𝐾; 𝑃 is
the set of elements of the form

𝑝(𝑤, 𝑢, 𝐴) = 𝑤 + 𝑢𝐴, 𝑝(𝑢, 𝑤, 𝐶) = 𝑢 + 𝑤𝐶, (3)

where 𝑤ℎ = 𝑢𝑓 is an arbitrary one of the relations (1); 𝐴 is an arbitrary element
of 𝐾 such that all basic words in 𝐴 do not begin with 𝑓 and do not end with 𝑤;
all basic words in 𝐶 do not begin with ℎ and do not end with 𝑤; 𝑄 is the set of
elements of the form

𝑞(𝑓, ℎ, 𝐴) = 𝑓 + 𝐴ℎ, 𝑞(ℎ, 𝑓, 𝐶) = ℎ + 𝐶𝑓, (4)

where 𝑤ℎ = 𝑢𝑓 is an arbitrary one of the relations (1), and 𝐴 and 𝐶 are the
same as above; 𝑅 is the set of all irreducible elements (one from each class of
associated elements), each of which is not associated with any element from
𝑃 ∪ 𝑄.

Let us single out in the sets 𝑃 , 𝑄 the subsets 𝑃 ⊆ 𝑃1, 𝑃 ∗, 𝑄 ⊇ 𝑄1, 𝑄∗.
Namely, into 𝑃1 and 𝑄1 we place elements of the form (3) and (4) for which
𝐴 and 𝐶 are not invertible; into 𝑃 ∗, 𝑄∗ we place elements of the form 𝑃 ∗ =
{𝑝(𝑤, 𝑢, 𝐴∗)}, 𝑄∗ =

= {𝑞(𝑓, ℎ, 𝐴∗)},
where 𝐴∗ are invertible elements. For a fixed relation

𝑤ℎ = 𝑢𝑓 (5)

we shall regard the sets of all noninvertible elements 𝐴 and 𝐶 occurring in (3)
and (4), as well as the set of all invertible elements 𝐴∗ from (3) and (4), as
completely ordered:

𝐴1, 𝐴2, … ; 𝐶1, 𝐶2, … ; 𝐴∗
1, 𝐴∗

2, … .

After this we introduce new notation for the elements of the sets 𝑃1, 𝑄1, 𝑃 ∗, 𝑄∗,
whose meaning will be clear from the examples:

𝑝(𝑤, 𝑢, 𝐴𝑖) = 𝑝𝑖(𝑤, 𝑢) = 𝑝𝑖𝑤, 𝑞(𝑓, ℎ, 𝐴∗
𝑖 ) = 𝑞∗

𝑖 (𝑓, ℎ) = 𝑞∗
𝑖𝑓 .
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We define the group Γ by a system of generators consisting of all elements of this
group and by some system of relations 𝑋𝑖 = 1. Denote by 𝐾∗ the multiplicative
semigroup of nonzero elements of the ring 𝐾.

Theorem 1 (3). The semigroup 𝐾∗
is given in the system of generators

𝑃1 ∪ 𝑄1 ∪ 𝑃 ∗ ∪ 𝑄∗ ∪ 𝑅 ∪ Γ (6)

by the following system of defining relations, constructed for all relations (5)
among (1) and for all indices 𝑘, 𝑖, 𝑛, 𝑚:

1. 𝑝𝑘(𝑤, 𝑢)𝑋𝑘𝑖𝑞𝑖(ℎ, 𝑓) = 𝑝𝑖(𝑢, 𝑤)𝑌𝑖𝑘𝑞𝑘(𝑓, ℎ). (7)

2. 𝑝∗
𝑘(𝑤, 𝑢)𝑋∗

𝑛𝑖𝑞𝑖(ℎ, 𝑓) = 𝑝𝑖(𝑢, 𝑤)𝑌 ∗
𝑖𝑛𝑞∗

𝑛(𝑓, ℎ). (8)

3. 𝑝𝑘(𝑤, 𝑢)𝑋𝑘𝑛𝑞∗
𝑛(𝑓, ℎ) = 𝑝∗

𝑛(𝑤, 𝑢)𝑌 𝑛𝑘𝑞𝑘(𝑓, ℎ). (9)

4. 𝑝∗
𝑛(𝑤, 𝑢)𝑋∗∗

𝑛𝑚𝑞∗
𝑚(𝑓, ℎ) = 𝑝∗

𝑚(𝑤, 𝑢)𝑌 ∗∗
𝑚𝑛𝑞∗

𝑛(𝑓, ℎ), (10)

where 𝐴∗
𝑛 − 𝐴∗

𝑚 is an invertible element,

𝑋∗∗
𝑛𝑚 = 𝑌 ∗∗

𝑚𝑛 = (𝐴∗
𝑛 − 𝐴∗

𝑚).

5. 𝛼(𝑎 + 𝐿𝛼) = (𝑎 + 𝛼𝐿)𝛼, (11)

where 0 ≠ 𝑎 ∈ 𝐹, 𝛼 ∈ 𝑃1 ∪ 𝑃 ∗ ∪ 𝑄1 ∪ 𝑄∗ ∪ 𝑅.

6. 𝑋𝑖 = 1. (12)

Here we have used the notation:

𝑋𝑘𝑖 = (1−𝐶𝑖𝐴𝑘)−1, 𝑌𝑖𝑘 = (1−𝐴𝑘𝐶𝑖)−1, 𝑋∗
𝑛𝑖 = (1−𝐶𝑖𝐴𝑛∗)−1, 𝑌 ∗

𝑖𝑛 = (1−𝐴∗
𝑛𝐶𝑖)−1,

𝑋𝑛𝑘 = 𝑌 𝑘𝑛 = (𝐴∗
𝑛 − 𝐴𝑘)−1.

IV. We now recall the definition of the rings 𝐹(𝑄𝑛) from (1). The ring 𝐹(𝑄𝑛),
𝑛 ≥ 2, is an algebra with 1 over the field 𝐹 , given in the system of
generators

{𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑠𝑖, 𝑡𝑖, 1 ≤ 𝑖 ≤ 𝑛; 𝑣0, 𝑣1}
by the defining relations

𝑎𝑖𝑠𝑖 = 𝑐𝑖𝑣0, 𝑏𝑖𝑠𝑖+1
= 𝑐𝑖𝑣1, 𝑏𝑖𝑡𝑖+1

= 𝑎𝑖𝑡𝑖,
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where 1 ≤ 𝑖 ≤ 𝑛, 𝑠𝑛+1 = 𝑠1, 𝑡𝑛+1 = 𝑡1. In (2) it was proved that the rings
𝐹(𝑄𝑛) are 𝑆𝑁 -rings. If 𝐹 is a field of characteristic 𝑝 ≠ 0, 𝑛 = 𝑝𝑘, then, as
shown in (1), the rings 𝐹(𝑄𝑛) are not embeddable in fields. On the other
hand, it will follow from what follows that the semigroups 𝐺𝐹(2)(𝑄𝑛)∗

are embeddable in groups. Therefore the ring 𝐺𝐹(2)(𝑄4) is the simplest
example of a ring giving an answer to A. I. Mal’cev’s problem.

V. Let again 𝐾 be an arbitrary 𝑆𝑁 -ring, and let 𝐺 be the group of fractions of
the semigroup 𝐾∗, i.e. the group given by the generators (6) and the relations
(7)—(12). Fix some relation (5). In the group 𝐺 the equalities

𝑋∗
𝑛1𝑞1𝑛𝑄∗

1𝑛𝑓𝑞−1
1ℎ 𝑋∗−1

𝑛𝑖 𝑃 ′
1𝑛𝑤𝑌 𝑛𝑘𝑞𝑘𝑓𝑄∗

2𝑛𝑓𝑞−1
𝑠𝑓 𝑌 ∗−1

𝑛𝑠 𝑃 ′
2𝑛𝑤,

𝑃 ′
3𝑛𝑤𝑌 𝑛𝑘𝑞𝑘𝑓𝑄∗

3𝑛𝑓𝑞−1
𝑠𝑓 𝑌 ∗−1

𝑛𝑠 𝑃 ′
4𝑛𝑤𝑋∗

𝑛1𝑞1ℎ𝑄∗
4𝑛𝑔𝑞−1

𝑖ℎ 𝑋∗−1
𝑛𝑖 ,

(13)

hold, if the following relations hold:

1. 𝑃 ∗
1𝑛𝑤 = 𝑃𝑖𝑢𝑃𝑘𝑤.

2. 𝑌 ∗
𝑙𝑛𝑄∗

1𝑛𝑓𝑌 ∗−1
𝑖𝑛 𝑃 ′

𝑖𝑢 = 𝑃 ′
𝑙𝑢𝑌𝑙𝑘𝑄𝑘𝑓𝑌 −1

𝑖𝑘 .
3. 𝑃 ′

𝑘𝑤𝑋𝑘𝑛𝑄∗
2𝑛𝑡𝑋

∗−1
𝑠𝑛 = 𝑋𝑘𝑖𝑄𝑖𝑛𝑋−1

𝑠𝑖 𝑃 ′
𝑠𝑤.

4. 𝑄′
𝑘𝑓𝑄′

𝑖𝑛 = 𝑄′
𝑙𝑛𝑄′

𝑠𝑓 .

(14)

5. 𝑃1𝑢 = 𝑃 ∗
3𝑛𝑤𝑃2𝑘𝑤.

6. 𝑃1𝑖𝑢 = 𝑃 ∗
𝑠𝑤𝑃 ∗

2𝑛𝑤.

7. 𝑃 ′
1𝑘𝑤𝑋𝑘𝑙𝑄𝑙𝑛𝑋−1

𝑠𝑙 = 𝑋∗
𝑘𝑛𝑄∗

3𝑛𝑓𝑋∗−1
𝑠𝑛 𝑃 ′

1𝑠𝑤.

8. 𝑌𝑙𝑠𝑄𝑠𝑓𝑌 −1
𝑖𝑠 𝑃 ′

1𝑖𝑢 = 𝑃 ′
1𝑙𝑢𝑌 ∗

𝑙𝑛𝑄∗
4𝑛𝑓𝑌 ∗−1

𝑖𝑛 .

9. 𝑃1𝑠𝑤𝑃1𝑙𝑢 = 𝑃 ∗
4𝑛𝑤.

The notation introduced here will be clear from the following examples: 𝑄∗
1𝑛𝑓 =

1+𝑞∗
𝑛𝑓𝐿1, 𝑄∗′

1𝑛𝑓 = 1+𝐿1𝑞∗
𝑛𝑓 , 𝑄∗

2𝑛𝑓 = 1+𝑞∗
𝑛𝑓𝐿2, where 𝐿1, 𝐿2 ∈ 𝐾, 𝑃𝑖𝑢 = 1+𝑝𝑖𝑢𝐿,

𝑃 ′
𝑖𝑢 = 1 + 𝐿𝑝𝑖𝑢, 𝐿 ∈ 𝐾.

In 𝐺 the equalities

𝑋∗−1
𝑠𝑛 𝑝−1

𝑠𝑤𝑃 ∗
1𝑛𝑤𝑝𝑘𝑤𝑋∗

𝑘𝑛𝑄∗
1𝑛𝑓𝑌 ∗

𝑖𝑛𝑝−1
𝑖𝑢 𝑃 ∗

2𝑛𝑤𝑝𝑙𝑢𝑌 ∗
𝑙𝑛𝑄2𝑛𝑓 =

= 𝑄∗
3𝑛𝑓𝑌 ∗−1

𝑖𝑛 𝑝−1
𝑖𝑢 𝑃 ∗

3𝑛𝑤𝑝𝑙𝑢𝑌 ∗
𝑙𝑛𝑄∗

4𝑛𝑓𝑋∗−1
𝑠𝑛 𝑝−1

𝑠𝑤𝑃 ∗
4𝑛𝑤𝑝𝑘𝑤𝑋∗

𝑘𝑛, (15)

also hold, if relations analogous to those given in (14) hold.

VI. Let us give one more collection of equalities of the group 𝐺. Suppose that
among the defining relations of the ring 𝐾 under consideration there is a
triple of equalities of the form:
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𝑤ℎ = 𝑢𝑓, 𝑤1ℎ1 = 𝑢𝑓1, 𝑤ℎ2 = 𝑤1𝑓2. (16)

Fix the equalities (16) and introduce the notation:

𝑝𝑛𝑤 = 𝑤 + 𝑢𝑓1𝐿𝑛, 𝑞𝑛𝑓 = 𝑓 + 𝑓1𝐿𝑛ℎ, 𝑞𝑛𝑓2
= 𝑓2 + ℎ1𝐿𝑛ℎ2,

𝑝𝑖𝑢 = 𝑢 + 𝑤ℎ2𝑀𝑖, 𝑞𝑖ℎ = ℎ + ℎ2𝑀𝑖𝑓, 𝑞𝑖ℎ1
= ℎ1 + 𝑓2𝑀𝑖𝑓1,

𝑝𝑘𝑤1
= 𝑤1 + 𝑢𝑓𝑆𝑘, 𝑞𝑘𝑓1

= 𝑓1 + 𝑓𝑆𝑘ℎ, 𝑞𝑘ℎ2
= ℎ2 + ℎ1𝑆𝑘𝑓2,

(17)

where 𝐿𝑛, 𝑀𝑖, 𝑆𝑘 are arbitrary nonzero elements of the ring 𝐾, not ending in
𝑤, 𝑢, 𝑤1, respectively. (We regard the sets {𝐿𝑛}, {𝑀𝑖}, {𝑆𝑘} as completely
ordered.)

In the group 𝐺 the equalities

𝑃 ′
1𝑛𝑤𝑋′

𝑛𝑗𝑄′
𝑛𝑓

−1𝑞−1
𝑖𝑛 𝑋′−1

𝑛𝑖 𝑃 ′
𝑛𝑤𝑋‴

𝑛𝑙𝑞𝑙ℎ2
𝑄′

𝑛𝑓2
−1𝑞−1

𝑘ℎ2
𝑋‴−1

𝑛𝑘 =

= 𝑋‴
𝑛𝑙𝑞𝑙ℎ2

𝑄′
𝑛𝑓2

−1𝑞−1
𝑘ℎ2

𝑋‴−1
𝑛𝑘 𝑃 ′

3𝑛𝑤𝑋′
𝑛𝑖𝑞𝑗ℎ𝑄′

𝑛𝑓
−1𝑞−1

𝑖ℎ 𝑋′−1
𝑛𝑖 𝑃 ′

2ℎ𝑤, (18)

hold, if relations analogous to those given in (14) are satisfied.

The meaning of the notation introduced will be clear from examples:

𝑃1𝑛𝑤 = 1 + 𝑝𝑛𝑤𝐴1, 𝑃 ′
1𝑛𝑤 = 1 + 𝐴1𝑝𝑛𝑤, 𝐴1 ∈ 𝐾, 𝑋′

𝑛𝑖 = (1 − ℎ2𝑀𝑖𝑓𝐿𝑛)−1,

𝑌 ′
𝑖𝑛 = (1 − 𝑓1𝐿𝑛ℎ2𝑀𝑖)−1, 𝑋″

𝑘𝑖 = (1 − 𝑓2𝑀𝑖𝑓𝑆𝑘)−1, 𝑋‴
𝑛𝑘 = (1 − ℎ𝑆𝑘ℎ1𝐿𝑛)−1.

VII. Let now 𝐹 = 𝐺𝐹(2). Fix some semigroup 𝐹(𝑄𝑛) ∗
, 𝑛 ≥ 2, and let 𝐺 be its

group of quotients. We shall show how, on the basis of what has preceded,
it is proved that the semigroup 𝐹(𝑄𝑛) ∗

is a subsemigroup of the group
𝐺. First of all, include among the defining relations of the group 𝐺 the
relations (13), (15), and (18). Next define a finite sequence of groups 𝐺𝑖,
1 ≤ 𝑖 ≤ 8. All these groups are obtained according to the rule: among
the generators of the group 𝐺 some subset is singled out and all defining
relations from the elements of this subset are considered. Therefore, in
order to define the groups 𝐺𝑖, it is enough to specify the sets of generators
Σ𝑖 of each of these groups. We have: Σ1 = Ξ ∪ Γ; Σ2 is obtained from
Σ1 by adjoining all elements of the form 𝑝𝑖(𝑢, 𝑤), 𝑞𝑖(ℎ, 𝑓) such that they
do not enter the sets (18), constructed for all relations (17) obtained from
the relations of the ring 𝐹(𝑄𝑛) by fixing the number 𝑖, 1 ≤ 𝑖 ≤ 𝑛; Σ3
is obtained by adjoining to Σ2 elements of the form 𝑝𝑛(𝑢, 𝑤), 𝑞𝑛(ℎ, 𝑓),
𝑞𝑛(ℎ1, 𝑓1), constructed for all relations (17);
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Σ4 is obtained from Σ3 by adding all elements 𝑝𝑛(𝑤, 𝑢), 𝑞𝑛(𝑓, ℎ) that do not
belong to the set (18); Σ5 consists of the elements of Σ4 and elements of the form
̄𝑝𝑛(𝑤1, 𝑢), ̄𝑞𝑛(𝑓1, ℎ1), ̄𝑞𝑛(ℎ2, 𝑓2), constructed for all triples (17); Σ6 is obtained

by adding to Σ5 the elements ̄𝑝𝑛(𝑤, 𝑢), ̄𝑞𝑛(𝑓, ℎ), ̄𝑞𝑛(𝑓2, ℎ2), constructed for all
triples (17); finally,

Σ7 = Σ6 ∪ 𝑃 ∗ ∪ 𝑄∗, Σ8 = Σ7 ∪ 𝑅.

In the groups 𝐺𝑖, 1 ≤ 𝑖 ≤ 8, a canonical form of elements is constructed succes-
sively, analogously to how this is done in the works (1) and, especially, (4). As
a result it turns out that every word of the group 𝐺 is equal to one and only one
word having canonical form. Moreover, if 𝑊 is a positive word of the group 𝐺 (a
word in the alphabet (6)), then to obtain its canonical form it is enough to carry
out on 𝑊 a certain number of “semigroup”transformations (transformations
corresponding to the equalities (7)—(12)). This proves the required result.

In conclusion I consider it my pleasant duty to express sincere thanks to Acad.
A. I. Mal’tsev, A. I. Shirshov, and A. D. Taimanov for the help and support
given to the author, and also to Yu. L. Ershov for reading the manuscript of
the work.
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