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SURFACES IN THREE-DIMENSIONAL IDEAL
RIGID-PLASTIC BODIES

(Presented by Academician Yu. N. Rabotnov on 23 XII 1966)

Discontinuous solutions of the equations of the theory of ideal plasticity have
repeatedly been used in solving many problems of plane strain, plane stress, and
torsion of prismatic bars. Examples of the use of discontinuous solutions in these
cases are well known (173). In (#), relations on a stress-discontinuity surface for
three-dimensional bodies were studied, for stress states corresponding to an
edge of the Tresca prism. In (%) it was shown that on a stress-discontinuity sur-
face, for convex plasticity conditions, the displacements are continuous and the
plastic strain rates are equal to zero. Below, relations on a stress-discontinuity
surface are derived for an arbitrary plasticity condition, and consequences of
these relations are obtained for the Mises and Tresca plasticity conditions.

1. Let there be, in a three-dimensional plastic body, a surface ¥ on which
the stresses undergo a discontinuity. On the discontinuity surface the contact
stresses must be continuous, whence it follows that

[O’ij]’l)j =0, (1,1)

where [0,;] = 05 — azrj is the difference of the stresses on the different sides of

the surface 3; v; is the unit normal to this surface. The stresses on both sides
of the surface must satisfy the plasticity condition

f(aij) =1, (1,2)

whence it follows that

[f(oi)] = floiy) — f(oi) = 0. (1,3)

The strain rates in a rigid-plastic body are related to the stresses by the associ-
ated flow law
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€ = 1/2(“@;‘ +uj;) = Apijs (1,4)

where p;; = 0f/00,;; u,; are the projections of the displacement velocity; the
comma denotes differentiation with respect to a coordinate; A is an undeter-

mined multiplier greater than zero.

Relations (1,4) hold on the different sides of the surface 3, therefore

leij] = Yollug ;] + [u;]) = [Apyj)- (1,5)

Using the geometrical compatibility conditions (°) for the derivatives of the

displacement velocities, [u; ;] may be represented in the form

[u; ] = A\jv;,  where  A; = [u; j]v;. (1,6)
From relations (1,5) and (1,6) it follows that
lei5] = 1/2()\{”]' + Av;) = [Apyl- (1,7)

If the yield surface is convex, then by (5) ei*j = g;; = 0, whence it follows that

AT = A7 = 0. Equating the indices 7 and j in relations (1.6), after summation we
obtain \;v; = 0. Multiplying equality (1.7) by v; and summing with respect to j,
we obtain \; = 0; from conditions (1.6) it then follows that the first derivatives
of the displacement velocities are continuous on the surface X.

In what follows we shall restrict ourselves to the consideration of isotropic ma-
terials; in this case the stress tensor and the strain-rate tensor will be coaxial.

Equations (1.1), (1.3), (1.7), generally speaking, are insufficient for determining
the stress state behind the discontinuity surface ¥, since the tensor €;; may
vanish on this surface.

Let, on the stress discontinuity surface Y, the strain rates 52} and &;; vanish.

Since plastic zones are assumed on both sides of 3, there must exist derivatives
of the strain rates on the surface ¥ different from zero. Let €, ;, # 0; then,
differentiating relations (1.4), we obtain

1
Eijkd = 5(%‘,;‘1@‘.,1 + uj,ik...l) = Ak iDij- (1.8)

Writing (1.8) in discontinuities and using the geometrical compatibility condi-
tions, it is easy to obtain the relations

1
il = i(civjvk eV U vy) = (A Dyl
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ci[ui)jkml]vjvk...vl. (1.9)

Multiplying relations (1.9) by vy, ...v; and summing over repeated indices, we
obtain the equalities

1
[a;;] = 5(02‘%‘ + ¢;pi) = [¥pijl;

a,l'j = €ij7k'__lvk U w = )\vk___lvk . Up. (1.10)

Equating ¢ and j in relations (1.10), using the incompressibility condition, after
summation we obtain

la;;] = c;v; = [Yp;;] = 0. (1.11)

From the system (1.10) and (1.11) we find the quantities ¢,

C = 2w)pij]vj;

then relation (1.10) may be represented in the form

[VDik|Vk0d + [Pk vkt = [VDi]- (1.12)

Among these relations only 3 are linearly independent; therefore equations (1.1),
(1.3), (1.12) determine a closed system for finding the 7 unknown quantities:

Tij» P
In the canonical coordinate system (v; = v, = 0; v5 = 1) the system of equations
(1.1), (1.3), (1.12) takes the form

[0:5] = 0; [f(o;;)] =0; [¥p11] = [¥paa] = [¥p12] = 0. (1.13)

2. As an example, consider stress discontinuities in a plastic body under the
Mises plasticity condition. Relations (1.13) in this case take the form

[0:5] = 0; (51555 — 2k?] = 0; [Ps11] = [Phsas] = [1s12] =0, (2.1)

where s;; = 0;;, — %U&ij; 9;; is the Kronecker symbol.

A combination of relations (2.1) gives the equality

{1 — (")} (83, + 535 + 535 + 257,) = 0. (2.2)
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From relations (2.2) and (2.1) it follows that a stress discontinuity is possible

only when ¢ /1)~ = —1, and the corresponding expressions for the stresses have
the form:
- _ 9+ + . — _ 9.+ + . -t
o1 = 2033 = 07y; Oy = 2033 — O 033 = 033; (2.3)
- — _t. - _ ot - _ .+ :
012 = 012 013 = 013; 023 = O23-

If the direction cosines of the principal axes [;; m;; n, are introduced, then the
stresses 0;; can be represented as follows:

0;; = o1l;l; + ogmm; + o3nn;, (2.4)

where 0, 04, 04 are the principal stresses. Substituting relations (2.4) into
equations (2.3) and taking into account that

Ll +mym;+nmn; =0, (2.5)

we obtain a system of 12 equations with respect to o7; 055 o3; I;7; m;; n;.
The solution of this system is represented in the form

0] = 2033 — af; 0y = 2033 — 03‘; 03 = 2033 — O’;;
L=E omp=Emys g = Fog; (2.6)
ly ==£lp;  my =£my; oy =Fng; '
Il =F3; ms = Fm3; ny = 4nj,

i.e., the corresponding principal axes are equally inclined to the discontinuity
surface ¥ and lie in planes passing through the normal to 3. It is necessary to
note that relations (2.6), which relate the stress states on different sides of X,
correspond to points lying on diametrically opposite sides of the yield surface.

3. Under a plasticity condition that includes plane portions and edges, the
strain rates on the stress-discontinuity surface may be nonzero and may
undergo a discontinuity. However, the defining relations (1.12) completely
retain their form.

Let the stress state on different sides of the surface ¥ satisfy an edge of the Tresca
plasticity condition. Without loss of generality, suppose that the maximum
value of the difference is attained between the second and third principal stresses;
then

oy — 03 = +£2k. (3.1

Using relations (2.4), (3.1), the system (1.13) can be represented in the form
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[033] = [0,13 + o9m3 + 03n3] = 0;

[o15] = [o1l115 + o9mymgz + o3n 03] = 0; (3.2)
(093] = [o115l5 + o9momg + o3nong] = 0;
[e11] = [A(m3 —n?)] = 0; [e20] = [A(m3 —n3)] = 0; (3.3)
[e12] = [A(mymy — nyny)] = 0.

Relations (2.5), (3.1), (3.2), (3.3) give a closed system of equations for determin-
ing the stress and strain state beyond the discontinuity surface. We note that
they must be invariant with respect to rotation of the coordinate system about
the third axis. Rotating the coordinate system so that o5 becomes zero, and
combining (3.1) with the second and third equations of (3.2), we obtain:

(mgng /I)? = (mzng /I7)?. (3.4)

Relations (3.3), after eliminating A from them, split into two systems of linear
equations

(my —ny)/(m3 —n3)

(my —ny)/(mg —ny);

., -0 (3.5)
(mi +ny)/(mg +n3) = (my +ny)/(mg +n3z);
(mi —=ny)/(mg —ng) = (my +ny)/(my +ny); (3.6)
(mi +ny)/(mg +n3) = (my —ny)/(mg —ny).
The system of equations (2.4), (3.4), (3.5) is satisfied by the solution
l7 =+l m; =+m]; n; = 4n/, (3.7)

and the equations (2.4), (3.4), (3.6) are satisfied by the solution (2.6). Substi-
tuting (3.7) into relations (3.2), we obtain

[01]15 + [09] m3 + [03] n3 = 0;
[01] L1153 + [o5] mymg + [05] nyng = 0; (3.8)
[01] lyl5 + [05] momg + [05] ngng = 0.
Fig. 1

Since a stress discontinuity on the surface ¥ is assumed, the determinant of
system (3.8) must be equal to zero, whence
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i.e., one or two of the principal axes lie in the plane tangent to X.

Solving jointly the system of equations (3.8), (3.9), (3.1), for stress discontinu-
ities we obtain different solutions:

I3 =0; mgz 7 0; ng # 0; 03] = 03] = 0; [o4] #0;  (3.10)

I3 # 0; myz = 0; ng # 0; [01] = [o3] = 0; o] = +4k;  (3.11)

ly =mg =0; ng =1 [o5] = [o5] = 0; [o1] # 0; (3.12)
ly=m3=0; ng=1  [o3]=0; [og] =24k  [oq] #0; (3.13)
mg =nz =1, ls=1; [04] = 05 3] = [o3] # 0; (3.14)
mg = ng = 0; lg=1; [01] = 0; [05] = [o3] £ 4k, (3.15)

where the solutions (3.11), (3.13), (3.15) correspond to different signs before 2k
in relations (3.1) on opposite sides of the stress-discontinuity surface X, while
the solutions (3.12), (3.14) correspond to the same sign before 2k.

From relations (3.1), (2.6) it follows that, on the stress-discontinuity surface, a
discontinuity of the strain rates €,5 and €,5 is possible,

[e13] = —2¢1s; [e95] = *253_&

The change of [,5] and [e43] in the plane tangent to ¥ is shown in Fig. 1.
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