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In the paper (1) the author obtained an inequality (a two-dimensional analogue
of Esseen’s inequality (2), § 39) that makes it possible to estimate, in terms of the
difference of characteristic functions, the difference of the values P(A) — Q(A)
of the corresponding distributions for all rectangles A with sides parallel to the
coordinate axes. The purpose of the present note is to derive inequality (4),
which gives an upper estimate for the distance

p(P,Q) = Sup |P(A) —Q(A)]

(where the supremum is taken over all convex sets of the space R®) in terms of
characteristic functions. Let us note that a method for estimating the difference
P(A) — Q(A) for balls was indicated in (%) (see also (%)).

The starting point in this and similar cases may be the following relation, easily
derived from the inversion formula for Fourier integrals. Let &,7, and ¢ be s-
dimensional random vectors, ¢ independent of £ and 7 and having an absolutely
integrable characteristic function A(¢). Then

Aa=Prig+Ce A} =Prin+Ce A} = oo [ S0 - st ar.

Here A is an arbitrary bounded Borel set;

T4(t) :/ei(t’z) dz;
A

f and g are the characteristic functions of the vectors & and 7, respectively.

Representing the quantity (27)°A 4 as the sum I; + I, + I3, where

Il :/ 9 I2 :/ 9 I3 :/ )
[t|<1 1<|t|<T [t|>T
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and applying the Cauchy—Bunyakovsky inequality to each integral, we obtain

1/2
<2w>S|AAs(/ t|2|m|2) J1+(/ W)J
lt|<1 1<|t|<T
1/2
2 / A
t>T

where

f 2 1/2 1/2 1/2
Jy = / tzg ) Jy = / ‘f—9|2 ) Jy = / ‘h|2 .
lt]<1 t] 1<|t|<T t|>T

Let O, denote the ball of radius r centered at the origin, and let

A, = sup [A,],
ACO,.

where the supremum is taken over all convex A C O,. As is easy to see,
m =sup|Ay| <24, +2Pr{n+(€0,}.
A

The quantity A, can be estimated with the aid of inequality (1). Indeed, if A is
a convex set lying in the ball O,, and S(A) is the magnitude of its surface, then

S(A) < 5(0,) < 2r%2T 1 (s/2)rs 1.

Therefore, taking into account the inequalities for the integrals of 7, (¢) (formulas
of the paper (1), p. 379), we obtain, for A C O,,

a, < YASO)

(2m)

4+/2
J 4 2V2J, 4+ ——=J, | ,
1 2 \/T 31

where

5, = 2 ( /0 sin ada) . (2)

Denote the right-hand side of (2) by A%. Then

v <2A5+2Pr{n+(€0,}.
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Here the constants r and T and the random variable ( are at our disposal.
The lemma stated below serves for passing from v, to v = p(P,Q). Before
formulating it, introduce the following notation: A is a convex set; A is its
boundary; (A)? is the d-neighborhood of A; w,(d) =sup, Pr{n € (A)}. Let us
note that, for any A, the inequalities

Pr{¢ € A} < Pr{€ + ¢ € AU(A)°} + Pr{|¢| > 6}, (3)

Pr{¢e A} > Pr{¢+( € A\ (A)°} — Pr{|¢| > 6}.

It is also easy to prove that w, () < w,(d).

Lemma. The inequalities hold

<y v <m+w,0)+2Pr{|¢| > d}.

We omit the proof of the lemma.

Let us now note that

Prin+¢e€0,} < Pr{ln+¢e0,)Nn(¢| <)} +Pril| >0} <

< Priln| = r} +w,(6) + Pr{[¢] = d}.

Therefore

v =p(P,Q) <2A7+2Pr{[n| = r} + 3w, (0) + 4Pr{|¢| > 4},

42
p(P,Q) < Cris=b/2 lJl +2V2J, + \/\;Jg, T
+3w, (0) + 2Pr{|n| > r} +4Pr{|¢| = &}, (4)

where C, = \/A,S5(0;)/(2m)*.
From Stirling’ s formula it is not difficult to derive that

s/4 ,
CS — \4/5[5(5 + 1)]1/4 (L) 69/s+0 /125’ |9|, |0/| <1.

2ms

The function h(t) and the constants r,d, and T entering inequality (4) may be
chosen depending on our aims.
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We shall now show how the function w, () can be estimated in the example of
the normal distribution in R® with density

—lz|?/2
€ .

Let A be an arbitrary convex set in R°. Without loss of generality, one may
assume that A does not lie in any subspace of R® of dimension s’ < s. Consider
the system of concentric spheres O,,, n = 0,1,2,..., with centers at the origin
and such that the radius of O,, is equal to n. The part of the surface A lying
between the n-th and (n + 1)-st spheres does not exceed its part lying inside
the (n + 1)-st sphere. Suppose that 0 < 1. Then the measure of the part of
the d-neighborhood of A lying between the n-th and (n + 1)-st spheres does not
exceed the measure of the d-neighborhood of the (n + 1)-st sphere, i.e., in any
case, does not exceed 205(0,,5). The probability of hitting the mentioned part

of the §-neighborhood of A does not exceed

(for n > 1; for n = 0 the factor e~ 1*/2 must be replaced by 1). Therefore

40 s—1 (n—1) /2
Prine (A)°} < ST (3/2) [2 +Z (n+2)*
From this it is not difficult to derive that for § < 1

4

Wn((s) < 5W(5/2) l281 + 3571 + 235/2731—‘(5/2) + 23874

s
5 |-
From the last inequality and Stirling’ s formula it follows that

wn(é) < 6Cabs

where C

“bs 15 an absolute constant.
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