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HYDROMECHANICS

O. A. OLEINIK

ON A SYSTEM OF BOUNDARY-LAYER
EQUATIONS FOR AXISYMMETRIC FLOWS

(Presented by Academician I. G. Petrovskii on May 7, 1967)

We shall consider the system of boundary-layer equations for axial stationary
and nonstationary flow past bodies of revolution. For these systems, solutions
will be constructed below by means of the method of lines; theorems on unique-
ness and stability of solutions will be obtained; and the question of the behavior
of solutions as time increases without bound will be investigated. In paper (1),
by the method of lines, solutions were constructed for the system of boundary-
layer equations for nonstationary axisymmetric and plane-parallel symmetric
flows over some finite time interval. Problems concerning continuation of the
boundary layer for stationary and nonstationary flows were studied in papers
(173). We note that the proof of the existence of a solution of the Prandtl system
that will be indicated below contains an approximate method for constructing
the solution and a proof of its convergence. The method of A. A. Dorodnitsyn
for the approximate solution of the system of boundary-layer equations is set
forth in (4,%).

1. Stationary axisymmetric boundary layer

The system of boundary-layer equations for an axisymmetric three-dimensional
stationary flow of an incompressible fluid in the corresponding coordinates has
the form

uu, +vu, = UU, +vu,,, (ru), + (rv), =0 (1)

in the domain Dy{0 <z <0, 0 < y < oo}, under the conditions

o =0, u|y:O =0, U|y:0 = vy(), u—U(x) asy—oo. (2)

The function r(x) determines the surface of the body being flowed around;
r(0) = 0; r,(0) # 0; U is the velocity of the external flow; v is the coefficient
of viscosity (see (), p. 174).
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If one introduces new independent variables

=z, n=ulzy)/U(), 3)

then for the function w = u, /U we obtain the equation

Vwavm —nUw¢ + Aw,, + Bw =0 (4)

in the domain Gp{0 < ¢ <0, 0 <7 <1}, with conditions

wl,_y =0, (rww, —vow + C)|,_o =0, (5)

where A = (> —1)U,, B=-nU, +nr,U/r, C =U,.

Using the method of lines, we shall prove, under certain natural assumptions,
the existence and uniqueness of a solution of problem (4), (5), which, through
the transformation (3), leads to a solution of problem (1), (2). Let f*(n) denote
f(kh,m); h = const > 0; k=0,1,2,.... We replace equation (4) with conditions
(5) by the system of ordinary differential equations

V(wk)wam —nUF(w? —wh=1) /b + Akw’; + BFwk =0, (6)

0<n<1; k=0,1,...,[0/h], with the conditions

wh(1) =0, (vwkwl — vfwk + C%) |

" =0. (7)

n=0

We shall assume that U and r are twice continuously differentiable functions;
U(z) > 0, r(xz) > 0 for z > 0; U = ax + b(z), where a = const > 0; |b| < K;2%;
Vg, Voy, Be are bounded, U, > 0. It is obvious that [B| < Ky§; Ky, Ky = const.

Lemma 1. The system (6), (7) has a solution w”(n), continuous for 0 < 7 < 1
and possessing all derivatives for n < 1.

Lemma 2. For the solution of the problem (6), (7) the estimate

M1 =m)[|In(1—n)B " = Myle™ ¥ < wh(n) < M(1—n)|In(1—n)B,["/2e72*",

(8)
holds, where M? = 4a; v;,7,, My, 31, B are certain positive constants indepen-
dent of h, and |In(1 —n)B, |2 — M, > 0.

Lemma 3. For kh < x4, where x5 > 0 depends on U,r,v,, the following
estimates are valid for the solution w*(n) of the system (6), (7):

sovietrxiv.org/items/ru-196701.96915 Machine Translation


https://sovietrxiv.org/items/ru-196701.96915

—M;[In(1 — 77)/62|1/2 < wﬁ(n) < —M,|In(1 - 77)61‘1/2) 9)

|(wk —w ) /h] < ML —m)|In(1 =)y, Jwkwh, | < My, (10)

where the constants M, are positive and do not depend on h.

Estimates for w* = 2* and (w* —w*~1)/h = r* can be obtained by considering
successively the equations

v(wh)?zk 4+ AFZF = nUkrk — Bk, (11)
V(wk+1>2 k+1 nUk( k+1 __ )/h+Ak+1T]f,+l +7,k+1 [Bk+1 _ n(Uk+1 _ Uk)/h—i-

+ (Wt k) (nUFrk — ARk — Bkwk)/(wk)2]+w§(A’”1—Ak)/h—i-w’“(Bk“—B’“)/h =0
(12)

for k = 0, then for k = 1,2,...,[0/h], and taking into account the boundary
conditions: ¥ (1) = 0; wrftt —CFHPFHL [yttt 4 (CFH—CF) JwPh+ (vt —
vE)/h = 0at n = 0; v2F—vy+CF /w® = 0 at = 0, as well as the inequalities (8),
from which estimates of the form (9) follow for 2* for some sequence of points
n,, tending to n = 1 as n — oco. Estimate (10) for wkwfm follows directly from
equations (6) and the preceding inequalities. By Lemmas 1 and 2, the functions
w® form a compact family in the sense of uniform convergence. The limiting
function w as h — 0 is continuous in G, - and has a bounded derivative wg; the
derivatives w,, w,, are such that ww,, ww,, are bounded. Since at the interior
points of G, equation (4) is parabolic, the derivatives We, Wy, w,, satisfy the

Holder condltlon in any interior subdomain G, , and within G 2, €quation (4)

is valid for w. By virtue of the boundedness of w,’fn forn <1—¢ and any § > 0,
w, satisfies a Lipschitz condition in 7 for n < 1—4, and condition (5) is fulfilled
for n = 0. Hence we obtain the following assertion.

Theorem 1. If § < x, then in Dy there exists a solution of the problem (1),
(2) possessing the following properties: u, u,, are continuous and bounded in Dy;
Uyys Uy, U, are bounded and continuous in y in Dy and continuous in x at the
interior points of Dy; v is continuous in y in Dy, in x at the interior points of Dy,
and bounded for bounded y; u,, — 0 as y — 00, u, > 0 for 0 <y < 005 u,,, is
bounded in Dy; u,,, is bounded in Dy for bounded y, yas Uyyy are continuous at
the interior points of D,. The solution of the problem (1), (2) with the indicated

properties is unique.

2. Nonstationary axisymmetric boundary layer. The Prandtl system for
an axisymmetric three-dimensional un-
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of the steady flow (see (6))

uy + uu, +vu, = UU, + U, + vu,,, (ru), + (rv), =0 (13)

in the domain Q{0 <t < oo, 0 <z <60, 0 <y < oo}, with the conditions
U|t:0 = U’O(xay)v u‘a::() =0, u‘y:O =0, ’U‘y:O - ’UO(th)a

u—U(t,z) asy— oo, (14)

like problem (1), (2), by means of the transformation of the independent vari-
ables

=t £ =u, n=u(t,xz,y)/U(t, x) (15)

and the introduction of the new function w = u, /U, is reduced to the equation

vww,, —w, —nUwe + Avwn +Bw=0 (16)

in the domain Q,{0 <7 < 00, 0< £ <0, 0 <n <1}, with the conditions

w| =g, /U(0,z) = w,, w|n7 =0, (rww,—vow+ 6,7)| =0, (17)

7=0 =1 n=1

where

A= —)U, +(n—1UJU, — B=ury/r—U/U—nU,,

C=U,+U,U.

We shall assume that r(¢,2) and U(¢, x) are functions twice continuously differ-
entiable in Qy; U > 0 and r > 0 for > 0; U = ax+b(t, x), where a = const > 0,
|b| < K322, K3 = const; 7(¢,0) = 0, r,(,0) # 0; vy(t,0) = const; the functions
U,, U, /U, r /7, vy and their derivatives with respect to ¢ and 2 are bounded
in Qp, and the derivatives of these functions with respect to ¢, as well as U, /U,
do not exceed in absolute value K z, where K, = const.

Let f™*(n) = f(mh,kh,n). We replace equation (16) in the domain Q,, with
conditions (17), by a system of ordinary differential equations
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mk _ , ,m—1k wmk _ ,ymk—1

V(’u}mk)2w:ﬁ7k _w hw —77Umk hw _’_kaw;nk_'_'gmkwmk =0,
(18)
0<n<1; m=1,2,...; k=0,1,..,[0/h]; h = const > 0,
with the conditions
w™ (1) = 0, (Vwmkw;”k —oftkmk 6"’”’“)|n:0 =0, wo = wy(kh,n).
(19)

M(1—n)|In(1—n)a,|/2e7¢, where M? = 4a; wy > K, (1—n)|In(1—n)a,|/2e %,

moreover K7 > 2a, |wge| < K5(1—1n) In(1—mn)ay|'/2, if |§£| < Kg, and K, is an
1/2

With respect to the function wy(§,7) we shall assume the following: w, <

arbitrary sufficiently small constant, while |w| < K7 (1—n)¢|In(1—n)ay|'/?, if

|Zg| + |§f| + |6J’§\ < Kg&; let, in addition, wg,, <0, wp, > —Kg|In(1 — n)a, |2,

|vwwo,, — nU (0, &)woe + A0, & m)w,, + B(0, & mw| < Kio&(1—n)| In(1—n)ay[1/2

and the compatibility condition is fulfilled

L) (57 0>w0n(€7 O)_UO (Oa €>w0<§5 O)+5<07 f) = VuOyy($7 O)+(UUx+Ut) ‘t:O_UO (Oa .’L’)U;Oy(l', 0> = 0.

Here K, «;, v are certain positive constants. Obviously, all these conditions on
wy will be satisfied if, for example, ug(z,y) is a solution of problem (1), (2), or
coincides with it in a neighborhood of the straight line = 0, and also for large
y, with U, r, v, taken at t = 0. This means that w, is a certain perturbation of

the velocity u in the steady boundary layer.

Lemma 4. The system (18) with conditions (19) has a solution w™*, continuous

for 0 < n <1 and possessing all continuous derivatives for n < 1. For kh < Z,
and 0 < mk < oo, the following estimates hold for w™F:

Mj(1 = )| In(1 — n)ay[1/2 < w™ < M(1— )| In(L — m)ag|V2e7,

wmk _ wm—lk

02> wZ““ > —Mg| In(1 —n)ag|'/?, h

<
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< Mzkh(1 —n)[In(1 —n)ay|'/?, (20)

< Mg(1—n)|In(1 — n)ay|'.

Here M; and «; are certain positive constants independent of h.

Theorem 2. Let U,r, vy, u, satisfy the conditions indicated above in Sec. 2.
Then in the domain @, for 6 < Z,, there exists a solution of problem (13),
(14) having the following properties: wu,u, are continuous and bounded in Q;

Uy Uy, Uy, , are bounded and continuous with respect to y in Qg; v is continu-

ous with respect to y and bounded for bounded y; u,, — 0 as y — oo, u,, > 0 for
y = 0; u,,, is bounded in Qy, u,,,u,, are bounded in )y for bounded y. The
solution of problem (13), (14) possessing these properties is unique.

3. Stability. Denote by u(t, z,y) the solution of problem (13), (14) for
U=U(tz), r=Ftz), vy=7dy(t )

and ug(z,y), and by u(z, y) the solution of problem (1), (2) corresponding to the
functions U(z),r(x),vy(z). Suppose that these functions satisfy the conditions
of Theorems 2 and 1, respectively.

Theorem 3. Let the functions
U-U, U,-U, U0, @ —v, 70/F—r/r (21)

tend to zero as t — oo uniformly in D,. Then for any § > 0 there exists a
constant C(d) such that in D,

@t 2,9)/T(t,2) — u(z, ) /U ()| < 6+ Cy(6)e,
where o = const > 0 depends on the data of problem (1), (2), 8 = min(z, Z,).

0
Theorem 4. If the functions (21) are equal to zero for ¢t > ¢, > 0, where
to = const < oo, then in Dy, for y < y,

a(t, 2,y) —u(z,y)| < CLU(x)e ",
where the constant C, depends on gy, § = min(zy, Z,).

Theorem 5. Let the functions (21) not exceed € > 0 in absolute value, and let

‘11}(0,5,7]) - w(gv 77)| <&,

where w is the solution of problem (4), (5), and @ is the solution of problem
(16), (17), corresponding to the functions v and @. Then

[i(t, 2, 9) /T (t,2) — u(w,y)/U@)] < Cye
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for all ¢ in D, where the constant Cy depends on the data of problem (1), (2)
and on the constants entering into (20).

Let us note that, by an analogous method, one can investigate the boundary-
layer equations for plane-parallel symmetric flows of an incompressible fluid.
The question of the stability of solutions of the problem of the continuation of
the boundary layer was considered in work (7).
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