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TIONS HOLOMORPHIC IN CONVEX POLY-
CIRCULAR DOMAINS, AND TAYLOR’ S
FORMULA

(Presented by Academician M. A. Lavrent ev, 27 XII 1966)

In the present note, in the case of bounded convex complete n-circular (n > 2)
domains, a general integral representation is given (§ 1, Theorem 2), which
reflects the specific properties of this class of domains and an important feature
of which is its close connection with the Cauchy formula of one complex variable.
Here also (§ 2), in the case of n (n > 1) complex variables, a Taylor formula
with a remainder term containing no unknown numbers is given.

§ 1. Let f = f(#,...,2,) be a function holomorphic in a complete n-circular
(n > 2) domain @ with center at the point (0, ...,0), let & be a natural number,
and let 7y, ...,7; be arbitrary positive numbers satisfying v; > 1 (j = 1,..., k).
Suppose further that for each j from the set {1,...,k}

AN AN (L<p <)

are arbitrary, but all distinct, natural numbers taken from {1,...,n}.

Introduce the notation:

'Yj§)\1 sy AD

Pj
LYj[f} :L( (4 )\m)[f]:’ij-i—zz)\zj)f%m’ J=1...k,
; | g G

and put Lgﬁ))[f] = f.

Suppose that &, ..., &, are real numbers satisfying 0 <¢; <1 (j=1,..,k), and
that the point z = (zq,...,2,,) € Q. Replace in z the coordinates
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Z\(1)y eee y Z4(1)
ALY > Ay

respectively by

E12,(1), o, €17

(1) (1.
>\1 ’ API

Denote the result by

20, &)

(in short, z); (1)**). Replace in 2, (¢1)

Z\(2) 5 eer 3 B4 (2)
>\1J7 HRPNSK

respectively by

622/\(12), 7622/\(1)22) .

Denote the result by

€1
z
(M, M) &

and so on. Finally, replace in

€1
A(My,, My, y)
€r—1
the coordinates
Z)\(lk),...7z)\;)kk)
respectively by
E1.Z\(k)y oo yELZ\(K) .
k )\(1 s Ck )\(pk

Denote the result by
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(or briefly

€1
2y () ’ where M = (M, ..., M}).
€k

* As here and everywhere below, Y; = (yj;)\(lﬁ,...,)\g)), j=1..kY =
(Yy,...,Y,).

** Similarly, here and below, M; = (A, A0), My, = AW, 0), j =
1.k

Theorem 1. If the function f(z) (n > 2) is holomorphic in the domain @, then
for every natural k the following formula holds in the domain @Q:

1 1 1 €4
f(z):/o dsl.../o dskl/o 5'{1_1...51’“71L$> {f (ZM ())} de,. (1)

€k

The proof is similar to the proof of Theorem 1 in the author’s note (). Introduce
the notation

. 1 1 1 . X £,
L(Y_ )[f]:/ dsl.../ dakfl/ e e | dey,
0 0 0

€k

(as before, f is holomorphic in Q). By means of formula (1) it is established
that

LEPILP 1) = P LS = £

Consequently, L<; k) [f] is the inverse operator with respect to the operator L(;C ) [f]
(or, briefly, the inverse operator*).

Theorem 2**. Let D € (T'), let the function f(z) (n > 2) be holomorphic
in D, and let o be a number equal to 0 or 1. Then, if the functions fﬁa)(z),
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v =1,...,n, and all their partial derivatives up to order u (1 > 0), inclusive,
are continuous in DU S, then for k=0,1,...,pand z € D

xi (2’;3% /dw /dwe /5 - ;111”“} LY {g_%” LY (R (e.r.0)] de.
(2)

In the course of the proof, for a function f(z) satisfying the hypotheses of
Theorem 2, the relation

(n—1—a) 1 :| ()
F, 0)d¢ =
271- nl/ /£ 1 a+1n 1 f—u Oov (gvrr7 ) 5

1
d o L( . [—HLW Fy2(€,7,0)] d
27T / WGA _ a+1n 1 g_u Y [ Oov (f?ra )] g

(k=0,1,...,u and z € D) is established. Then formula (4.15) from the author’
s (2) is used.

* In the author’ s papers (1:2), the suitably defined expressions
K ’ P 9 - 9 S 75907 ’
(&2 Fayre =¥ S (e2)

as is established by means of formulas (1.18), (1.20) from (?) (the first of these
formulas also occurs in paper (1) as formula (1)), are the inverse operators with
respect, respectively, to the operators

1 1—0p k Ytz
e { } 50 [ ] L® [ };
(0 le—= (1) [1+ p* = 2pcos(p — ¥) (1) Lee — =

therefore it is natural to denote these inverse operators respectively by
= { 1 } JH) [ 1—p? ] = [ef“” +Z} .
() Le—=1" "G L1+ 0% =2pcos(p—9) ] 7(31) [e — 2

Analogously also in the case of the expressions K, ; ;. 1(§,2), P jyx1(p, 0 — ),
Sl,l+,€71(ei*", z). The same applies when z is replaced by w.

** In formulating this theorem we adhere to the notation used in (17%).
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We point out one feature of the integral representation (2). From formula (2) it
is seen that the integral

1 (n—1—a) [ (—k) [ 1 ” (k) [ pale)
— [ e LY [ED ¢, r,0)] de
2mi Joy ORI L=l [ (6o 0)

is

n—l—a — 1 1 @
LU ng” Y l / LY (R (¢r,0)] CKH ,

2mi ¢l=1 (—u

i.e., the given integro-differential operator of the Cauchy integral, regarded as a
function of the variables zy, ..., 2

bl N

Remark 1. Along with formula (2) there also hold two further general formulas,
one of which has a feature analogous to that of formula (2), but with respect to
the Poisson integral, and the other with respect to the Schwarz integral.

Remark 2. Leaving aside the above-indicated feature of the integral represen-
tation (2), we note that (similarly to Theorem 5 (the case of the domains B and
H in (1))) in the case of a bounded complete n-circular (n > 2) domain (un-
der insignificant restrictions on its boundary), one can obtain integral formulas
similar in character to formula (2). In doing so, alongside the corresponding
integral representations, one uses formula (1) of the present note and formula
(2) from (3).

Remark 3. Formula (1) (for k£ = 1) remains valid also in the case when 7, is any
positive number. But for 0 < «; < 1 the integral entering this formula should
be understood as improper. Taking account of the same remark concerning the
analogous integrals, Theorem 1 and the entire contents of § 1 connected with

Yis---57 remain valid also in the case when «;,...,7, are arbitrary positive
numbers.

§ 2. Let G be a star-shaped domain with respect to the point (29,...,29)* in
the space C" of complex variables zq, ..., z,, n > 1, and let f = f(z,...,2,) be

a function holomorphic in G. In what follows the notations

ol _0'f
ok 0k

ok f ok f
— 1. - cta, =k
W=l GEgm = g Lgae (trTean=h)

will be convenient.

Theorem 3. If the function f(z,...,2,) (n > 1) is holomorphic in the domain

G, then for every natural m in G the formula** holds
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f(z1y.ey 2 Zm:(Zaal a, (21 =20 (7, — 20) )—l—R (215 ey Zn),s

k=0
where
k 1 k
aslfmozn = f<a)1 cn (Z?’ 722)7 * %k

ayl o) A

1 1 e n m+1
R, (2., 2,) = (m—l)'é da‘é — (; (2, — 29 V) f(Zy,....Z,)dt

(Zy =2 +t(zy —20), .., Z, = 20 + t(2, — 20), € and t are real).

* A domain is called star-shaped with respect to the point (29, ..., 20) if, together
with each point, it contains the whole segment joining this point to the point

(29,...,29).

** In the inner sum the summation extends over all groups of nonnegative inte-
gers ay, ..., o, satisfying the condition ay + -+, = k.

*** We take 0! = 1.

In the proof, the formula (2) from (3) obtained by the author is used essentially
(this formula is taken here in the case when G is a star-shaped domain with
respect to the point (29, ...,2%)), as is the analogous formula.
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