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Many authors have considered, in Banach spaces, closed linear operators with
closed range for which at least one of the numbers « (the dimension of the null
space of the operator) or 8 (the codimension of the range of the operator) is
finite. For operators with such properties it has been proved (see (1) and the bib-
liography there) that linear completely continuous perturbations do not destroy
these properties. However, if a and § are both infinite, then one can always in-
dicate a linear completely continuous operator of infinite rank (even arbitrarily
small in norm) whose addition destroys the closedness of the range (?). In this
connection there arises the question of the preservation of the closedness of the
range of a closed linear operator with infinite @ and [ under its perturbation
by linear continuous operators of finite rank. This question has been answered
affirmatively for operators in Hilbert space (3, 4).

In the present note an analogous question is studied for linear topological spaces;
moreover, instead of closed operators, homomorphisms are considered, i.e., lin-
ear operators that map sets open with respect to the domain onto sets open
with respect to the range. We note that in Banach spaces closed operators with
closed range are homomorphisms ((°), Theorem 11), but homomorphisms with
closed range need not be closed operators.

Lemma 1. Let E be a linear topological space (l.t.s.); L its subspace (i.e., a
linear set closed in E); M a linear set in L. Then the image of the subspace
L under the canonical homomorphism ¢ of the space E onto E/M is closed in

Proof. Since E\ L is open in E, o(E \ L) is open in E/M. Since M C L, we
shall have (L) Np(E\ L) = (. Hence we conclude that ¢(L) is closed in E/M,
for (L)U@(E\L)=E/M.

Lemma 2. Let E and F be lt.s.; A a homomorphism of E into F; Z, the
kernel of the homomorphism A. If L is a subspace in E containing Z 4, then
A(L) is closed in A(E).

Proof. Consider the operator ;14, defined on E/Z, by the equality A7 = Az,
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where z is any element of the equivalence class Z. For any set G in E/Z 4 we have
E(G) = A(¢ Y(@)), where ¢ is the canonical homomorphism of E onto E/Z,.
If G is open in E/Z,, then ¢ 1(G) is open in E and, consequently, Z(G) is
open in A(E). Thus Aisa homomorphism Hence, taking into account the one-
to-one character of A, we conclude that A maps every closed set in E/Z Z 4 onto

a closed set in A(E/ZA) A(E). Since A = Ao, we have A(L) = A(gp(L)),
whence, on the basis of Lemma 1, we conclude that A(L) is closed in A(FE).

Theorem 1. Let E and F be l.t.s.; A a homomorphism of E into F'; K a linear
closed operator of finite rank. If A(E) is closed in F, then (A + K)(FE) is also
closed in F.

Proof. First of all, let us note that from the closedness of K follows the
closedness of Z, in E. Put My =2, M, =Z,N(E S Z},),

My = (E® Z,) & M,

(the symbol @ is used to denote algebraic complements, which are regarded
here as fixed in some way; moreover, the complement E @ Z, occurring in the
expressions for M, and M, denotes one and the same set). By the condition
of the theorem, the space E @ Z, is finite-dimensional. Therefore the set L =
M, & M, is closed in E ((6), Ch. I, § 2, no. 3, Corollary 4). Hence, since
Z 4 C L, on the basis of Lemma 2 we conclude that A(L) is closed in A(FE). But
A(E) = A(E), and hence A(L) is closed in F. Further, we have

(A+ K)(E) = (A+ K)(L) + (A+ K)(My) = A(L) + K (M,) + (A + K)(My),

where K (M,) and (A + K)(M;) are finite-dimensional spaces. Consequently,
(A+ K)(FE) is closed in F.

Lemma 3. In an lt.s. E, every projection operator P (i.e., a linear operator
mapping F into itself and satisfying the condition P? = P) is a homomorphism.

Proof. Let G be an open set in E, and let P(E) = L. It is easy to see that

PKUzLﬁ(LﬂG—x+P@).

zeG

Since
(G =2+ Px)
zeG

is open in E, P(G) is open in L.
Let us note that if the projection operator P is continuous, then the openness

of P(G) in P(E) follows from Propositions 4 ((7), Ch. I, § 8, no. 4) and 11 ((6),
Ch. I, § 1, no. 8).
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Corollary. Let A be a homomorphism from an L.t.s. E to an l.t.s. F; let E;
and E, be linear sets in E such that

A(Ey) N A(E;) = {0}
and
A(E)) + A(Ey) = A(E).
If Gisopenin E, G, CE; (i=1,2), and
A(G) = A(Gy) + A(Gy),
then A(G,) is open in A(E;) (i =1,2).

Indeed, the set A(G) is open in A(E) by hypothesis. The set A(G;) (i = 1,2) is
the projection of A(G) onto A(E;). Consequently, by Lemma 3, A(G,) is open
in A(E;).

Lemma 4. Let F and F' be separated 1.t.s. Every linear operator K of finite
rank mapping F into F' is a homomorphism.

Proof. Denote by M some complement to Z, in E (clearly, M is finite-
dimensional). Let G be an open set in E; let G’ be the projection of G onto
M (under the projection generated by the decomposition E = Z, @ M). By
Lemma 3, the set G’ is open in M. Restricting K to M, we obtain an invertible
operator on the finite-dimensional space M with range K(M) = K(E). Since
a linear operator defined on a separated finite-dimensional 1.t.s. is continuous,
the set K(G') (= K(G)) is open in K (M), i.e., K(G) is open in K(F).

Lemma 5. Let E; (1 <14 < n) be disjoint subspaces of an 1.t.s. E;

@iEi =FE;
i=1

let P; (1 <14 < n) be the projection operators of E onto E;, generated by the

decomposition
n
E=e) E,.
i—1

If all P; are continuous, then the sets of the form
n
2 G
i=1

where G; C E, is an arbitrary neighborhood of zero open in E;, are open in E
and form in E a base of neighborhoods of zero.

Proof. Since the operator P, is continuous, the full preimage

PHGy) (: G + Z Ek)

[
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of the set G, is open in E. It is not difficult to verify that

G, = (GﬁZEk) ,
1

i kFi

n

3

-
Il
—
-
Il

whence the openness of

in E follows.

Let U be an arbitrary neighborhood of zero. There exist such (open) neighbor-
hoods of zero U; (1 <14 < n) that

Y U cu.
i=1
Putting

we shall have

and G, is open in E;.

Lemma 6. Let F; (1 <14 < n) be subspaces of a separable l.t.s. F};

F. =F,

N

n
i=1

H,; are open sets in Fj. If the subspaces F,, ..., F,, are finite-dimensional, then
the sum

n

2 H,
i=1

is open in F.

Proof. We first consider the case when F; N F; = {0} for i # j. By virtue of the
separability of F' and the finite-dimensionality of F; (2 < i < n), the projection
operators corresponding to the decomposition
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are continuous ((®, Ch. I, § 2, no. 3, Proposition 3, and Ch. 1, § 1, no. 8,
Proposition 12). Therefore Lemma 5 is applicable, according to which the sum

>

i=1
is open in F.

Let us consider the case when F; N F; # {0} for some i,j (i # j). Without loss
of generality in the proof, we may take n = 2. In F;, take a complement F to
FyNF, (sothat F = F,®F, F C F,). Let P and Q be the projection operators
of the space F onto F; and F generated by the decomposition F' = F} ®F. Take
x € Hy, y € Hy. It is required to show that H; + H2 contains a nelghborhood
U (in F) of the point z 4+ y. Put H = (H2 Py)N F. The set H is open in F
and contains the point Qy. Since F; N F= {0}, from the first part of the proof
we conclude that H; + His open in F'. The set U = H, + H+ Py is also open
in F', is contained in H, + H,, and contains = + y.

Theorem 2. Let E and F be separable L.t.s.; A a mapping of F into F' with
closed range; K a linear continuous operator from E into F' of finite rank. If A

is a homomorphism of E into F', then A + K is also a homomorphism of E into
F.

Proof. Take some open set G in E. It is required to prove that (A4 + K)(G) is
open in (A + K)(E). In the notation of Theorem 1 we have

By Lemma 5, the set G can be represented in the form

G=JaG,,

zeG

where GG, is an open neighborhood of the point z, equal to the sum of its
projections onto the subspaces M. Since

(A+K)(G) = | J(A+K)(G,),
zeG

to prove the theorem it is enough to establish the openness in (A + K)(E) of
the sets (A + K)(G,), x € G. Without loss of generality, we may assume that
the set G itself is equal to the sum of its projections onto M;:
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3

G=> G,

=1

Since

(A+ K)(E) = A(M;) + K(My) + (A + K)(My),

(A+ K)(G) = A(Gy) + K(G,) + (A + K)(Gy),

the required result follows from Lemma 6 if we put F} = A(M,), F, = K(M,),
F,=(A+ K)(M,), H = A(G,), H, = K(G,), H; = (A+ K)(G3). It remains
only to show that F; are closed in F' and H; are open in F; (i = 1,2,3). For
i = 2, 3 this follows from Lemma 4, taking into account the finite-dimensionality
of M, and M. Consider i = 1. Since A(E) = A(M,)+A(M;), A(M,)NA(M;) =
{0}, and A(G) = A(G,) + A(G5), it follows from Lemma 3 that A(G;) is open
in A(M,) (i.e. H, is open in Fy). As for the closedness of A(M;) in F, it was
established in the proof of Theorem 1 (there it was shown that A(L) is closed
in F', where A(L) = A(M; & M,) = A(M,)).

We note that the closedness of the operator K in Theorem 1 and its continuity
in Theorem 2 were needed only in order to conclude that Z;, is closed in E. In
Theorem 2, since F' is separable and the operator K is defined on all of E, the
conditions of continuity and closedness of K are equivalent.

In conclusion we shall show that the requirements that the operator A be ho-
momorphic and that its range be closed are both essential for each of Theorems
1 and 2. To this end consider the following example. Let E be a Banach
space, and let L be a linear nonclosed set in E having a one-dimensional com-
plement L, in E (L may be regarded as the kernel of a linear unbounded func-
tional on E). Denote by P the projection operator of E onto L, generated
by the decomposition £ = L @ L,. By Lemma 3 the operator P is a homo-
morphism. Take x; € Ly, construct a bounded linear functional f such that
f(zy) = 1, and put Kz = f(z)x,, x € E, A = P+ K. We shall show that
A(F) = E, i.e. that the equation Px + f(x)x; = y is solvable for every y € E.
Let y = y; + ax,, where y; = Py, and « is the number uniquely determined
by the element y. The equation Px = y; has solutions of the form y; + B4,
where § is an arbitrary number. It is required to choose 8 so that the equality
P(y, + Bzq) + f(y; + Bry)zy = y; + ax, be satisfied, i.e. [f(y;) + Blx; = ax;.
Hence 8 = a— f(y;). Thus it has been shown that A has a closed range. By The-
orem 2, A cannot be a homomorphism (for otherwise the operator P = A — K
would have a closed range). Thus, the operators A and P each satisfy only one
of the two conditions considered in Theorems 1 and 2, although these operators
differ from one another only by the continuous finite-rank operator K.
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