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RELAXATION THEORY OF JACOBI METH-
ODS
(Presented by Academician L. V. Kantorovich on 23 XII 1966)

In the literature devoted to computational methods, Jacobi methods for re-
ducing an arbitrary symmetric matrix 𝐴 to diagonal form by successive two-
dimensional rotations are widely discussed (see the bibliography in (1)). G.
Forsythe and P. Henrici (2) raised the question of transferring to the Jacobi
method results obtained for relaxation processes. The present note contains an
attempt at a systematic consideration of Jacobi methods on the basis of the
theory of relaxation for a quadratic functional, developed by Yu. I. Lyubich
(3). We establish a number of general theorems which contain, as special cases,
almost all known theorems on the convergence of Jacobi processes.

Let the sequence of matrices 𝐴𝑘 = (𝑎(𝑘)
𝑖𝑗 )𝑛

𝑖,𝑗=1 be defined by the recurrence
formula (𝑘 = 0, 1, 2, … ; 𝐴0 = 𝐴)

𝐴𝑘+1 = 𝑈𝑘𝐴𝑘𝑈−1
𝑘 , (1)

where 𝑈𝑘 is the rotation matrix in the coordinate plane (𝑖𝑘, 𝑗𝑘) through some
angle 𝜓𝑘. Setting*

tg 2𝛼𝑘 = 2𝑎(𝑘)
𝑖𝑘𝑗𝑘(𝑎(𝑘)

𝑖𝑘𝑖𝑘 − 𝑎(𝑘)
𝑗𝑘𝑗𝑘)−1 (−𝜋/4 < 𝛼𝑘 ≤ 𝜋/4),

we shall assume that 0 ≤ 𝜓𝑘𝛼−1
𝑘 ≤ 2. Then (see, for example, (1)) the recurrence

(1) defines a relaxation process for the quadratic functional

Δ(𝑋) = ∑
𝑖<𝑗

𝑥2
𝑖𝑗

in the space of symmetric matrices

𝑋 = (𝑥𝑖𝑗)𝑛
𝑖,𝑗=1.
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Introduce the relaxation multipliers 𝑞𝑘 (0 ≤ 𝑞𝑘 ≤ 2) and the relaxation
angles 𝜃𝑘 (0 ≤ 𝜃𝑘 ≤ 𝜋/2), putting** (cf. (3))

𝑞𝑘 = 1 − sin(2𝛼𝑘 − 2𝜓𝑘)/ sin 2𝛼𝑘; cos 𝜃𝑘 = 𝑎(𝑘)
𝑖𝑘𝑗𝑘/ [∑

𝑝<𝑠
(𝑎(𝑘)

𝑝𝑠 )2]
1/2

. (2)

Then

Δ𝑘+1 − Δ𝑘 = 𝑞𝑘(2 − 𝑞𝑘) cos2 𝜃𝑘 Δ𝑘. (3)

Theorem 1. For convergence of the Jacobi process it is necessary and sufficient
that the series

∞
∑
𝑘=0

𝑞𝑘(2 − 𝑞𝑘) cos2 𝜃𝑘 (4)

diverge.

We shall call a Jacobi process quasi-gradient if cos 𝜃𝑘 ≥ 𝛾 > 0, and we shall call
a process strictly relaxation if 0 < 𝑞0 ≤ 𝑞𝑘 ≤ 2−𝑞0. Quasi-gradient processes,
in particular, are processes with the choice of the controlling sequence (𝑖𝑘, 𝑗𝑘)
in accordance with the classical Jacobi method, and processes with a two-step
choice of almost the greatest—

* We take 𝛼𝑘 = 0 if 𝑎(𝑘)
𝑖𝑘𝑗𝑘 = 𝑎(𝑘)

𝑖𝑘𝑖𝑘 − 𝑎(𝑘)
𝑗𝑘𝑗𝑘 = 0.

** We take 𝑞𝑘 = 1 when 𝛼𝑘 = 0.

of an extra-diagonal element (4), cyclic processes with barriers decreasing no
faster than a geometric progression (5). Strictly relaxation processes include, in
particular, processes with complete relaxation (𝑞𝑘 ≡ 1), Jacobi processes with
rational formulas (1), and restricted Jacobi processes (6).

Corollary 1. For convergence of the quasigradient Jacobi process it is necessary
and sufficient that the series

∞
∑
𝑘=0

𝑞𝑘(2 − 𝑞𝑘)

diverge.
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Corollary 2. For convergence of the strictly relaxation Jacobi process it is
necessary and sufficient that the series

∞
∑
𝑘=0

cos2 𝜃𝑘

diverge.

Theorem 2. Put

𝜎 = lim
𝑛→∞

1
𝑛

𝑛−1
∑
𝑘=0

𝑞𝑘(2 − 𝑞𝑘) cos2 𝜃𝑘; 𝜒 = lim
𝑛→∞

1
𝑛

𝑛−1
∑
𝑘=0

Δ𝑘+1
Δ𝑘

.

For any Jacobi process the equality holds

𝜒 = 1 − 𝜎. (5)

We shall say that a Jacobi process converges normally if 𝜒 < 1.
From normal convergence it obviously follows that

lim
𝑘→∞

𝑘√Δ𝑘 ⩽ 𝜒 < 1.

Theorem 3. A Jacobi process converges normally if and only if 𝜎 > 0.

Corollary 3. For normal convergence of the quasigradient Jacobi process it is
necessary and sufficient that

lim
𝑛→∞

1
𝑛

𝑛−1
∑
𝑘=0

𝑞𝑘(2 − 𝑞𝑘) > 0.

Corollary 4. For normal convergence of a strictly relaxation Jacobi process it
is necessary and sufficient that

lim
𝑛→∞

1
𝑛

𝑛−1
∑
𝑘=0

cos2 𝜃𝑘 > 0.

Theorems 1–3 and their corollaries are exact analogues of the corresponding
results of Yu. I. Lyubich. To compare Theorem 2 with the theorem analogous
to it, Theorem 4 from (3), it should be noted that the role of the measure of
conditioning for our functional Δ(𝑋) is played by the number 1.

We shall now need the following fact (4, 7, 9).

Lemma 1. Let
𝜀 = max

𝑖≠𝑗
|𝑎𝑖𝑗|
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be sufficiently small, and let the numbering of the eigenvalues be chosen so that
𝜆𝑖 is close to 𝑎𝑖𝑖. Then, if 𝜆𝑖 = 𝜆𝑗,

|𝑎𝑖𝑗| ⩽ 𝐶𝜀2,

where the constant 𝐶 depends only on the spectrum of the matrix 𝐴.

Let us now consider quasigradient processes with complete relaxation. From
Lemma 1 it follows that in the controlling sequence (𝑖𝑘, 𝑗𝑘) of a quasigradient
process, starting from some point, there occur no pairs (𝑖, 𝑗) such that 𝜆𝑖 = 𝜆𝑗.
Consequently,

𝑞𝑘 = 𝑂(𝜀), 𝑎(𝑘+1)
𝑖𝑘𝑠𝑘

− 𝑎(𝑘)
𝑖𝑘𝑠𝑘

= 𝑂(𝜀2).
Let in the sequence

(𝑖𝑘, 𝑗𝑘)𝑁
𝑘=0 (𝑁 = 𝑛(𝑛 − 1)/2)

some pair (𝑖, 𝑗) occur for 𝑘 = 𝑘1 and 𝑘 = 𝑘2 (𝑘1 < 𝑘2 ⩽ 𝑁). It is easy to see
that

𝑎(𝑘1)
𝑖𝑗 = 0, |𝑎(𝑘2−1)

𝑖𝑗 | = 𝑂(𝜀2).
But, by virtue of quasigradientness,

(𝑎(𝑘2−1)
𝑖𝑗 )2 ⩾ 𝛾2Δ𝑘2−1.

Hence it follows that

Theorem 4. A quasigradient process with complete relaxation converges
quadratically:

lim
𝑘→∞

Δ𝑘+𝑁Δ−2
𝑘 ⩽ 𝐶𝛾−2

(where the constant 𝐶 depends only on the spectrum of the matrix, 𝛾 = inf cos 𝜃𝑘).

For some specific quasigradient processes this result was obtained in (4,7−9).
Let us order the superdiagonal elements of the matrix 𝐴𝑘 in some linear man-
ner {𝑎(𝑘)

𝑝 }𝑁
𝑝=1. We shall consider strictly relaxation processes satisfying the

following condition S: in the control sequence {𝑝𝑘}∞
𝑘=0, every index from

Ω𝑁 = {1, 2, … , 𝑁} occurs arbitrarily far on. A special case of such processes is
the quasicyclic one: for some natural number 𝑙 (𝑙 is the length of the quasicy-
cle), Ω𝑁 ⊂ {𝑖𝑘}𝑝𝑙−1

0 for every natural 𝑝.
We shall say that the Jacobi process converges locally if convergence takes
place under the assumption that the off-diagonal elements of the matrix 𝐴 are
sufficiently small in comparison with the quantity 𝑑 = min |𝜆𝑖 − 𝜆𝑗| (𝑖 ≠ 𝑗).
Theorem 5. Let all eigenvalues of the matrix 𝐴 be simple. Then a strictly
relaxation process satisfying condition S converges locally with a rate guaranteed
by the estimate

𝜀𝜆 ≤ |1 − 𝑞0|𝜀0 + 𝐶𝜀2
0,
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where

𝜀𝑘 = max
𝑖≠𝑗

|𝑎(𝑘)
𝑖𝑗 |; 𝜆 = min{𝑙 ∶ Ω𝑁 ⊂ {𝑖𝑘} 𝑙−1

0 }; 0 < 𝑞0 ≤ 𝑞𝑘 ≤ 2 − 𝑞0

and the constant 𝐶 depends only on the spectrum of the matrix 𝐴.

This result is analogous to the theorem on the rate of convergence of coordinate
relaxation for a quadratic functional, established in (11).
Corollary 5. If the spectrum of the matrix 𝐴 is simple, then a quasicyclic
strictly relaxation process converges at least linearly.

For the special cyclic process (“by columns”) this result was obtained in (8).
Corollary 6. If the spectrum of the matrix 𝐴 is simple, then a quasicyclic
process with complete relaxation converges locally quadratically.

The last result is contained in the works (6,8,10), but in the corresponding esti-
mates (𝜀𝑙 ≤ 𝐶(𝐴, 𝑙)𝜀2

0) the quantity 𝐶(𝐴, 𝑙)𝑙→∞ → ∞. In fact, as is seen from
Theorem 5, the quantity 𝐶 does not depend on the length 𝑙 of the quasicycle.

In conclusion we note that the questions remain open of the nonlocal conver-
gence of processes satisfying condition S, and of the local convergence of these
processes when the matrix 𝐴 has multiple eigenvalues.*
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Note: Figure translations are in progress. See original paper for figures.
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