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The article is devoted to establishing estimates relating the optimal solutions
and optimal values of the problems

o226 2)

(the original problem) and

sup [(¢,z) — @(z, My, K)],
xeM

where M, and M are convex sets in R™, defined by systems of convex inequalities;
K is a vector-parameter; and ® is a function, chosen in one way or another,
reflecting the measure of the “penalty” for violation of the constraints defining
the set M,. The meaning of considering these estimates is that, for certain
constructions of the function ®, the optimal values of the indicated problems
either coincide (for some fixed K), or converge under certain regimes of variation
of the vector K.

The idea of the “penalty” method is natural and has been used, in one form
or another, in some earlier works as well. It appears, for example, in the pro-
cedure of the direct differential gradient method (). Connected with this idea
are methods of asymptotic reduction of convex programming problems to un-
constrained extremum problems (or the corresponding numerical realizations)
(276). The use of the “penalty”method for solving a transportation problem with
prohibitions is found in (7). A mathematical justification of the applicability of
this method to solving optimal-control problems is given in (¥).

In the present note, an estimative approach is carried out toward establish-
ing the relations that exist between the problems under consideration. Fur-
ther, unlike the method of asymptotic reduction of a convex programming prob-
lem to an unconstrained-extremum problem, here, in constructing the function
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[(c,x) — ®(x, M,,K)], provision is made for the possibility of taking into ac-
count an arbitrary part of the constraints from the original system, while the
optimization is carried out on the set of solutions of the remaining subsystem.
This thereby determines the possibility of applying certain special algorithms
for solving optimization problems with “almost” special systems of constraints.
The approach described can also be used for solving large-scale problems.

I. Problem C. Find max(c,z) subject to the constraints

fi(x) <0 (e ) filx)=0 (j€y), (1)
where J, UJ, = 1,1; the f;(z) are convex differentiable functions defined on R™,
with f;(x) linear for j € J,. Let L,I=S,US, SyNS =0 K;>0(j€eS).

Problem C,. Find
Sup[(ca Jf) - ‘I)l (Z‘, K)]7

(0, K) = > K@) @)+ > Kfi)

J1NS, JNS,

subject to the constraints

file) <0 (Geins);  filz)=0 (je,NSG); (2)

here

We shall assume that problem C satisfies the regularity condition (9).

Introduce the notation: M is the set of solutions of the system (2); m and
m4 (K) are the optimal values, respectively, of problems C and Cy; Z and #, (K)
are their optimal solutions.

If max(c, z) in problem C exists and is attained (at the point ), then, by the
regularity condition, there will be numbers u? (dual estimates) such that

l
W20Ged), e=) uiVHE), m=)Y W[(Vf(E),F) - f(E);
1 0
here V is the gradient symbol.
Theorem 1. Under certain conditions the following assertions are valid:

1) if the optimal set of problem C is nonempty and bounded, then problem C;
also has this property;
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V2410
2K ’

=

m;f.%x{(sj(fl)fj(fl)v JE€Ju; ;@) J€ Jo} < where |u

V242 op2

(e.m) = 7] < ISpl o=

forKj:K>0,

where |Sy| is the number of elements of the set S,.
Of the listed assertions we shall prove 2).

Let Fy(z,K) = (¢,z) — ®;(x, K). Since Fy(Z,K) = (¢,Z) =m and & € M, we
have

my(K) = suj\[;Fl(x,K) >m
S

Next, let " € M, v; = (Vf;(z"),2" — &) + f;(Z). Note the obvious relations:

v; < f;(z")  (by the convexity of f;(x)), v; = fi(x) forjeJy (4)
0 0~ — 0~ — 07 (0
Doy <0 Y =0, > udy= ) uffi@).
Jins Jons JaNS, JoNSy
Taking (3) and (4) into account, we obtain
1

Fi(a,K) = (c,a') =@, (a',K) =T + »_udy; — &, (2, K) < i — @, (2/, K)+
1
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% u0
+ ) Wfi )+ Y ulfia) = [\/ (e ] +
Jy NSy JyNSy Jlmsoms J
2
> )= 3 |- ]
J1NSNS(z’) J J1NS, J,NS,
(u?)?
sy Bl eyl
J,NS, 4KJ Sy 4K

here S(2’) = {j | f;(z") > 0}.
But since 2’ is an arbitrary element of M, we have
(u})?

m,(K) = sup Fy(z,K) <m + I
(0) = sp o) <714 T

Assertion 2) is proved.
Corollary 1. 7, (K) — m as min; K; — +00.

Corollary 2. If the optimal set M of problem C'is bounded, then

|7, (K) — M|71€nf|x1( )—y|l =0 as HljinKj%+oo.
y

Corollary 3. If in system (1) all constraints are linear, then for K; = K > 0,

f”‘u P}

where Cj, is a constant depending only on the coefficient matrix of system (1).

II. Problem C,. Find

V2+1
[u®ll, So

7, (K) — M| < Cy— max{

sup[(e, z) — @y(x, K)],
zeM

where

=Y K@) f@)+ Y Klf)

J1NSo J2NSy
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and M is the set of solutions of system (2).

Theorem 2. If 7, (K) is the optimal value of problem C, and K; > [u] for
Jj €Sy, then

1) my(K) = m;
2) the optimal sets of problems C' and C, coincide.

We prove the first assertion of the theorem. Let 2’ € M. Using (3) and (4), we
estimate

Fy(2',K) = (¢c,z") — Py(2’, K).

J1NSg J2NSo
= Y K@) fia) = Y Kjlfa)]
J1NSy §2NSo
<T— Y (K;—ud)s;(a) fila) = D (K; = [uf])|f;(a)]
J1NSo J2NSo

Thus F,(2', K) < m. Since 2’ is an arbitrary element of M, we have

o (K) < 7. (5)

On the other hand, £ € M and F,(Z,K) = m. Hence,

my(K) = sg]\%F2(x,K) > m.

Comparing the last inequality with (5), we obtain the relation to be proved.

Remark. The function ®,(x, K) is smooth. Therefore, reducing problem C' to
problem C] is expedient in the case when problem C] is solved by one of the
methods using continuity of the gradient of the optimizing function (and most
deterministic methods are of precisely this kind). The choice of a “penalty” func-
tion in the form ®,(x, K), however, is expedient, for example, in probabilistic
optimization methods.
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ITI. Theorems 1 and 2 remain valid if, in the functions @, (z, K) and ®,(z, K),
terms of the form K;5,(x)f?(x) and K;5,(x)f;(x) are partially or com-
pletely replaced, respectively, by K[f;(z)+ zj]2 and K| f;(z) + z;|, where
z; are auxiliary variables on which nonnegativity conditions are imposed.

This fact can be used successfully in constructing rational numerical

schemes that lead to the solution of a problem of type C by reducing it to

a problem of type C;. Suppose, for example, that a linear programming

problem is given: find max(c, z) for

re{z|(cj;r)—

—a; <0 (j€Jy), (¢j,r) —a; =0 (j € Jy), x> c. If we set

(2,2 K) = S K, [(e0) —a;+ 2] + SO K, [(e,2) — ],
7 T

then the solution of the original problem can be replaced by the solution of the
problem

max [(c,z) — ®(x, 2, K)].

(z,2)>0

The function optimized in the latter problem is a concave quadratic form, whose
maximization on the set of nonnegative values of the variables can be effectively
carried out, for example, by the gradient projection method.

Computations for a number of linear programming problems (using a program
for the M-20 computer), carried out in accordance with the “penalty” method,
made it possible to find, with high accuracy, the optimal values (and optimal
points) of the problems being solved.

Sverdlovsk Branch of the V. A. Steklov Mathematical Institute Academy of
Sciences of the USSR
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REFERENCES

1 R. Wolfe, Recent Developments in Nonlinear Programming, 1962.

2 T. Pietrzykowski, Prace ZAM, ser. A, No. 13 (1961).

3 T. Pietrzykowski, Algorytmy, 1, No. 1 (1962).

4 A. V. Fiacco, G. P. McCormick, Manag. Sci., 10, No. 2 (1964).

5 N. P. Buslenko, G. A. Sokolov, Economics and Mathematical Methods, 1, No. 1
(1965).

6 M. V. Vilkov, Automation and Telemechanics, 26, No. 11 (1965).

7 D. B. Yudin, E. G. Golshtein, Problems and Methods of Linear Programming,

sovietrxiv.org/items/ru-196701.96945 Machine Translation


https://sovietrxiv.org/items/ru-196701.96945

Moscow, 1964.

8 Okamura Kiychisa, J. Soc. Ind. and Appl. Math. A2, No. 3 (1965).
9 G. Zoutendijk, Methods of Feasible Directions, IL, 1963.

10°A. J. Hoffman, J. Res. Nat. Bur. Stand., 49, No. 4 (1952).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.96945 Machine Translation


https://sovietrxiv.org/items/ru-196701.96945

	Abstract
	Full Text
	THE “PENALTY” METHOD IN CONVEX PROGRAMMING
	REFERENCES


