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By E* we shall denote a linear partially ordered set of nonnegative elements
U, v, %, ..., and by KT the set of operators L,l, L, (i = 1,...,n) of Volterra type
that map the set £ into itself, for which the series

Ri(N) =T =NL) ™" = Z)‘?L?
k=0

converge for every value of the complex parameter ;. We shall assume that the
set KT, together with any two operators, contains their sum, product, and the
operator T;(A\) = L,R,(\), if L, € KT (A > 0).

We shall be interested in the following properties of the operators. Multiplying
the equality

Li=(A—a)[(I-aL;) = (I=AL)]  (A#a)

2

by R;(a)R;()), we easily arrive at the relation

(2

Ti(a)R;(A) = (A = a) R (A) — Ry (a)],

whence, for A > a > 0, in turn follows the inequality

T(@)R(N) < (A —a) [R,(N) — 1] < (A—a) T R,(\),

3
Using this inequality, by the method of complete mathematical induction one

can show that

T (o) R,

3 (3

(A) <A —a) " [R;(A) — 1], (1)

Let now the operators L, satisfy the relation L,; k < L, ;1 for i > k.
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Then, if a; > 0, oy, > 0, @ > k, then

T () Ry (ay) < Ry(y,) T (). (2)

Consider the operator R = R, (\;) - R,,(\,). If A, > a; > 0, using inequalities
(1) and (2), one can obtain that

TR < (A —a;) ™R —1). 3)

In what follows we shall assume that the nonnegative real numbers \; and a;;
(i=1,..,n; j=1,..,p) satisfy the inequality A\; > a,;, and m;; will denote
integers.

i5)

For simplicity put 7;; = T;(a;;). Starting from inequality (3), by the method of
complete mathematical induction one can finally prove the inequality

ﬁHT[j ﬁHA —ay) ™ (R—1T), (4)

i=1 j=1 i=1 j=

Let us introduce into consideration the operator

N n P .
L= Z:a Myqy e HHTH K

m=1 1=1 j=

: nop
where, respectively, m = > . ijl m,; are natural numbers, and the coeffi-
cients a are nonnegative numbers. The equation

N n P
= Z a(myy, ..., my,,) HHOV —a) M =1, (5)

m=1 i=1 j=1

where A = (A, Ag, ..., A,), will be called characteristic for the equation u =

r '

¥ + Lu. Obviously, L € K.

Let us formulate the main inequality.

Theorem 1. If an element u satisfies the inequality u < ¢ + Lu (u,% € E1),
then

where Aq, ..., A, satisfy the characteristic equation (5).
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To prove the assertion of the theorem, consider the expression ¢ + Lv. From
inequality (4), taking into account that A satisfy relation (5), it is easy to obtain
the inequalities

Y+Lv=y¢+LRY <+ FAN(R—-D)p=9¢+(R—I)}) =R =v,
i.e., v > ¥+ Lv. Now the assertion of the theorem follows from the following
proposition.

Lemma. If u, v satisfy the inequalities u < ¥+ Lu, v > ¢+ Lv, where L € KT,
then u < v.

The assertion of the lemma is proved as follows: subtracting the first inequality
from the second, we obtain v —u > L(u —v). Hence v —u = ¢, + L(v — u)
(¢ € ET),and v —u= (I — L) Y4, > 0.

Remark 1. The characteristic equation (5) for n > 1 has an infinite set of
solutions. To each solution there corresponds its own estimate of the form (6).
Denote v, = infpy)—y v(A). It can be proved: if u satisfies the condition of
Theorem 1, then u < v,.

For operators of a special form one can also obtain the reverse inequality.
Theorem 2. If v satisfies the inequality v > ¢ + ZZ:I a,Lv, then
v >R, (a,) Ry(aq).

Corollary. From Theorems 1 and 2 there follows the assertion: if the operator
[ is defined by the rule

n
lu = g apLyu,
k=1

then

Rn(an> '"Rl(al) < (I - l)71 < Rl()‘1> Rn()‘n)v
where the nonnegative numbers A, ..., A, satisfy the relation

AMlay + -+ A\ta, = 1. (7)
Examples. If
ty
Lk’LL: / ak(sk)u(t17...,tkil,Tk,,tk+17...7tn>d7—k, (8)
0
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then

ty th
Ty (A)v :/ Qy €Xp {/\k/ Qg di} V(oo sty 1y Spotgrs ) dsg. (9)
0 s

k

and Ry(A\,) = I + A\, T,,(A,), where the operators L, (k = 1,...,

pairwise.

From Theorems 1 and 2 one can derive the following inequalities.

1. If the function u(t) satisfies the inequality

u(t) < w(t)/ +audr,
0

+/Otaexp{/tozd7}wd7'.

This is the well-known Gronwall—Bellman inequality (1).

then

2. If the function v = u(ty,...,t,) satisfies the inequality

u < w—l—ZLku,
k=1

then

HI+)\ka¢ ¢+Z)\ka¢+ AL AT

k=1

in particular, if ¥ = C' > 0 is constant, then

n tr
uSC’eXp{Z/\k/ adek};
k=1 0

ty ty
1/}2/ / pdr, ...dr,
0 0

if

then

n) commute

T,;

ty t, n L
ug/ / exp Z)\k/ o dr, ¢ pdr, ...dT, (11)
0 0 k=1 Sk

where the operators L, T, = T},(\;,) are determined from relations (8) and (9),

Y>>0, A7+ N =1

These inequalities improve some inequalities of Wendroff (*) and inequalities

from (2).
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Remark. By varying the numbers A, instead of inequalities (10) and (11) one
can obtain the sharper inequalities

2

. e 1/2
u<CeXp{Z l/ adek} } ,
k=1 |70

2

t t, n te 1/2
U g/ / exp Z / oy, dTy, pds, ...ds;.
0 0 k=1 Si

3. Let now .
Lkuz/ e ETydr  (k=1,..,n).
0

Then the operators L, commute among themselves and

t
R, (\) = + )\k/ €(>\k+ak)(t77>z/)(7> dr
0

One can also find constants C, (k= 1,...,n) such that

n

t
H (A <9+ Z Ck/ e<>‘k+ﬂk)(t—7)¢(7.) dr. (12)

Therefore, if the function w(t) satisfies the inequality

n t
u <P+ Z ay, / e =Ty dr,
k=1 0

where a;, > 0, ¢ > 0, then the function u will be less than the right-hand side
of relation (12) for a corresponding choice of the constants C). (A, > 0 are
determined from relation (7).)

4. From Theorems 1 and 2 one can obtain various inequalities also with
matrix coefficients; for example, if

t t
u(t) < Y(t) + A/ PNy dr + B/ QU= dr,
0 0
then
t t
u(t) < PY(t)AA / eAAEPYE=T)) (1) dr + uB / eWBHRET) o)y (1) dr
0 0

t s
+)\/JAB/ (AA+P)(t— )/ eWB*Q)(S*T)zp(T) dr,
0 0
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where u,1) are nonnegative vector functions; A, B, P, are square matrices
with nonnegative components that are pairwise permutable with one another;
A > 1, pu> 1 satisfy the equality A™! + =1 = 1.

These inequalities can be used to prove theorems on existence, uniqueness, con-
tinuous dependence, and stability of solutions of differential and integral equa-
tions in many variables.
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