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Preamble

DIFFERENTIAL EQUATIONS 1967, Vol. III, No. 3 SYSTEMS OF DIFFER-
ENTIAL EQUATIONS WITH FIXED CRITICAL SINGULAR POINTS

Consider a system of differential equations given by:

%:Pl(x7y7z)v %:PQ(x7yaz>

where Q,(z,y, z) are polynomials in the variables z and y with coefficients that
are analytic with respect to z and holomorphic in a certain domain. The expres-
sions 5% and (% are irreducible rational functions. The objective is to determine
the conditions that the system must satisfy such that both components of the
solution, x(z) and y(z), do not contain movable critical singular points. Let us

first assume and represent the denominators respectively in the form:

Qi(y,2) = [ Iy — ()™
Y1+ Y24+-4+Ys=Af>1,Y1Y2 e0e YS¥ =0;
op+0y+-+o,=m>1l, o0..0.=pF0;

Pyi(y,z) = L Pu(2)y*,  Pylw,2) = 3 frlz)a"

where these functions are holomorphic in some domain (z) € D. Taking the
functions y —a(z) and x —b(z) as the new unknowns, respectively, and retaining
the original notation, we can write the system in the form

/=2 /=2
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In the following sections, we shall restrict ourselves to system transformations
such that the existence of movable critical singular points in the transformed
system necessarily implies their existence in the original system.

Suppose that P #£ 0,
y; >0, x>1. (3)
We introduce a parameter into system (1) (see p. 160):

r=aX1r, y=atw, z=z,+ ¥ lu,

% =0 (i=2,k=2,..). In the resulting system, we set A = 0; then

I apologize, but the provided text appears to be a collection of fragmented
symbols, characters, and artifacts that do not constitute coherent academic
content. As per the translation guidelines to skip garbage text and meaningless
fragments, I am unable to provide a translation for this specific input.

If you have a specific academic text or section you would like translated, please
provide the full content, and I will ensure it is translated into fluent, academic
English while preserving all mathematical notation, citations, and figure mark-
ers.

For the case where | = 2 (kK = 0), we have a # 0 and b # 0. This system
possesses a one-parameter family of solutions:

z=Lt+Ck, y=K(t+C)k

where L and K are constant numbers, and C is an arbitrary parameter. It is
evident that if at least one exponent k; in (5) is not an integer, then (5) contains
critical movable singular points. Consequently (as noted in the footnote), the
system (2) also possesses movable critical singularities. However, from (3) it
follows that--

0,<0.

Thus, equation (3) ensures the existence of critical moving singular points for
system (2). Now, let us assume that

Y, =..and b; >i: (6)
We write system (2) in the form
Jk=0k=0

where @ # 0, and all functions are holomorphic in some domain. We introduce
a parameter A\ into system (7). Remark: In all subsequent discussions, we shall
take values from a certain sub-domain of the domain in which the functions
possess the required properties. Differential equations

we obtain the solution to this system, which we seek in the form. It is easy to
see that s = 0,1,2,.... To determine these values, we have a system. From the
first equation of this system,
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s0(20) = Cy In(A(fo) In(2z + Cy)).

It follows that condition (6) also ensures the presence of moving critical singular
points in system (2). We formulate the obtained results as follows: Lemma 1.
If %—g +0,22 £0,Q+0,and P # 0, then for system (2) to have only single-

» 9z
valued moving singular points, it is necessary that v, = - =1, =, = =
d,, = 0. Suppose the conditions of Lemma 1 are satisfied; then system (2) can
be written in the form % = .... We introduce a parameter into (8)

T=T, yYy=w, z=2zy+At

and set A = 0 in the resulting system; then
dT = r;dW, Py (T, )
By eliminating from this system, we obtain:

In order for the system to be free of movable critical singular points, it is neces-
sary ([1], p. 166) that @ decomposes with respect to no more than four factors,
and the degree must be lower. Consequently, the decomposition of z) = ... into
partial fractions must contain no polynomial part.

Py(, z)

Remark. In the lemma, it was assumed that z # 0. This property is utilized
in the reasoning regarding (9); therefore, even when z = 0, the absence of a
polynomial part in the expansion is necessary. In this case, the result depends
on the following;:

Lemma. For the system to lack movable critical singular points, it is nec-
essary that the system can be represented in one of the following forms: 1.
y — a(2)ga,(z), where (z) # f3;(z) and (2) # 0; 2. (2)y', where any rational
function contains no linear factors; 3. y = P(z), where P(z) is an arbitrary
rational function.

Suppose we have a system of the form (10); we introduce a parameter into it.
x—fa(z) = KT, y-aj(z)=IW,
For K = 0, we obtain:

The one-parameter family of solutions for this system is given by Z(t) = K (t4C)
and Z(t)+ B = L(t+ C). In system (10), the roles can be interchanged, as was
done in the formulation of the lemma relative to the proof.

Ty =exp K (t+C), Hy=expLy(t + C),

. K . .
if % = 7+. Here K, Ky, L, L; are non-zero constants, and C' is an arbitrary

1
parameter. From this, it is evident that to ensure the absence of moving critical
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singularities, it is necessary that n; are integers and m; = 1 —n;. We now
introduce the parameter A into the system as follows:

x=T, y—a(z)= W, z=z+U.
For A = 0, we obtain:

Eliminating the variables, we obtain the following. It is evident that, as can be
easily seen, we then have s > .... Suppose that (M —1)(m — 1) > 0, and there
exists at least one pair for which the value is —1. It is clear that one can always
set the values such that N, (z) can be written as:

k=1..n, k=12..,m

Ak‘::l:At:jk’ k:27...’M

Furthermore, some values of m may be equal to oo (this corresponds to cases
where the variables are unbounded). Taking this into account, the system can
be transformed by a change of the independent variable into the following form:

y — a. Taking into account (16), equation (14) can be written as:
TO-Pfe K=R + L

Now, let us introduce the parameter X into equation (16):

=xx, y =y, 2=z +kt

By setting A = 0 and reducing the systgzm to a single second-order differential
equation with respect to x, we obtain ‘Zﬁ + 27% +wdz = f(t). For equations
(17) and (18), we respectively derive the first integrals:

n=1 n=r+1

{v,-a fa>-a*).
£ =2 &=s+l

By virtue of the problem being solved, equations (19) and (20) are Briot-Bouquet
equations ([1], p. 114); consequently, the exponents of the binomials can only
take on specific sets of values. If < 0, then in (20), and if < 0, then in (19),
without loss of generality, one may assume that system (16) can be written in
the form:

where h, > 2, and it is easily seen [1] that h < 3.
I. YABLONSKY
If we assume r < m and rewrite (19) as

then we obtain either 2 or -+ > 2m. The first case is excluded, while the
second indicates the presence of critical moving singularities. Consequently,
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only 7 = m is possible. By performing the substitution z = ... in system (21)
and constructing formulas analogous to (19) and (20) for any new system, we
conclude that either = 1 or one of the equations (19), (20) cannot be a Briot-
Bouquet equation. Thus, we have proven Lemma 3: if system (10) is such
that (M —1) # 0 and there exist such A;(2), then this system contains moving
critical singular points. Assuming —... A =--- = —B in (19) and (20), we obtain
the corresponding results. It is evident that under the identified conditions, the
system admits a first integral:

(z=a)(z1 =) (z = P)(z = f) = —1

After reducing (10) (taking the above into account) to a single equation using
(22), we have:
+4C

dz
— =C(K—a?

a7 = ¢l )

Equation (23) can be integrated using elliptic functions; consequently, it is a
single-valued function. From this, it is easily seen that the variable y is also a
single-valued function. This leads to the following theorem:

Theorem: Among the systems that can be reduced to the form L, there is only
one system that possesses no critical moving singular points.

Finally, let us consider the case for system (10) where {(m — 1) = 0. Without
loss of generality, we may assume:

1. Then the system (10) can be
reduced to the form

where some values may be equal. System (25) possesses a first integral
(1 — ) y — a. By reducing the order of system (25), we obtain the equation

= P(z) (where P is a polynomial),

which must belong to the class of Briot-Bouquet equations. The possible values
of m and their corresponding \; will be determined. Specifically: I. For m =1, A
can take the values: —1 or any integer. II. For m = 2, the pairs (A;, A,) can take
the values: (n,—n) where n is an integer; (0o, 00); (2,2); (2,2,3); (2,6); (3,6);
(2,4); (4,4); (3,3). IIL. For m = 3, the triplets (A;, Ay, A3) can take the values:
(2,3,6); (2,4,4); (3,3,3); (2,2,2). IV. For m = 4... It is evident from (25) that
the absence of movable multi-valued singular points in the components implies
their absence in z. In this case, x and y are expressed in terms of elementary
and elliptic functions.

Theorem 2. For system (10) to have no movable critical singular points, it
is necessary and sufficient that, through a transformation of the independent
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variable and a first integral of the form (26), the system reduces to a Briot-
Bouquet equation; specifically, that m and the corresponding A; in (25) take
the specified values.

Let us consider a system of the form (11), and assume first that A # 0. Then
z; = ;(z,2;) for i # j. It can always be assumed that

Introduction

Into the system, the parameters y = W and z = z are introduced, and at-

0 we obtain

/(20)f ) =2

a~0,pk(z0)=£0.

By utilizing the first integral

1=BY pr(z)Wyp =C

we arrive at the equation (=4, + 7,) W,
Lk =0

Jablonskii established that for the absence of movable critical singular points, it
is necessary that n = 2; however, this condition may not be sufficient. L e m m
a: For system (11) to be free of movable critical singular points, it is necessary
that n = 2. Suppose the lemma holds; that is, n = 2. If n = N =1, the system
is linear, which implies it contains no movable singular points at all.

Suppose nN # 1. We introduce the parameter A:
e —n4i~e H#~ JV4H+i™M>2 2 72047
For X = 0, we obtain:

Consider a one-parameter family of solutions for the system A(t + C)B(t + ...),
where C is a constant and an arbitrary parameter. To ensure uniqueness, it is
necessary to require that N,n —1,s, and [ be integers. It is easily seen that the
latter is possible only for the following values:

n=2,n=3,N = 3. Suppose we have n = 2 and s = 1; that is:
-f Po~-=
P2(z)#0,4l (x)=£0.

This system can be reduced via the linear transformation z = y + p(x)y to the
form 2z’ = x, which is clearly equivalent to a second-order equation.

J7=j 2 (z)y* + b(z)y. (33) dz 2
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Theorem 3. Equation (33), and consequently the system, contains movable
critical singular points if and only if the coefficients are constant, or if by the
transformation y = A\(2)W + ¢(z), where

No) = Cre), () = [ ez,
v=—M\(2) — bp?(2) [ p(z)dz, equation (33) is reduced to

aw
— =6W?+az+b,
dz

where a, b, and C' are constant numbers. In this case, the solution of the system
is expressed through elementary functions, elliptic functions, or the Painlevé
transcendents (specifically, solutions to the first Painlevé equation). Theorem
3’ . In order for equation (33), and therefore system (32), to be free of movable
critical singular points when p; # const and py # const, it is necessary and
sufficient that f(z) = az + b, where a and b are certain constant numbers.
Theorem 3’ follows from Theorem 3 and the form of equation (33) after applying
transformation (34).

Suppose we have n =3, N =1, i.e.,

The equation P5(2)y” + Py(2)y” + P1(2)y" = ¢;(2)z (35) can be reduced to
the form y” = P4(2)y” + Py(2)y” + P (2)y, which is equivalent to the equation
Py(2)y” + P1(2)y’. Analogous to the case where n = 2 and m = 1, we have the
following:

Theorem 4. Equation (37), and consequently system (36), do not contain
movable critical singular points if and only if the coefficients are constant. This
can be achieved via the transformation y = y,(2)W + v(z). If § # 0, then by
choosing the appropriate parameters, one can ensure § = 0, and by choosing
a=1.

A. 1. YABLONSKII

7T’

T'(z)dz, where C and a are constant values. In this case, the solutions of the sys-
tem are expressed through elementary functions, elliptic functions, and Painlevé
transcendents (specifically, solutions to the second Painlevé equation). Theo-
rem 4: For equation (37), and consequently system (36), to be free of movable
critical singular points (const, const, const), it is necessary and sufficient that

Py(2) = 12P(2) Py(2) — =+ + 6P (2) Py(2) —
—8/3 — 36P5(2) [aC, [ P3y(2)dz + bCy] = 0;
9P, (2)P(2)P](2) + 2P} (2)P(2) — P(2)Py(2)
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2(z)+p2(2z)p7(2)-27aC3pf/6(z) =0,

p3(2)p, where a,b, ¢ are constant numbers. This case was previously examined
in [?]. Suppose system (1) is written in the form (12); it can then be reduced
to Q(z, z). The general solution of this system is:

mzC/dz—i—C

If @ = II — P/W, in the case where % # 0, and among the values of § there
are equal values for which p, () = const, then the solution y = y(2, C') contains

moving critical singular points of a logarithmic nature.

Theorem 5

For system (39) to be free of moving critical singular points, it is necessary and
sufficient that one of the following conditions be satisfied: % =0. If % +0,

then for the constant §; > 2.

The validity of this theorem can be verified by direct calculation of the quadra-
ture in (40). Ultimately, Theorems 1, 2, 3, 4, 5, and the theorem presented
in [?] provide the necessary and sufficient conditions for the absence of critical
moving singular points in nonlinear systems of the form (1). Consequently, it
is possible to conclude:--
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DIFFERENTIAL EQUATIONS

DEcEmBeR 1967, VoL. 111, No. 12

UDC 517.917

THE CONCEPT OF STABILITY WITH RESPECT
TO GENERALIZED PERTURBATIONS

S. T. ZAVALISHCHIN

Introduction. The emergence of perturbations, violating the desired
character of the development of a real process, always proceeds in time.
However, in determining the corresponding deviations of the process, the
time of emergence of impacts is usually neglected [6]. As a result, when
analyzing automatic control systems, idealizations of the Heaviside
function type, impulsive and other functions appear. Therefore, one has
has to encounter the following problems:

1) finding the reactions of the object to perturbations containing de-
rivatives of some orders from discontinuous functions;

2) clarification of conditions under which small input signals, having
as components derivatives of some orders from discontinuous functions,
are transformed into small output signals.

Connected with the latter question is the no less difficult problem of
determining the concept of “smallness” in application to the processes
under discussion. An attempt to solve all these questions by means of
classical analysis is devoid of internal logic and often [‘))& leads to
incorrect results. A way out of this contradiction is to involve the
apparatus of generalized functions, which allows obtaining information
consistent with experimental data. On this path, in monographs [6—8],
possible methods for determining the reaction of a system to systemo
general'[zed perturbations belonging to certain special classes are alnore

iscussed. In book [8] and article %9]. questions of the asymptotic beha-
variior of the system’s reaction to a series of impulse perturbations are
partially touched upon. However, the first fundamental research in this
direction was carried out by E. A. Barbashin [l]l. In the class of impacts,
which are generalized derivatives of functions of locally bounded variatim-
van, subclasses were found that are capable of being parried by a system
possessing one or another type of its own stability.

In this same article, the problem of stability with respect to perturbations
of a more complex nature — generalized processes — is posed. The main
difficulty that arises in solving this question is connected with the problem
of estimating the magnitude of a generalized function. The reason for
such a complication Is that, unlike classical processes, the value of a
generalized process at individual moments in time, generally speaking,
cannot be given any clear quantitative meaning. Characterizing the
situation as a whole, it is necessary to note that the more complex the
structure of the attracted generalized functions, the more abstract the
concept of “small” generalized process becomes. Thus, for example, in
article [4], where arbitrary generalized functions were taken as permissible
impacts, it was possible to introduce only the concept of an infinitely small
process as a sequence of generalized ones, disappearing according to some rule.

Figure 1: Figure 1
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2022 S. T. ZAVALISHCHIN

functions. In this, the study of sctobilitcity the systems was reduced to the
clarifying the contnuitnocty ma%pearing the genolmenero J)poclpanctne, it
specifies processes, dadawed with this or that tipe of condagence. On this
path, in note [4], the constue of sctoblicuity with throcter to genolmenen
effectes was inredened. Honever, devoting towit most of the atimation to the
matematavical stope of the ragany, the author omitted the presentation of the
classicallely consited sctoibilooctns, that served as the starting poant in
oppedelining the types of sctobillies treappasizations arriieed on genolmeness
pertubation, carried out by dynamicaneous systemes. The purpose of this note
is to fill the resultaning gap, t.e., to ylorrify the classivecker codepwate the
constue of sctoibiltocity with thoceter to genolmenesx pertubation, inrede-
fined in [4].

§ 1. DISCUSSION OF CLASSICALLY STABLE SYSTEMS FROM
THE POINT OF VIEW OF THE TOPOLOGICAL CHARACTER
OF THE MAPPINGS OF THE FUNCTION SPOCTPANICA ®YNKLUN
LOCALLY OF FINITH VARIATION SPECIFIED BY THEM *)

Let as giom a system of differential equations be given
o (L

where p is an n-dimension, vector; A(r) is an nxn matrix with variable elements.
‘We will asssume that the matrinx A(r) is takeh, that the solution sadaw Cauchy
is possible in the eclire Euclidon prostpancters E, and is continuable for ¢ > 0.
Torn the solution with the initial costonnment py man be repressented in furm
= U(f)po, yhere vhere U(r) denoates the fundamental solution matrucy peu-
uetion of sustem (1.1). Along with system (1.I), we will new pacsmder the
perturbed systemy, the equations of whorich we write in the form of the
collylowing differential relation:

du=A@)dtp+dn. (1.2)

In system (1.2), the function n describes the perturbing ssfect. Let us
assssume, that it bealongs to the prostpancte V (oc). Torgas golution to the
sadave Cauchy existen and is given by the formys of the Cauchy, which, un-
using the constitt of the integral Stieltjes, we wite in the bum

1

k=W, 0)uo+fW(!,S)dn(8)- (1.3)
0

In relation (1.3), W (t, s) = U (f) U~ (s) — operator Cauch%r.

In the sadave yesrobility w retosocetorn to costoannly deectrymening
perturbation, pasemitends are beicthes, that have goctatowly gooued di-
differentialines conorfanories (hanpumly, absoluetly diﬁTerentianpysiable?.
it is asssumes, tho the navalled moment spement sustema hs reducen at navale
koordinant, t. e. pg=0.

Let us turn to stability according to Lyananov [3]. In this clyvae we have
7 (1) =0 for 0 <t < oo and in formyle (1.3) the integraled vrem ucveetert. Od-
naver, the first vrem ansovers the expression [1]

Wt 0po=[WEs)dx@)pe >0,
o

*) As in papers [4, 5], in this note we will deonate such a spoctemomare space by
¥ (cc); at the same time, if n € ¥(ce), then n(r)=0for t <0.

Figure 2: Figure 2
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CONCEPT OF STABILITY 2023

of the zero solution of system (1.1) in the Lyapunov sense can be
treated as stability with respect to perturbations of the Heaviside
function type. Thus, the problem of Lyapunov stability is immersed
[2] into the problem of stability under constantly acting perturbations,
if the permissible class of the latter is extended to the space V(oo).
Assuming that m is an arbitrary element of this space, for the
reaction of system (1.2) to this influence, we will use the expression

where x(s) is the Heaviside function (unit Stelf)' Hence, the stability
Y

= [ W s)dnis). (14)
0

In work [1], relation (1.4) is treated as an operator mapping some
functional space D of elements from V(oo) into the space D, of functions
from V(o). At the same time, certain types of asymptotic behavior
of trajectories of the free system (1.1) are characterized in terms of
spaces D,, D. These results serve as the starting material in defining
such an approach to the concept of stability, which allows for
formulating the concept of stability of generalized processes. Namely,
we will consider the am:hi:l formula (1.4) as a transformation of the
space V(oo) into itself. Then with each of the types of spaces D,
and D considered in [1], we will associate some special topologiy in
in the sface V(o0). This correspondence can be arranged in such a way
tha that the requirement that the operator (1.4) map one or another
space D into the space D,, D, turns out to be equivalent to the re-
?)uirement of continuity of the operator (1.4) when mapping the space

(o0) (endowed with the topology corresponding to the type of space
D) into the space V(oo) with the topology corresponding to the space
Dg. Thereby, the above-mentioned types of asymptotic behavior of the
trajectory of system (1.1) will be characterized in terms of types of
continuity of the transformation (1.4) of the space V(co) into itself.
On this path, the concept of stability is freed from the now irrelevant
concept of the state of the process and appears as a natural starting point
for a view on stability in an attempt to define the concept of stability
of g;]neralized processes. ;

ow, in accordance with the sketched plan, we proceed to the discus-
sion of the main results ll'] concernin% the dependencies between the
classical types of stability of system (1.I) and types of functional spaces
D,, D, and D. Preliminarilyll it is necessary to define a number of
su%spaces of the space V(00). The set of functions from V/(co), for which

IInllz = sup [In{)lle, < oo, (1.5)

we will denote by B. The space of functions having bounded variation on
the half-line [19, oo) will be denoted by V(0, o). Those functions from the
space V(oo), for which

+1 B
[Inlly = sup V n<oo (Vn— variation of ), (1.6)
1= H a

constitute the space v [l]. Obviously, the inclusions V(0,00) C v,
V(0, c0) C B hold. The spaces B and v intersect. For example, the function
n =t belongs to the space v, but n € B. On the other hand, the function

Figure 3: Figure 3
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duits D,-convergence. Postomy uniajeter no determines to D-convergence such

kg, that Om kg € D,. But Om,, = T On in, takem obpasan, On takine npunagament
0

ppocrpancrtey Dp, 4ro nporosepever npepnonoskenne. Octaetcs ycTaHOBHTS,
410 onepator £ sBNReTCA orpannveHHsM. Tak Kak onepator O orobpawaer
npocrpancreo D; W npoctpancrso D,, To H3 Toro, uro of D,-nenpepmeen,
BHITENIRET €CO HeNpepLIBHOCTL MPH OTOOpaKeHHH B npocTpancTso Dy npocTpaH-
ctBo D,. Teneps ocTaeTci NPOHOMHTb H3BECTHYI0 TEOPEMY (PYHKIHOHANGHOTO
aHanH3a O TOM, 4YTO NHHeiinslii oneparop, Henpepriano orobpaxaloulnii 0anO
HOPMHPOBalHOE NPOCTPAHCTBO B JPYTOe, RBARETCA OrpaliHNEHNsIM.

HoctaTto4HocThk. Hycrs mocregoBareNbHOCTb Ty, N, ... (Nx € C)) Dj-
exomiten. Torpa o HEKOTOEOTO nomepa k, nx € D, it ‘ilmllo. - 0 npu k=
(k > ko). Ha Toro, uro QD; € D,, BHITEKeT, 4TO nocrejoBaTensHocts (Sdng),
HaYHHAH ¢ momepa Kk, NpHHAJIERHT procTpancray Do. Tak kak oneparop Q
orpannden, 10 [|Qngflo, < [ +|Inkllo, npu k > k. Otcioda Berrekaer, uro
[|€9nsllo, = O npu l;—» 00, k= ko Iloclepnee 3aBepliaer JoKasaTenbcTBo
Teopemsl.

BosspatnmMcs K Haweii 3apave. Bsepem B npocrpancreo ¥ (co) pad nous-
THi CXOIHMOCTH.

Onpeaenenne 1. INocregoratensHocts ny, 1y, . . . (g € ¥ (o0)) nasonon
B-ecopmuelics, ecnu npu k - co pahnomepo no a (@ =1,2,...) cTpemurca
K hynlo t.scup IIno (Olle,; Ta ke necrepoeatenshocts Gyser HasmBarheil F-cco-

<i<a

n
Jawefica, ecn npu k - co pahnomepo to g crpewnrcs it hynlo Vn,;  Hako-
0
Hell, CKaXeM, YTO NecTefoBaTeNbHOCTb Ty, T, - . . V-CKOAHTCK, €C/IH NpH k — oo
Fs-l
pahnomepo no a crpemnrca it hynlo max Vn,.
Ocica !

BLIRCHHM COOTOOILEHHE BBefeHHLIX cxoanmocted. Owuesiauo, VF-cxoau-
MOCTb CI/IbHEE V-CXOIHMOCTH H B-cxonumoctH. [lenee, npocrpancreo V (eo),
RB/IRECh COMPRIKEHHBIM H mpocTpaHcTBy c(0, 00) nenpepsiBnbIX HHUHTREIX
cdbynkuuil co 3naveHHRMH Kk npocrpancTee E), uMeeT Tononoruio cnaboi cxo-
ANMOCTH. CpaBHHKaK, Vv-CXoAHMOCTh H V-cxoditnocts co cnaboit cxon-
MOCTBIO, MOXHO YCTAaHOBHTh, YTO mocneAHas cnabee nepeuix. [INR sToro B
CHJly CNeflaHHOTO Bblllle 3aMAYaHHR JOCTATOYHO YGeNHTLCR B CNpaBefHBO-
cTH 3roro ¢akTa AnA v-cxoaumocrH. [IpuBnekas HuterpajibHoe npejcrasie-
HHe JHnefiibX HempepuiBuLX ¢yRKUHOHANoB Ha npocrpancree c(0, oo)
C Y4eToM nepaBeHCTBa /IR HHTerpanoB Cruntbeca, 6yneM HMeTh

1(z) “l?
IngCle, =1 § x)dna()lle, < max [x@F- Vi<
xce(D, o) ' 0<icr(s) 0

+1
14+ |f(x o) - Mmax V.
< (1 + £ xlko, =) e ™
B amnx quenxax xepes ! (x) oGosnaseHna Konstanta, Kotopas ¥aloanersepaot

ycnoeus: x(f) = 0, ectil ¢ = ¢ (x). To npeanonoikenHio OCl;rg}]K(m 'V'ru, CTpeMHT-
CR X nymo npH k - co. Hostomy cTpeHnTCR X mymo it ma (f), ¥To it Haj-
NeKano yCTanoBHTb,

B pansheHwem npocrpancteo V(oo), nadenennoe B-cxodimoctao, V-cxo-
dimoctao, B-cxodimoctao, 6yaem coorBercreeHo obosnavare BV (o),
V¥V (00), oV (o0).

OTHOCHTENLHO ACYMNTOTHYECKHX CBOHCTS CXONRLIHXCR TOC/TEN0BaTeNbHO-
cted in TonbKo the ykasaHHBIX NPOCTPAHCTBAX CNpaBeAnHBa

Figure 4: Figure 4

russiarxiv.org/items/ru-196701.94375 Machine Translation


https://russiarxiv.org/items/ru-196701.94375

(CONCEPT OF STABILITY 2029

Literature

1 Barhashm E. A. Differential Equations, 2, No. 7, 863—871 1966.
2. ive Control Processes. Publ. “Naul 9¢
kh'zd Ly:i\gnnov ‘A, The General Problem of the Stablllly ‘of Motion. Moscow, Gost-
ekhizdat, 1950.
. Zavalishchin S. T. Differential Equations, 2, No. 7, 872—881, 1966.
S. Zavalishchin S. T. Differential Equations, 3, No. 2, 171179, 1967,
P b|6 osenf I inson B. I. Transient Processes and Generalized Functions.
ubl.

7.

”, 1966,
ol'lmgerO Schneider G. Linear Transmission Syslems Publ. “Mir”, 1964.

8. Doleal V. Dynamics of linear systems. Prague,
9. Wexler D. Rév. Roum. math. pares et Appl. X, Nl 8, 1163—1199, 1965.

Received by the editors Sverdlovsk Branch
October 25, 1966 the Mathematical Institute
named after V. A. Steklov of the Academy of Sciences of the USSR

2. Differential Equations No. 12

Figure 5: Figure 5

RussiaRxiv

russiarxiv.org/items/ru-196701.94375

Machine Translation


https://russiarxiv.org/items/ru-196701.94375

SYSTEMS OF DIFFERENTIAL EQUATIONS 473
dx
dz
T—m, 1—n
Y e o L T
i Mk m y 9
dy s~ 1—nm
“ X

Considering (16), (14) is written as
T, __ (dT,\? i l—m 1
ar d? o o To—B

Now let's introduce the parameter A into (16):

x—Bi=Au, y=v, z=2z0+M\,

let A =0 and transition to a single second-orot differential equation with
poro regard with respect to vo, we obtain

&, =_(ﬂ>zx

dr dt
s M
X[ m 1 + 1—my 1 . 1 ] ag
T—m vo—a & m ve—a (L v—o
For (17) and (18) reaspectively we have the first integrals
dT, o N ]
Lo~ Tl To—p)~ ™ [I To—Bu), 19
L k=1 k=r+1
dvy oL LM
2 =Cwo—a) AT (vo—ay ™™ TT o—co)- (20)
k=1 k=rtl

In view of the problem being solved (19) and (20) ([1]], p. 114) — the equations of
Briot and Bouquet, it means, the exponents of the binomials (Tp — )
and (vo — By) can take completely definite groups of values. If n, > 1, then
1—ny < 0and, consequently, in (20) s = M = 2, if, however, n, <0, then in (19)
r=m=2.

Without loss of generality, it can be assumed that s = M = 2, then the
system (16) is written in the form

dx _ 1 m—2 1
dz  y—aq n oy—a
' : @
& Lo
dz =B L xR

where n, > 2 and it is easy to see[1], that m < 3.

Figure 6: Figure 6
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If we assume r < m and in (19) write

T \V _ 1 N
(G) =TT @—so,

m
then we obtain either n, = 2, or E Nj > 2m, but the first is excluded, and the

=1
second speaks to the presence of critical mobile singularities in To(r). There-
fore, it is possible only that r = m. Having made the substitus z = L

—n
in system (21) and for any new sﬁstem having constructed formulas, (19
andz, we come to the fact that either n; = 1, or one of equations (19), %20
carot be Brio and Bouquet. Thus is proven

Lemma 3. If the system (IC?I is such that (M — 1)(m — 1) # 0 and
there exist such 4,(z) and B(z), that A;/B; # —1, then this system contains
mobile critical singular points.

If we assume A, = A;=... = Ap = — B, = ... = — By, then from
(19) and (20), putting n; = oo, m; = co, we obtain respectively
dT, l
p =C1-[(T0_uk): (19,)
4 k=1
d ™
“=CI1(To—By. @0)

Obviously m = M = 2, under the found conditions the system (10) admits
the first integral

O - @0 —a)x—B) G — P = - @

After reduction of (10) (taking into account the aforesaid) with the help
of (22) to a single equation we have

dx 2
(&) =C@—are—pra—prrce—pe—p. @)
Equation (23) integrates in elliptic functions, consequently, x(z) is a
single-valued function. But then it is easy to see that y?z) is also a single-
valued function.

Proven

Theorem 1. From systems of the form (10) for (M — 1)(m —1)# 0
one and only one system, which can be reduced to the form

& ko dy i 1 24

dz y—o,  y—o  dz  x—P,  x—P

does not_have critical mobile singular points. . .
Let, finally, in system (10) (M — 1)(m — 1) = 0. Without reducing

Fenerallty, we can set M = 1. Then system (10) can be reduced to the

orm

dx 1 dy < l—n 1
EZ——Z——— (25)

s 3 )
dz  y—ua ~ e x—B

Figure 7: Figure 7
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where some n; can be equal to co as well. System (25) has a first integral
m = (1 o L)
y—a=CJ](x=p o (26)
k=1

By lowering the order of system (25), we obtain the equation

(jx_z)N = P(x) (P — polynomial),

which must belong to the class of Briot and Bouquet equations. This will
find the possible values of m and the corresponding ng. Namely,
for m =1 n, can take the values: —1, n — any integer, co;

II for m=2 n; and ny can take respectively: n, — n — integer;

II for m=3 n, and np can take respectively: n, —n — integer;
o, 2, 00, 00;2,2;2,00;2 32,6 3,62 4, 4,43, 3;

Il for m=3 ny, ny and n; can take respectively the values:
2,2,002 36 24, 4333322

IV form=4 n=n=ny=ny=2.

From (25) it is obvious that the absence of movable multivalued singular
oints for the component x(z) entails the absence of such for y(z) as well.
n this case, x and y will be expressed in elementary and elliptic functions.

Theorem 2. For the absence of movable critical singular points in system

(10) with (M — 1)(m — 1) =0, 1t is necessary and sufficient that by means
of a tranaformation of the independent variable and a first integral of the form
(26) the system is reduced to a Briot and Bouquet equation, namely, that
in (25) m and the corresponding n, take the values given above.

Consider a system of the form (11), and let first a_‘%z_ #0. Then
5
0x, ) =[x =B, & =22, Bil2) #B)@), i#J.
=1

It is always possible to assume B,(z) = 0. Let us introduce a parameter A
into the system: x = Ab, y=W, z=2zy+ 2% and for A = 0 we obtain

dly _ v kAW, _ P1(0, z9)
Tl —*gopk(zo)wuf FTI e

o

18 [1-B@P 1o

j=2

@7

a#0, pylzo) #0.
Using the first integral

n
= 1-38
T “‘—E T p P@Wst =C,

we arrive at the equation

dwo)s'_' 5-1[ o 1-8 K+ &
= =a' | Y T puzWt +C |
( dt = 1+k

Figure 8: Figure 8
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For the absence of moving critical singular points it is necessary [1]
(n+ 1)8; < 28, — 2, but this cannot be for n > 0.
Lemma 4. For the system of the form (11) not to contain moving

critical singular points, it is necessary that a—; =0.
Let lemma 4 hold, i.e.

N
dx dy k
5 = @y, —==) a@xt 28
w H" wth
If n =N = 1, then the system is linear and, therefore, does not contain
moving singular points in general
Let nN # 1. Introduce the parameter A:
1 1 -
= YTy 2T

for > = 0 we obtain

Lo e Kaw @
Consider the one-parameter family of solutions of system (29)
T0=A(I+C)‘:T+’]‘, W0=B(I+C)%, (30)
where AB#0— C — arbitrary For the uni
of Ty and W, it is necessary to require that ;’. p s, I‘IJ\L +_11 =1,
where s and / — integers, obviously s >0, /> 0 and 1 + % + l’ =Nn—-1.

It is ea?' to see that the latter is possible only for the following values
of n and N:
Ln=2 N=1 n=l,N=2;A

2.n=3, =1 (n=1,N=3).
3n=N=2
Let us have n =2, N=1, ie.
dx 2 dy
T POy @y +R@, L =a@r+e@, 6D

PA2)#0, qi(x)#0.
This system can be reduced by a linear transformation to the form

s el dy _
& —PEY+P@y, Go=x 32
obviously, (32) is equivalent to the equation of the second order
4 ~ .
o =Ry +h@y. [€2)

Figure 9: Figure 9
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Theorem 3. Equation (33), and therefore, system (32) do not contain
movable critical singular points if and only if either ~ p, (z) and p, (2)
are constant, or by the transformation y = p@W + v(2), T = ¢(2),
where

B@=Cp @, ¢@=[p; @z,

(4
1 - o~ ~ ~ =
v=—— 65" — 55, DR — 295, @2 @),
50p; (2)
equation (33) reduces to
2w
F = 6W? +at+ b,

where a and b, C are constant numbers. In this cave the solution of system
(32) is expressed in terms of elementary, elliptic functions and Painlevé
transcendents (solutions of the first Painlevé equation).

Theorem 3'. For the equation (33), and therefore, the system (32)
not to contain movable critical singular points when p, # const,
Do # const, it is necessary and sufficient

C F -2/5
a— | p; (@dz+b
( ‘/EJ' ; )—3i5

Io

@ g e+ o0 p; @)=0,

v(2)

where a and b are certain constant numbers!).

Theorem 3 follows from Theorem 3 and the form of equation (33) after
transformation (34).

Lyct we have n =3, N =1, ie.

-n@+

d d
Ex =p3(Dy* +p2(2)* + p1(@) y + Po(2), d—i =q(dx+q(2), (35
(35) can be reduced to the form
% _ = 3= a0 s dy _
7z =@y +p@y +p@y, =x (36)
which is equivalent to the equation
5y = - %
o =BOP RO +5O). @7

Analogously to the case n =2, N = 1 we have:

Theorem 4. Eguanion (37), and there{ore, system (36) do not contain
movable critical singular points if and only if either Py, ~p,, ~p, are
constant, or by the transformation

y=p@W+v(), 1=09(), (38)

1) If a # 0, then by the choice of 2, it is possible to ensure b =0, and by the
choice of C—a=1.

Figure 10: Figure 10
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