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Abstract
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MATHEMATICS

I. I. Bavrin

INTEGRAL REPRESENTATIONS FOR FUNC-
TIONS HOLOMORPHIC IN CONVEX POLY-
CIRCULAR DOMAINS, AND TAYLOR’S
FORMULA
(Presented by Academician M. A. Lavrent’ev, 27 XII 1966)

In the present note, in the case of bounded convex complete 𝑛-circular (𝑛 ≥ 2)
domains, a general integral representation is given (§ 1, Theorem 2), which
reflects the specific properties of this class of domains and an important feature
of which is its close connection with the Cauchy formula of one complex variable.
Here also (§ 2), in the case of 𝑛 (𝑛 ≥ 1) complex variables, a Taylor formula
with a remainder term containing no unknown numbers is given.

§ 1. Let 𝑓 = 𝑓(𝑧1, … , 𝑧𝑛) be a function holomorphic in a complete 𝑛-circular
(𝑛 ≥ 2) domain 𝑄 with center at the point (0, … , 0), let 𝑘 be a natural number,
and let 𝛾1, … , 𝛾𝑘 be arbitrary positive numbers satisfying 𝛾𝑗 ≥ 1 (𝑗 = 1, … , 𝑘).
Suppose further that for each 𝑗 from the set {1, … , 𝑘}

𝜆(𝑗)
1 , 𝜆(𝑗)

2 , … , 𝜆(𝑗)
𝑝𝑗 (1 ≤ 𝑝𝑗 ≤ 𝑛)

are arbitrary, but all distinct, natural numbers taken from {1, … , 𝑛}.
Introduce the notation:

𝐿𝑌𝑗
[𝑓] = 𝐿(𝛾𝑗;𝜆(𝑗)

1 ,…,𝜆(𝑗)
𝑝𝑗 )[𝑓] = 𝛾𝑗𝑓 +

𝑝𝑗

∑
𝑞=1

𝑧𝜆(𝑗)
𝑞

𝑓 ′
𝑧

𝜆(𝑗)
𝑞

, 𝑗 = 1, … , 𝑘,

𝐿(𝑘)
𝑌 [𝑓] = 𝐿(𝑘)

(𝑌1,…,𝑌𝑘)[𝑓] = 𝐿𝑌𝑘
[𝐿𝑌𝑘−1

⋯ [𝐿𝑌1
[𝑓]] ⋯]∗

and put 𝐿(0)
𝑌 [𝑓] = 𝑓 .

Suppose that 𝜀1, … , 𝜀𝑘 are real numbers satisfying 0 ≤ 𝜀𝑗 ≤ 1 (𝑗 = 1, … , 𝑘), and
that the point 𝑧 = (𝑧1, … , 𝑧𝑛) ∈ 𝑄. Replace in 𝑧 the coordinates
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𝑧𝜆(1)
1

, … , 𝑧𝜆(1)
𝑝1

respectively by

𝜀1𝑧𝜆(1)
1

, … , 𝜀1𝑧𝜆(1)
𝑝1

.

Denote the result by

𝑧(𝜆(1)
1 ,…,𝜆(1)

𝑝1 )(𝜀1)

(in short, 𝑧𝑀1
(𝜀1)**). Replace in 𝑧𝑀1

(𝜀1)

𝑧𝜆(2)
1

, … , 𝑧𝜆(2)
𝑝2

respectively by

𝜀2𝑧𝜆(2)
1

, … , 𝜀2𝑧𝜆(2)
𝑝2

.

Denote the result by

𝑧(𝑀1,𝑀2)(
𝜀1
𝜀2

)

and so on. Finally, replace in

𝑧(𝑀1,…,𝑀𝑘−1)
⎛⎜
⎝

𝜀1
⋯

𝜀𝑘−1

⎞⎟
⎠

the coordinates

𝑧𝜆(𝑘)
1

, … , 𝑧𝜆(𝑘)
𝑝𝑘

respectively by

𝜀𝑘𝑧𝜆(𝑘)
1

, … , 𝜀𝑘𝑧𝜆(𝑘)
𝑝𝑘

.

Denote the result by
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𝑧(𝑀1,…,𝑀𝑘)
⎛⎜
⎝

𝜀1
⋯
𝜀𝑘

⎞⎟
⎠

(or briefly

𝑧𝑀
⎛⎜
⎝

𝜀1
⋯
𝜀𝑘

⎞⎟
⎠

, where 𝑀 = (𝑀1, … , 𝑀𝑘).

)

* As here and everywhere below, 𝑌𝑗 = (𝛾𝑗; 𝜆(𝑗)
1 , … , 𝜆(𝑗)

𝑝𝑗 ), 𝑗 = 1, … , 𝑘, 𝑌 =
(𝑌1, … , 𝑌𝑘).
** Similarly, here and below, 𝑀1 = (𝜆(1)

1 , … , 𝜆(1)
𝑝1 ), 𝑀𝑗 = (𝜆(𝑗)

1 , … , 𝜆(𝑗)
𝑝𝑗 ), 𝑗 =

1, … , 𝑘.
Theorem 1. If the function 𝑓(𝑧) (𝑛 ⩾ 2) is holomorphic in the domain 𝑄, then
for every natural 𝑘 the following formula holds in the domain 𝑄:

𝑓(𝑧) = ∫
1

0
𝑑𝜀1 … ∫

1

0
𝑑𝜀𝑘−1 ∫

1

0
𝜀𝛾1−1

1 … 𝜀𝛾𝑘−1
𝑘 𝐿(𝑘)

𝑌
⎡⎢
⎣

𝑓 ⎛⎜
⎝

𝑧𝑀
⎛⎜
⎝

𝜀1
…
𝜀𝑘

⎞⎟
⎠

⎞⎟
⎠

⎤⎥
⎦

𝑑𝜀𝑘. (1)

The proof is similar to the proof of Theorem 1 in the author’s note (1). Introduce
the notation

𝐿(−𝑘)
𝑌 [𝑓] = ∫

1

0
𝑑𝜀1 … ∫

1

0
𝑑𝜀𝑘−1 ∫

1

0
𝜀𝛾1−1

1 … 𝜀𝛾𝑘−1
𝑘 𝑓 ⎛⎜

⎝
𝑧𝑀

⎛⎜
⎝

𝜀1
…
𝜀𝑘

⎞⎟
⎠

⎞⎟
⎠

𝑑𝜀𝑘

(as before, 𝑓 is holomorphic in 𝑄). By means of formula (1) it is established
that

𝐿(−𝑘)
𝑌 [𝐿(𝑘)

𝑌 [𝑓]] = 𝐿(𝑘)
𝑌 [𝐿(−𝑘)

𝑌 [𝑓]] = 𝑓.

Consequently, 𝐿(−𝑘)
𝑌 [𝑓] is the inverse operator with respect to the operator 𝐿(𝑘)

𝑌 [𝑓]
(or, briefly, the inverse operator∗).

Theorem 2∗∗. Let 𝐷 ∈ (𝑇 ), let the function 𝑓(𝑧) (𝑛 ⩾ 2) be holomorphic
in 𝐷, and let 𝛼 be a number equal to 0 or 1. Then, if the functions 𝑓 (𝛼)

𝜈 (𝑧),
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𝜈 = 1, … , 𝑛, and all their partial derivatives up to order 𝜇 (𝜇 ⩾ 0), inclusive,
are continuous in 𝐷 ∪ 𝑆, then for 𝑘 = 0, 1, … , 𝜇 and 𝑧 ∈ 𝐷

𝑓(𝑧) = 𝛼𝑓(0) + 1
𝑛 + 𝛼(1 − 𝑛) ×

×
𝑛

∑
𝜈=1

𝑧𝛼
𝜈

(2𝜋)𝑛𝑖 ∫ 𝑑𝜔𝜏 ∫ 𝑑𝜔𝜃 ∫
|𝜉|=1

𝐿(𝑛−1−𝛼)
𝛼+1,𝑛−1 [𝐿(−𝑘)

𝑌 [ 1
𝜉 − 𝑢]] 𝐿(𝑘)

𝑌 [𝐹 (𝛼)
0𝜈 (𝜉, 𝑟, 𝜃)] 𝑑𝜉.

(2)

In the course of the proof, for a function 𝑓(𝑧) satisfying the hypotheses of
Theorem 2, the relation

1
(2𝜋)𝑛𝑖 ∫ 𝑑𝜔𝜃 ∫

|𝜉|=1
𝐿(𝑛−1−𝛼)

𝛼+1,𝑛−1 [ 1
𝜉 − 𝑢] 𝐹 (𝛼)

0𝜈 (𝜉, 𝑟, 𝜃) 𝑑𝜉 =

= 1
(2𝜋)𝑛𝑖 ∫ 𝑑𝜔𝜃 ∫

|𝜉|=1
𝐿(𝑛−1−𝛼)

𝛼+1,𝑛−1 [𝐿(−𝑘)
𝑌 [ 1

𝜉 − 𝑢]] 𝐿(𝑘)
𝑌 [𝐹 (𝛼)

0𝜈 (𝜉, 𝑟, 𝜃)] 𝑑𝜉

(𝑘 = 0, 1, … , 𝜇 and 𝑧 ∈ 𝐷) is established. Then formula (4.15) from the author’
s (2) is used.

∗ In the author’s papers (1,2), the suitably defined expressions

𝐾(𝛾1𝛾𝑘
)(𝜉, 𝑧), 𝑃(𝛾1𝛾𝑘

)(𝜌, 𝜑 − 𝜓), 𝑆(𝛾1𝛾𝑘
)(𝑒𝑖𝜑, 𝑧),

as is established by means of formulas (1.18), (1.20) from (2) (the first of these
formulas also occurs in paper (1) as formula (1)), are the inverse operators with
respect, respectively, to the operators

𝐿(𝑘)
(𝛾1𝛾𝑘

) [ 1
𝜉 − 𝑧 ] , 𝐽 (𝑘)

(𝛾1𝛾𝑘
) [ 1 − 𝜌2

1 + 𝜌2 − 2𝜌 cos(𝜑 − 𝜓)] , 𝐿(𝑘)
(𝛾1𝛾𝑘

) [𝑒𝑖𝜑 + 𝑧
𝑒𝑖𝜑 − 𝑧 ] ;

therefore it is natural to denote these inverse operators respectively by

𝐿(−𝑘)
(𝛾1𝛾𝑘

) [ 1
𝜉 − 𝑧 ] , 𝐽 (−𝑘)

(𝛾1𝛾𝑘
) [ 1 − 𝜌2

1 + 𝜌2 − 2𝜌 cos(𝜑 − 𝜓)] , 𝐿(−𝑘)
(𝛾1𝛾𝑘

) [𝑒𝑖𝜑 + 𝑧
𝑒𝑖𝜑 − 𝑧 ] .

Analogously also in the case of the expressions 𝐾𝑙,𝑙+𝑘−1(𝜉, 𝑧), 𝑃𝑙,𝑙+𝑘−1(𝜌, 𝜑 − 𝜓),
𝑆𝑙,𝑙+𝑘−1(𝑒𝑖𝜑, 𝑧). The same applies when 𝑧 is replaced by 𝑢.
∗∗ In formulating this theorem we adhere to the notation used in (1−4).
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We point out one feature of the integral representation (2). From formula (2) it
is seen that the integral

1
2𝜋𝑖 ∫

|𝜁|=1
𝐿(𝑛−1−𝛼)

𝛼+1,𝑛−1 [𝐿(−𝑘)
𝑌 [ 1

𝜁 − 𝑢]] 𝐿(𝑘)
𝑌 [𝐹 (𝛼)

0𝜈 (𝜁, 𝑟, 𝜃)] 𝑑𝜁

is

𝐿(𝑛−1−𝛼)
𝛼+1,𝑛−1 [𝐿(−𝑘)

𝑌 [ 1
2𝜋𝑖 ∫

|𝜁|=1

1
𝜁 − 𝑢𝐿(𝑘)

𝑌 [𝐹 (𝛼)
0𝜈 (𝜁, 𝑟, 𝜃)] 𝑑𝜁]] ,

i.e., the given integro-differential operator of the Cauchy integral, regarded as a
function of the variables 𝑧1, … , 𝑧𝑛.

Remark 1. Along with formula (2) there also hold two further general formulas,
one of which has a feature analogous to that of formula (2), but with respect to
the Poisson integral, and the other with respect to the Schwarz integral.

Remark 2. Leaving aside the above-indicated feature of the integral represen-
tation (2), we note that (similarly to Theorem 5 (the case of the domains 𝐵 and
𝐻 in (1))) in the case of a bounded complete 𝑛-circular (𝑛 ≥ 2) domain (un-
der insignificant restrictions on its boundary), one can obtain integral formulas
similar in character to formula (2). In doing so, alongside the corresponding
integral representations, one uses formula (1) of the present note and formula
(2) from (3).

Remark 3. Formula (1) (for 𝑘 = 1) remains valid also in the case when 𝛾1 is any
positive number. But for 0 < 𝛾1 < 1 the integral entering this formula should
be understood as improper. Taking account of the same remark concerning the
analogous integrals, Theorem 1 and the entire contents of § 1 connected with
𝛾1, … , 𝛾𝑘 remain valid also in the case when 𝛾1, … , 𝛾𝑘 are arbitrary positive
numbers.

§ 2. Let 𝐺 be a star-shaped domain with respect to the point (𝑧0
1, … , 𝑧0

𝑛)* in
the space 𝐶𝑛 of complex variables 𝑧1, … , 𝑧𝑛, 𝑛 ≥ 1, and let 𝑓 = 𝑓(𝑧1, … , 𝑧𝑛) be
a function holomorphic in 𝐺. In what follows the notations

𝜕𝑘
𝜈 𝑓
𝜕𝑘 = 𝜕𝑘𝑓

𝜕𝑧𝑘𝜈
(𝜈 = 1, … , 𝑛), 𝜕𝑘𝑓

𝜕𝛼1
1 … 𝜕𝛼𝑛𝑛

= 𝜕𝑘𝑓
𝜕𝑧𝛼1

1 … 𝜕𝑧𝛼𝑛𝑛
(𝛼1 +⋯+𝛼𝑛 = 𝑘)

will be convenient.

Theorem 3. If the function 𝑓(𝑧1, … , 𝑧𝑛) (𝑛 ≥ 1) is holomorphic in the domain
𝐺, then for every natural 𝑚 in 𝐺 the formula** holds
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𝑓(𝑧1, … , 𝑧𝑛) =
𝑚

∑
𝑘=0

(∑ 𝑎(𝑘)
𝛼1…𝛼𝑛(𝑧1 − 𝑧0

1)𝛼1 … (𝑧𝑛 − 𝑧0
𝑛)𝛼𝑛) + 𝑅𝑚(𝑧1, … , 𝑧𝑛),

where

𝑎(𝑘)
𝛼1…𝛼𝑛 = 1

𝛼1! … 𝛼𝑛! 𝑓 (𝑘)
𝑧𝛼1

1 …𝑧𝛼𝑛𝑛
(𝑧0

1, … , 𝑧0
𝑛), ∗ ∗ ∗

𝑅𝑚(𝑧1, … , 𝑧𝑛) = 1
(𝑚 − 1)! ∫

1

0
𝑑𝜀 ∫

𝜀

0
(𝜀−𝑡)𝑚−1 (

𝑛
∑
𝜈=1

(𝑧𝜈 − 𝑧0
𝜈) 𝜕

𝜕𝜈
)

𝑚+1

𝑓(𝑍1, … , 𝑍𝑛) 𝑑𝑡

(𝑍1 = 𝑧0
1 + 𝑡(𝑧1 − 𝑧0

1), … , 𝑍𝑛 = 𝑧0
𝑛 + 𝑡(𝑧𝑛 − 𝑧0

𝑛), 𝜀 and 𝑡 are real).

* A domain is called star-shaped with respect to the point (𝑧0
1, … , 𝑧0

𝑛) if, together
with each point, it contains the whole segment joining this point to the point
(𝑧0

1, … , 𝑧0
𝑛).

** In the inner sum the summation extends over all groups of nonnegative inte-
gers 𝛼1, … , 𝛼𝑛 satisfying the condition 𝛼1 + ⋯ + 𝛼𝑛 = 𝑘.
*** We take 0! = 1.
In the proof, the formula (2) from (3) obtained by the author is used essentially
(this formula is taken here in the case when 𝐺 is a star-shaped domain with
respect to the point (𝑧0

1, … , 𝑧0
𝑛)), as is the analogous formula.

Moscow Regional Pedagogical Institute
named after N. K. Krupskaya
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19 XII 1966
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