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In the theory of optimal automatic control systems, ill-posed problems often
arise. The numerical solution of these problems, as well as the physical imple-
mentation of the optimal systems found, presents substantial difficulties. In the
present paper it is shown that the application of the regularization methods
developed in (!, 2) to certain problems in the statistical dynamics of automatic
control systems not only yields stable algorithms, but also reduces the complex-
ity of the physical implementation of the optimal systems found.

One of the fundamental problems of the statistical dynamics of automatic con-
trol systems is the determination of a functional Fx(t,); t —a < t; < t] that
minimizes the functional

ly(t) — Fla(ty); t —a < t, <t (1)

where z(t) is a random signal at the input of the filter specified by the functional
F; y(t) is the desired output signal of the filter; a is a parameter determining
the memory of the filter (if @ < oo, we shall say that the filter has finite memory;
if a = oo, then we shall say that the filter has infinite memory); the bar denotes
the averaging operation.

Let the solution of the variational problem for the functional (1) be sought in
the class of polynomial functionals of the form

Flo(t);t—a<t <t]= /“ hy(py)z(t —py) dp;+
0

+/ / ho(p1, pe)x(t — py)z(t — py) dpy dpy + -+
0 0
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..+/Ora_,.-[ahs(pl,...,ps)x(t—pl)...m(t_ps>dp1...dps. (2)

Then the system of functions hy, h,, ..., h,, corresponding to the optimal poly-
nomial functional, satisfies a system of integral

equations of the first kind

S a a
Z/ / hi(prs - P) Lo (Pys s Pi @1 -, G5) dpy - dp; =
i=1 Y0 0

:Fy;p(qlavq])v ]:1527751

Lo(pyy oD @as o5 @) =t —py) - a(t —py) 2(t —qy) 2t —q;),  (3)

Fya:(QD "'7Qj) = y<t) Z‘(t - Q1) Z‘(t - q]')

moments of the random signal z(¢) and mixed moments of the random signals
y(t) and x(t).

System (2) is equivalent to the functional equation
L,h=T,,, (4)
where h and I are elements of the Hilbert space J, which is the direct sum

of the spaces ', H2, ..., 7°, and each F*? is a space of functions of i variables,
square-integrable on the i-dimensional hypercube with side a.

It can be shown that the operator I',, acting in F, will be self-adjoint and
positive. Let E, be the resolution of the identity of the operator I',. Then the
solution of equation (4) can be represented in the form

<1
h = / 4By, (5)
0

if and only if

<1
/0 4B\, T,,) < oo (6)

Let the element I'), be given with some error . In this case the solution of
equation (4) will have the form
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_ <1
= [ SAET ) @
0
The norm of the error of the solution will obviously be determined by the formula

1/2

b=t =[] ®

It follows from this that the norm of the error of the solution may be arbitrarily
large depending on the distribution of the spectral measure (Fyn,n). Thus, the
problem of determining the optimal functional of the form (2) is not well posed.
To obtain stable algorithms, one may apply the methods of regularization of ill-
posed problems proposed in works (12). If the regularizing functional is given in
the form Q(h) = (h, h), then regularization of problem (4) leads to the equation
of the second kind

ph+T,h=T,,. (9)
One of the possible regularizing algorithms for problem (4) may be the following:

1
Rs[T,,] :/ X dE\T,,. (10)

If the element I, is given with error 7, then

Ih— ] = <

<1 <1
“1 <1

It follows from this:

1/2
<

1
+ + — |l
«

(11)

“ 1

Theorem. For any £ > 0 there exist such 6(¢) and af(e) that, if ||| < d(e),
then |h —h| <e.

In the case of a discrete spectrum, the regularizing algorithm (10) is equivalent
to defining the solution in the form of a linear combination of eigenvectors whose
eigenvalues are greater than «.

Regularization of ill-posed problems of the statistical dynamics of automatic
control systems is expedient not only because it yields stable algorithms, but
also because regularization reduces the complexity of the physical realization of
optimal filters.
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Indeed, regularization of problem (4) is equivalent to the variational problem of
determining the element A that minimizes the functional €2 for a fixed value of
the functional (1). Minimization of the functional 2 is equivalent to narrowing
the set A, = {h | Q(h) < t}. Let us define the functional C_(h)—the cost of the
physical realization of a filter specified by the element h, with accuracy . As
a characteristic of the complexity of the physical realization of a filter specified
by an element h € A,, with accuracy ¢, one may take the number

max C
heA,

- (h).
It is obvious that

gg%fi C.(h) < }f?gz C.(h), if A, CA,.

Hence it is clear that regularization reduces the maximum possible cost of the
physical realization of the solution found.

An illustration of this conclusion may be the circumstance that the solution of
equation (9), as well as the solution found by applying the regularizing algorithm
(10), has a finite norm and therefore does not contain generalized functions in
its composition. Filters specified by generalized functions are physically unreal-
izable.
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