
Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR
MATHEMATICS

1967

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196701.88810

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196701.88810


Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1967. Volume 176, No. 2

UDC 517.512 + 517.512.7

MATHEMATICS

G. M. CHERNOMASHENTSEV

ON THE“CORRECTION”OF FUNCTIONS OF
SEVERAL VARIABLES DEFINED ON THE
TORUS
(Presented by Academician S. N. Bernstein on 6 XII 1966)

The classical theorem of D. E. Menshov (see (1), and also (2)) on the“correction”
of functions states that any measurable, almost everywhere finite function 𝑓(𝑥)
of period 2𝜋 can be corrected on a set of arbitrarily small measure so that the
Fourier series of the “corrected”function converges uniformly.

It turns out that this result, which is a strengthening of N. N. Luzin’s 𝐶-property,
reflects the specificity not only of Fourier series as an approximation apparatus.
In (5) it was shown that any measurable, finite almost everywhere function 𝑓(𝑥)
can be changed on a set of small measure so that its Fourier series and Fourier–
Walsh series converge uniformly to the corrected function. It can be shown that
the theorem on correction of a function also holds for measurable functions of
many variables defined on the torus, when they are expanded into a multiple
Fourier series with respect to the trigonometric system.

The present note is devoted to the question of the correction of functions of
many variables in connection with their expansion into a series with respect to
the Walsh system (for the definition of the orthonormal Walsh system, as well
as its properties, see (4)).

It is known (see, for example, (3)) that in passing from functions of one variable
to functions of several variables and from simple series to multiple ones, in many
cases one has to consider and essentially distinguish various kinds of convergence
to the limit (ordinary convergence, restricted convergence, etc.). In connection
with this, the question naturally arises whether it is necessary to consider one
or another special kind of convergence in the problem of correction of functions
of many variables. For definiteness we consider the typical case of functions of
two variables.

Let 𝑓(𝑥, 𝑦) be a function of period 1 in each variable, integrable on the square
of periods, and let
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are its double Fourier and Fourier–Walsh series, respectively.

Denote by 𝑆′
𝑚𝑛(𝑓; 𝑥, 𝑦) and 𝑆″

𝑚𝑛(𝑓; 𝑥, 𝑦) the partial sums of order 𝑚 in 𝑥 and
of order 𝑛 in 𝑦, respectively, of the Fourier and Fourier—Walsh series of the
function 𝑓(𝑥, 𝑦). Using the general scheme of reasoning given in (2), one can
prove the following assertion.

Theorem 1. Let 𝑓(𝑥, 𝑦) be a measurable function, finite almost everywhere
on [0, 1; 0, 1]. For any 𝜀 > 0, one can construct a function 𝑔(𝑥, 𝑦) coinciding
with 𝑓(𝑥, 𝑦) on a set 𝐸, 𝑚𝐸 > 1 − 𝜀, and such that the sequences of partial
sums 𝑆′

𝑚𝑛(𝑔; 𝑥, 𝑦) and 𝑆″
𝑚𝑛(𝑔; 𝑥, 𝑦) of its Fourier and Fourier—Walsh series con-

verge uniformly on [0, 1; 0, 1] to the function 𝑔(𝑥, 𝑦) as 𝑚 and 𝑛 tend to infinity
arbitrarily.

If 𝑆𝑚𝑛(𝑓; 𝑥, 𝑦) is the partial sum of order 𝑚 in 𝑥 and of order 𝑛 in 𝑦 of the
multiple series that is Fourier in 𝑥 and Fourier—Walsh in 𝑦 for the function
𝑓(𝑥, 𝑦), then the following holds.

Theorem 2. Let 𝑓(𝑥, 𝑦) be a measurable function, finite almost everywhere on
[0, 2; 0, 1]. For any 𝜀 > 0, one can construct a function 𝑔(𝑥, 𝑦) coinciding with
𝑓(𝑥, 𝑦) on a set 𝐸, 𝑚𝐸 > 2𝜋 − 𝜀, and such that the sequence of partial sums
of its multiple series, Fourier in 𝑥 and Fourier—Walsh in 𝑦, converges uniformly
on [0, 2𝜋; 0, 1] to the function 𝑔(𝑥, 𝑦) as 𝑚 and 𝑛 tend to infinity arbitrarily.

The propositions given above show that for functions of many variables D. E.
Menshov’s theorem on correction is valid in its strongest version.

In conclusion I express my gratitude to Prof. A. F. Timan and B. D. Kotlyar
for useful advice and discussion of the results.

Dnepropetrovsk Chemical-Technological
Institute
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