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1. Introduction. Let us determine the limiting work capacity of a continuous
sequence of thermodynamic cycles taking place between a heat source and a
refrigerator of limited energy capacity. Such a sequence can be carried out in
different ways. One of them occurs under nonstationary energy exchange be-
tween immobile reservoirs of heat and cold (Fig. 1), while another occurs under
stationary conditions during the flow of a heat-transfer fluid and a refrigerant
along a certain surface through which heat is transferred from the hot body to
the cold one (Fig. 2). Part of the heat taken from the hot liquid is converted
into useful work. For clarity of the discussion, we shall analyze the second case.

The problems considered are special cases of a more general problem whose aim
is to determine the maximum work capacity of a thermodynamically isolated
system consisting of n bodies having, at the initial instant of time, different
temperatures 7;. Applying to this case the well-known Gibbs principle (1),
according to which, in an isoentropic transition of an isolated system to a state
of stable equilibrium, its energy in the final state is minimal, for the maximum
work one obtains
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The quantity T, common to all bodies, is found from the condition

Zmisi<Ti> = Zmisi(Tc)' (1,2)
i—1 i—1

Here m, S, E are the mass, entropy, and energy of the i-th body.
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Fig. 1. Nonstationary heat exchange.
1 —heat source;
2 —refrigerator; 3 —energy device

The case of two bodies is characterized by specific relations between the tem-
peratures of the heat source and the refrigerator. The study of these relations
is the subject of the following exposition.

2. Finding the relations between the temperatures of the two liquids.
The parameters of both liquids are related by the elementary relations

G'dH' = —q(T',T")dF, (2,1)
T//
G"dH" = +q(T",T") 7 dF~, (2,2)

* The upper sign refers to concurrent flow, the lower to counterflow. In both
cases the origin of the coordinate coincides with the place at which the hot
liquid is supplied. The efficiency of conversion is equal to the Carnot efficiency.

G’, H', G”, H” are the flow rates and enthalpies, respectively, of the hot and
cold liquids.

The heat ¢, removed from the heat carrier per unit time from a unit area of
the heat-exchange surface F, may be any finite continuous* function of the
temperatures T” and T” satisfying the requirement

sign g = sign(T" —T"). (2,3)

From (2,1) and (2,2), elementary relations are obtained for the connection be-
tween the initial and final temperatures:

T , T //
°dH I dH
G// df/ — G/// d - *k (2,4)
T’ f T T T
or
G'(Sy—Sp) =G"(SF —57), (2,5)

where H', H”, S’, S” are known functions of the corresponding temperatures.

Fig. 2. a—cocurrent flow, b—countercurrent flow: 1—source of heat carrier; 2—
receiving reservoir of heat carrier; 3—source of refrigerant; 4—receiving reservoir
of refrigerant; 5—energy device
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Fig. 2. a—cocurrent flow, b—countercurrent flow: 1—source of heat carrier; 2—
receiving reservoir of heat carrier; 3—source of refrigerant; 4—receiving
reservoir of refrigerant; 5—energy device

Figure 1: Fig. 2. a—cocurrent flow, b—countercurrent flow: 1—source of heat
carrier; 2—receiving reservoir of heat carrier; 3—source of refrigerant; 4—receiving
reservoir of refrigerant; 5—energy device

Expressions (2,4) and (2,5) are written in the same way for cocurrent and coun-
tercurrent flow of the liquid. However, between these cases there is a fundamen-
tal difference in the behavior of the final temperatures of both liquids when the
heat-exchange surface is increased without bound (F — c0).

In the first case, the temperatures of both liquids tend to a common limit

lim 7= lim T/ =T

co
F—o0 F—o0

which is found from the solution of the equations

G'(Sg —Sc) = G"(S; = 5¢)- (2,6)

In the second case, the limiting temperature of that liquid for which the maxi-
mum possible change in the entropy flux G[Sy; —S7,] has the smaller value tends
to the initial temperature of the other liquid. This property of countercurrent
flow is easily proved by considering the finite integral

Q= lim [ qdF

F—oo

with (2,3) and (2,5) satisfied.

* The first derivatives must also satisfy the continuity condition.
** In this form, (2,4) is valid for processes in which the enthalpy does not depend
on pressure.

The maximum work L, performed in the system in cocurrent flow will, natu-

rally, occur when TJQ =T7 =T.. Its value is found by means of the expression

Lypax = G'(Ho — H;) = G"(H; — Hp). (2,7)
It is easy to show that in the case of counterflow the maximum work will likewise
occur when T} = Ty =T, and will be determined by the same relation (2,7).

Indeed, if in a counterflow system the hot liquid is overcooled and the cold liquid
overheated (T JZ’ >T, > Tj’c), then, over the existing temperature difference,
additional work can be obtained by means of a continuous sequence of direct
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Carnot cycles. The entire work capacity of the system will be realized when the
temperature difference is fully utilized.

The difference between cocurrent flow and counterflow from the energy stand-
point is that in the first case the maximum work is realized as F' — 0o, whereas

in the second case it is realized at a finite surface F,, for which T} = T = T...

An increase in the heat-exchange surface (beyond the value F, ), leading to
overheating of the cold liquid and overcooling of the hot one, causes a decrease
in the work capacity of the system. Thermodynamically, such an increase in
the magnitude of F' is equivalent to including refrigeration Carnot cycles in the

system with maximum work capacity.

3. Finding analytical relations between temperatures for the case
when AH = ¢AT (with ¢ = const). The solution of equations (2,1) and (2,2)
leads under these conditions to the following relations between temperatures:
for the case of cocurrent flow,

To/T" = (T"/T5)" (3,1)
and for counterflow,
Ty/T' = (17 /1), (32)

The maximum work capacity for both cases is represented by the expression

Ly = G’ Ty [L 4 pia — a#/ 0D (4 1)] ¢ (3.3)

Here and in the other expressions the indices 0 and f refer, respectively, to the
inlet and outlet sections; ¢ is the heat capacity.

The value of the temperature T, = TJZ = TJZ/ is found by means of

T, = Tjar/ (n+h), (3,4)

In expressions (3,1), (3,2), (3,3), and (3,4), p = G"c¢"/G'¢’, a = Ty /T;. In the
case of counterflow, as F' — oo, the final temperature of the liquid whose flow
heat capacity Gc has the smaller value tends to the initial temperature of the
other liquid.

Hence, for p > 1.0 the expressions limp_, T} = Ty and limp_, T} = Tyar+1/m
are valid; for pp < 1.0, limp_, T} = Tga* and limp ,  Tf = 1. It is easy to
show that for p = 1.0, limp , Ty = T¢ and limp Ty = T, and, as a
consequence, limp_, L = 0.
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4. The simplest method for accounting for cycle imperfection. It is
of some interest to analyze those cases in which, within a certain temperature
range, the efficiency of an elementary cycle can be represented—

* Equation (2,3) may also be used in calculating the maximum work for the case
of nonstationary exchange between immobile reservoirs of heat and cold (Fig.
1). The quantities G’ and G” in this case are the masses of the corresponding
Teservoirs.

is represented by the expression: n = ny(T" —T")/T’, where 7, is the rela-
tive efficiency. The heat-balance equations for the two fluids will be written,
respectively, as

G'cdT’ = —qdF, (4,1)

G"¢"dT" = +[1 —ny(1— T"/T")| dF. (4,2)

The integrals of (4,1), (4,2) for the co-current and counter-current cases, respec-
tively, are written as

T _ (1—mn9)+ (g + pa 1/ (p+no)
Ty a [(1 — o) + (0o + ,LL)T”/T’:| ) (4,3)
T; _ (1—mn9) + (0o — N)T}//Té w/(n=no)
Ty [(1 — 1) + (o — M)T”/T/} (4,4)

The limiting value of the common final temperature corresponding to the max-
imum work for the co-current case is written as

ﬂ_{u—%wu%+mﬂw“w_ (45)

Ty L (=) + (ng + 1)

The value y = T"/T{, corresponding to the maximum work for the counter-
current case, is found by using the relation between y = 77 /T and z = T" /T,
defined by (4,4), and by finding the extremum of the expression L = G'¢'T§[1+
pa — (ux 4+ y)] for the work.

Use of these dependences leads to an irrational equation for y

noay*(noﬁu)/# +(1— 77O)ywo/ﬂ =1.0. (4,6)
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The considerations stated earlier concerning the temperatures of the heat carrier
and refrigerant corresponding to maximum works in co-current and counter-
current flows at an efficiency equal to the efficiency of the Carnot cycle are not
applicable in the present case.*

Conclusions. 1. The limiting maximum work capacities for the cases of co-
current and counter-current flow of the hot and cold fluids are equal to one
another. However, in the case of counter-current flow, realization of the limiting
regime is achieved on a heat-exchange surface of finite size.

2. The regime of maximum work capacity for both flow cases is character-
ized by equality of the fluid temperatures in the outlet cross sections. An
increase in the heat-exchange surface (the counter-current case), leading
to supercooling of the hot fluid and superheating of the cold fluid (as com-
pared with the regime of equal temperatures in the outlet cross sections),
leads to a decrease in the work capacity of the system.

3. In the case of counter-current flow, with an unlimited increase in the
heat-exchange surface, the final temperature of the fluid whose flow heat
capacity (or maximum increase in entropy flow) has the smaller value
tends to the initial temperature of the other fluid.

The author expresses his gratitude to Ya. B. Zeldovich for discussion of the
work and valuable advice.
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* For example, in the counter-current case the optimum temperatures of the hot
and cold fluids are not equal to one another and have values higher than those
calculated from (3,4).
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