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CYBERNETICS AND CONTROL THEORY

V. V. SOLODNIKOV, V. L. LENSKII

REGULARIZATION OF PROBLEMS IN THE
STATISTICAL DYNAMICS OF AUTOMATIC
CONTROL SYSTEMS
(Presented by Academician A. A. Dorodnitsyn, 25 IV 1966)

In the theory of optimal automatic control systems, ill-posed problems often
arise. The numerical solution of these problems, as well as the physical imple-
mentation of the optimal systems found, presents substantial difficulties. In the
present paper it is shown that the application of the regularization methods
developed in (1, 2) to certain problems in the statistical dynamics of automatic
control systems not only yields stable algorithms, but also reduces the complex-
ity of the physical implementation of the optimal systems found.

One of the fundamental problems of the statistical dynamics of automatic con-
trol systems is the determination of a functional 𝐹[𝑥(𝑡1); 𝑡 − 𝑎 ≤ 𝑡1 ≤ 𝑡] that
minimizes the functional

|𝑦(𝑡) − 𝐹 [𝑥(𝑡1); 𝑡 − 𝑎 ≤ 𝑡1 ≤ 𝑡]|2, (1)

where 𝑥(𝑡) is a random signal at the input of the filter specified by the functional
𝐹 ; 𝑦(𝑡) is the desired output signal of the filter; 𝑎 is a parameter determining
the memory of the filter (if 𝑎 < ∞, we shall say that the filter has finite memory;
if 𝑎 = ∞, then we shall say that the filter has infinite memory); the bar denotes
the averaging operation.

Let the solution of the variational problem for the functional (1) be sought in
the class of polynomial functionals of the form

𝐹[𝑥(𝑡1); 𝑡 − 𝑎 ≤ 𝑡1 ≤ 𝑡] = ∫
𝑎

0
ℎ1(𝑝1)𝑥(𝑡 − 𝑝1) 𝑑𝑝1+

+ ∫
𝑎

0
∫

𝑎

0
ℎ2(𝑝1, 𝑝2)𝑥(𝑡 − 𝑝1)𝑥(𝑡 − 𝑝2) 𝑑𝑝1 𝑑𝑝2 + ⋯
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⋯ + ∫
𝑎

0
⋯ ∫

𝑎

0
ℎ𝑠(𝑝1, … , 𝑝𝑠)𝑥(𝑡 − 𝑝1) ⋯ 𝑥(𝑡 − 𝑝𝑠) 𝑑𝑝1 ⋯ 𝑑𝑝𝑠. (2)

Then the system of functions ℎ1, ℎ2, … , ℎ𝑠, corresponding to the optimal poly-
nomial functional, satisfies a system of integral

equations of the first kind

𝑠
∑
𝑖=1

∫
𝑎

0
⋯ ∫

𝑎

0
ℎ𝑖(𝑝1, … , 𝑝𝑖) Γ𝑥(𝑝1, … , 𝑝𝑖, 𝑞1, … , 𝑞𝑗) 𝑑𝑝1 ⋯ 𝑑𝑝𝑖 =

= Γ𝑦𝑥(𝑞1, … , 𝑞𝑗), 𝑗 = 1, 2, … , 𝑠;

Γ𝑥(𝑝1, … , 𝑝𝑖, 𝑞1, … , 𝑞𝑗) = 𝑥(𝑡 − 𝑝1) ⋯ 𝑥(𝑡 − 𝑝𝑖) 𝑥(𝑡 − 𝑞1) ⋯ 𝑥(𝑡 − 𝑞𝑗), (3)

Γ𝑦𝑥(𝑞1, … , 𝑞𝑗) = 𝑦(𝑡) 𝑥(𝑡 − 𝑞1) ⋯ 𝑥(𝑡 − 𝑞𝑗)

moments of the random signal 𝑥(𝑡) and mixed moments of the random signals
𝑦(𝑡) and 𝑥(𝑡).
System (2) is equivalent to the functional equation

Γ𝑥ℎ = Γ𝑦𝑥, (4)

where ℎ and Γ𝑦𝑥 are elements of the Hilbert space ℋ, which is the direct sum
of the spaces ℋ1, ℋ2, … , ℋ𝑠, and each ℋ𝑖 is a space of functions of 𝑖 variables,
square-integrable on the 𝑖-dimensional hypercube with side 𝑎.

It can be shown that the operator Γ𝑥, acting in ℋ, will be self-adjoint and
positive. Let 𝐸𝜆 be the resolution of the identity of the operator Γ𝑥. Then the
solution of equation (4) can be represented in the form

ℎ = ∫
∞

0

1
𝜆 𝑑𝐸𝜆Γ𝑦𝑥 (5)

if and only if

∫
∞

0

1
𝜆2 𝑑 (𝐸𝜆Γ𝑦𝑥, Γ𝑦𝑥) < ∞. (6)

Let the element Γ𝑦𝑥 be given with some error 𝜂. In this case the solution of
equation (4) will have the form
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ℎ = ∫
∞

0

1
𝜆 𝑑𝐸𝜆(Γ𝑦𝑥 + 𝜂). (7)

The norm of the error of the solution will obviously be determined by the formula

‖ℎ − ℎ‖ = [∫
∞

0

1
𝜆2 𝑑(𝐸𝜆𝜂, 𝜂)]

1/2
. (8)

It follows from this that the norm of the error of the solution may be arbitrarily
large depending on the distribution of the spectral measure (𝐸𝜆𝜂, 𝜂). Thus, the
problem of determining the optimal functional of the form (2) is not well posed.
To obtain stable algorithms, one may apply the methods of regularization of ill-
posed problems proposed in works (1,2). If the regularizing functional is given in
the form Ω(ℎ) = (ℎ, ℎ), then regularization of problem (4) leads to the equation
of the second kind

𝜇ℎ + Γ𝑥ℎ = Γ𝑦𝑥. (9)

One of the possible regularizing algorithms for problem (4) may be the following:

𝑅𝛿 [Γ𝑦𝑥] = ∫
∞

𝛼

1
𝜆 𝑑𝐸𝜆Γ𝑦𝑥. (10)

If the element Γ𝑦𝑥 is given with error 𝜂, then

‖ℎ − ℎ̄‖ = ∥∫
∞

0

1
𝜆 𝑑𝐸𝜆Γ𝑦𝑥 − ∫

∞

𝛼

1
𝜆 𝑑𝐸𝜆(Γ𝑦𝑥 + 𝜂)∥ ≤

≤ ∥∫
𝛼

0

1
𝜆 𝑑𝐸𝜆Γ𝑦𝑥∥ + ∥∫

∞

𝛼

1
𝜆 𝑑𝐸𝜆𝜂∥ ≤ [∫

𝛼

0

1
𝜆2 𝑑(𝐸𝜆Γ𝑦𝑥, Γ𝑦𝑥)]

1/2
+ 1

𝛼‖𝜂‖.
(11)

It follows from this:

Theorem. For any 𝜀 > 0 there exist such 𝛿(𝜀) and 𝛼(𝜀) that, if ‖𝜂‖ < 𝛿(𝜀),
then ‖ℎ − ℎ̄‖ ≤ 𝜀.

In the case of a discrete spectrum, the regularizing algorithm (10) is equivalent
to defining the solution in the form of a linear combination of eigenvectors whose
eigenvalues are greater than 𝛼.

Regularization of ill-posed problems of the statistical dynamics of automatic
control systems is expedient not only because it yields stable algorithms, but
also because regularization reduces the complexity of the physical realization of
optimal filters.
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Indeed, regularization of problem (4) is equivalent to the variational problem of
determining the element ℎ that minimizes the functional Ω for a fixed value of
the functional (1). Minimization of the functional Ω is equivalent to narrowing
the set 𝐴𝑡 = {ℎ ∣ Ω(ℎ) ≤ 𝑡}. Let us define the functional 𝐶𝜀(ℎ)—the cost of the
physical realization of a filter specified by the element ℎ, with accuracy 𝜀. As
a characteristic of the complexity of the physical realization of a filter specified
by an element ℎ ∈ 𝐴𝑡, with accuracy 𝜀, one may take the number

max
ℎ∈𝐴𝑡

𝐶𝜀(ℎ).

It is obvious that

max
ℎ∈𝐴𝑡1

𝐶𝜀(ℎ) ≤ max
ℎ∈𝐴𝑡2

𝐶𝜀(ℎ), if 𝐴𝑡1
⊂ 𝐴𝑡2

.

Hence it is clear that regularization reduces the maximum possible cost of the
physical realization of the solution found.

An illustration of this conclusion may be the circumstance that the solution of
equation (9), as well as the solution found by applying the regularizing algorithm
(10), has a finite norm and therefore does not contain generalized functions in
its composition. Filters specified by generalized functions are physically unreal-
izable.
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