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Let S, be the class of functions
Folz) =2+ CP 21 4o

regular and univalent in the disk |z| < 1, with p-fold rotational symmetry (p =
1,2,...; S; =95), and let ¥ be the class of functions

F(z)=z+4ay+azt+ -,

regular and univalent in the domain 1 < |z| < oo. Denote:

In @ = i?ykzk, f(z)es. (1)
k=1

Each function F(z) € ¥ generates a system of functions {4,,(2)} (n =1,2,...)
by means of the expansion:

z—t e B
lnm = ZAn(t)Z , || > 1, [t| > 1. @)

n=1

Among the properties of the system {4, (2)} (}) we recall the inequality

2 _
n§:1n\An(z)\ <In =t |z| = ~> 1. (3)

Below, using this inequality, we derive estimates for certain mean quantities for
the coefficients v, and CY.

Theorem 1. For a function f(z) € S, for every n (n = 1,2,...) the inequality

Z klvel? < Z
=1

+0 (4)
k=1

x| =
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holds, where § is an absolute constant for which the estimate § < 0.312 holds.

Proof. From a function f(¢) € S construct

1 1
F(z)=—= €%, z= =,
D50 ¢
and then, for an arbitrary finite w, consider the function
z
1
"F (z2) —w

and its Taylor expansion about z = co. Let
= oo
In—=—— = E —k, 5
n Flz)—w & Qr(w)z (5)

If in equality (5) we put w = 0 and compare the resulting equality with expan-
sion (1), then we shall have:

2= Qu0)  (k=1,2,..). (6)

Since the function F'(z) does not vanish in the domain |z| > 1, the interior of
any level line C,, p > 1, contains the point w = 0, and then, by the maximum
principle for subharmonic functions, taking (6) into account, we obtain

43 KPyl? = kIQuO) < max D KlQy(w)[*. (7)
k=1 k=1 f k=1

n
(the subharmonicity of the function Zk\ak(w)P was used earlier by Pom-
k=1
merenke [2] in estimating Faber polynomials). But on the level line C,,, Q,(w) =
QL(F(2)), |2] = p, and the quantity Q. (F(z)) is related to the function A.(z)
by the relation (1)

1

QuF() = 54+ A42)  (F=12,..). (®)

Now from (7), (8), and (3) we find:

2

Z 1 L 1
E v |? < 7 ax k E'Zk +A,(2)] <
k=1 #=r =
1 "1 1 1
<= E —p?k 41 =—->1.
_2<k—1kp +n1_r2>’ F
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Choosing p = 2%+ and carrying out the necessary transformations, we
arrive at the conclusion of the theorem.

Corollary. For the function
o)=Y CPriles,  (p=1,2,.)
n=0

we have
1 n
S> IO <A (n=1,2,.0), 9)

k=1

where A < e(%+29/P (¢ is Euler’ s constant).

Proof. If f,(2) € S, then ff)’(zl/p) = f(z) € S. Therefore we have the identity

In

zl/p :];ln

RLEP) 1 fle) X2,
e =2 ot
z =1 P
or, after exponentiation,
C(P) k 10
k+1% - (10)

i)
e [z v] _
=1 P

From (10) it follows that

(e}

k=0

n—1 ®)
|Ckp+1| < exp
k=0

2 n—1
P43

Using Cauchy’ s inequality and Theorem 1, we have

1/2
n—1 n—1 n—1 n—1
1 1 9 0+ 2c
E 7] < E k|7k|2-g = < E -+ -<Ilnn+ .
k=1 k=1 k=1 k k=1 k 2 2

From the last two inequalities we obtain the desired assertion.

Remark. It is interesting to compare inequality (9) and the Segre conjecture

|CT(lp)| :O(nQ/p_l) (p=1,2,..), (11)

which was disproved by Littlewood for large p [3].
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Lemma 1. Let {A,; }5° be an arbitrary sequence of complex numbers generating
the sequence {D,}5° by means of the formal expansion:

exp lz Akzk] = ZDkzk. (12)
k=1 k=0

Let

T dez dy =dy(\),  A>0. (13)

Then

n—1 n—-l
D d, A
le Bt p{ndZ[(”_V)dny—(”—l/_l)dnvl]x

v=1

x l;ikmk?_iﬂ} (n=2,3,..). (14)
k=1

k=1
The equality sign in (14) holds if and only if
A
A, = E”k (k=1,2,...,n—1), |n| = 1.

Lemma 2. For any sequence of complex numbers {A,} (k = 1,2,...), for each
n (n=1,2,...) the inequality

D, |<expl (kakﬁ Zn: )] (15)

holds (the notation (12) is used).

The equality sign in (15) holds if and only if
Ay = (/R (5 =1,2,.0,m), In] = 1.

Inequalities (14) and (15) were obtained by the author jointly with N. A. Lebe-
dev.

Theorem 2. For a function

CF Aries  (p=1,2,..)

Mg

fp(2) =

e
I

0

we have
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C(p)Q 29 )
ST <etton 2] <ouflrl o
k=1 k

where C’,(Cp)* (k=1,2,...) are the coefficients in the expansion of the function
fi(z) = 2/(1—2P)?/P € S, § is defined in Theorem 1, and C'is Euler’ s constant.
Proof. For any function f,(z) € S,, as proved, identity (10) holds. If we now

put (2/p)yy = Ay (k = 1,2,..), C), = D, (k = 0,1,...), set A = 2/p, and
apply Lemma 1 to the sequence {A;}, then we obtain:

n—1 |C ‘2 d A n—1
Pril o n A —v)d —v—1)d
nk:O dk =\ eXp{ndn;{(n V) n—v (n v ) n—v 1]X

x Li;kh’“|2_illf” (n=23,..). (17)

k=1

By Theorem 1, the differences

Skl =Y <0
k=1 k=1

for every v > 1, and since the coefficients of these differences are positive, the
exponent in (22) does not exceed

A (n—1)d,_,0.

nd,

n—1

Taking this into account, and also the identity

(n=1)d,1(A)/nd,(A) = (n =1)/(A+n—=1), (18)

and noting that d,(2/p) = C’,i’f; (k=0,1,...), from (17) we obtain the first part
of relation (16). The second part of (16) is obtained elementarily. The theorem
is proved.

Remark. It is easy to see that the left-hand side of inequality (16) for the

function f;(z) is equal to fC’<p

1> and consequently, in the class S, (p = 1,2,...)
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2
(p)
| C
the estimate (16) for the quantity — > (I; ) is no more than e2*? times
n=1|CP"

greater than the exact one. We note that inequality (9) follows from inequality
(16).

Theorem 3. For the coefficients of the function
o~ (2)
folz) = Z Crn 22" € 8,
n=0

the estimate

CP| <117 (n=2,3,..) (19)

holds.
Proof. Identity (10), for p = 2, is written in the form

exp [Z ’ykzk] = Z C’,gr)lzk. (20)
k=1 k=0

Now we apply Lemma 2 to the sequence {7} (k = 1,2,...). Then we obtain the
inequality:

1 n n 1
|C£ﬁl|3expl2(2km2—2kﬂ (n=12.), (21
k=1

k=1

which, taking Theorem 1 into account, leads to the estimate

ICP| < 3% < 1.17.

The theorem is proved.

The uniform boundedness of the coefficients in the class S, (i.e. the inequality

|C,(L2)| < A) was proved by Littlewood and Paley (*). Fekete and Szegd (°)
showed that A > 1. The smallest of the obtained values is A = 2.54 ... (%).

Since for each n > 2

sup |C’7<12)\ =A,>1
f2(2)€5,

(%), the relation obtained from (21) and (4) is of interest:
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| =

n
k=1

n n 1
+2InA, ., < sup Elvil? < — 4 4.
’ f<z>esk; ;;1 k
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