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The problem of interpolation, extrapolation, and smoothing of random se-
quences and random functions, important for various applications, was posed
and solved in the works of A. N. Kolmogorov and others (1*). The problem
has been comprehensively studied for the case when the quality index of the
process is the variance of the interpolation (extrapolation, smoothing) errors.
The present note is devoted to an analysis of the conditions for the existence
of a solution of the smoothing and extrapolation problem for more complicated
quality indices of these processes.

1. Consider, on a probability space (Q2, F', P), a random function £(¢) with first
moment §(¢) and correlation function k(t;,t5) = k¢ (t1,t5). Associate with
k(ty,ty) the set of functions P(7) on [0,T] for which

T T
[ ]kt =miito = m)2()7(m) dry iy < o, 0
0 0

where t, and T' > 0 are fixed numbers.

If £(t) is a purely random process ( “white noise” ), then k(t;,t5) = 6(t; — ty),
and the set of functions P(7) is the space L, of square-integrable functions
on the interval [0,T]. If k(¢;,t,) is a continuous symmetric positive definite
function, then the corresponding eigenvalues \; > 0 and eigenfunctions f;(¢)
generate the set of functions P(7) = Zzl ¢; f;(1), where the ¢; satisfy the con-
dition Ezl \;¢? < oo. This set of functions coincides with the set of functions
satisfying condition (1), and is a Hilbert space with scalar product

T T
(5E<1>7 x<2)) = / / k(ty — T1,tg — Tz>x(1>(71>x(2>(72> dry dry.
0o Yo
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We shall call this space the space H®)(t,, T).

Consider, on the probability space (2, F', P), the Hilbert space H of random vari-
ables ¢ with bounded mathematical expectation and bounded variance (M¢ <
00, M(? < o0), with scalar product (¢™M,¢?) = M(¢M¢®). Denote by
L(t;,T;), i = 1,2,...,m (¢t; and T, > 0 are fixed numbers), the subset of el-
ements of H generated by the random function &) for t, — T, <t <t,. A
random variable ¢ € L(t,,T;) if

(= / et — )Pt 7) dr. 2)

If P(t;,7) € H®(t,,T,), then L(t,, T}) is a subspace of the space H. For any ran-

dom variable ¢ € L(t;,T,) there exists a unique function P(t;,7) € H®(t,,T,)
for which formula (2) is valid.

This assertion is easily extended to the multidimensional case. In this case, in-
stead of a random function £(t), one considers a random vector function () =
{€4(t)}, a = 1,2,...,n, characterized by the correlation matrix |[kea ¢s(tq,t)]-
Instead of the Hilbert space H of random variables ¢, one considers the Hilbert
space H™ of random vectors ( = {¢®}. The space H™ is the direct prod-
uct of the spaces H of random variables (¢, the components of the vector (.
Instead of weight functions P(7), one considers matrices of weight functions
| o5(7)|l. With the random vector function £(¢) there is associated the Hilbert

space H5)(t,,T) of functions P 5(T) with scalar product

n

n n T ST
1 2
= Z / / kgu,gv@o — Ty, tg — 72)55(041(7'1)33&12(72) dry dTy,
et 0

=1p=1v=1"0

and formula (2) is replaced by a relation of the form

Z 55 t; —T)Pop(t;, 7)dr, a=1,2,...,n. (3)

Let us denote by H, the Hilbert space of random variables with zero mathe-
matical expectation and bounded variance. In H|, the scalar product of the

variables fél) and &(32) is equal to their correlation moment, and the norm |&|
coincides with the root-mean-square value of the random variable £,. In anal-
ogous fashion one introduces and interprets the Hilbert space H{' of random
n-dimensional vectors with zero mathematical expectation and bounded vari-
ance. We single out in H' the subspace L{(t;,T;), whose elements &, = {£§'}
are random vectors determined by the random vector function &,(t) = {£§(¢)}

(MEg () = 0; M[&F(1)]* < o0),
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n T;
&= [ iti—n7optimn
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where P ,5(t;,7) € HE)(t,,T;).

The set L"(t;,T;) of random vectors ¢ = &, + &, where & € L§(t;,T;), is a
subspace of the Hilbert space H" of random vectors £.

We also introduce the Hilbert space H]* of elements h = {&),7,...,7,}. Here
& =180} a=1,2,...,n, is a random vector with zero mathematical expecta-
tion and bounded variance (§, € Hy'); v; = {7§'}, a=1,2,...,n, for j=1,...,7,
is a nonrandom vector whose components are real numbers (vy; € E"). The
scalar product in H]' is defined by the relation

- () )

(A, ) = Mg el + 3 (Y, A = M(eVel?) + o

n
j=1 Jj=1 a=1

The space H' is the Cartesian product of Hj and r Euclidean spaces E™.

p- 2. Consider a family of random vector functions with components of the form

n) =ng(t) + Y 2090,  a=1,2,..,n, (4)
J=1

where 7§ (t) are given random functions with zero mathematical expectations
and bounded variances, ©5 (t), j=1,...,7, are fixed nonrandom functions, and
z§ are arbitrary parameters.

The components of the vector functions 7(t) must, at the point ¢, +1, (2, is the
lead time), be approximated by linear combinations of the components £(t)
(to —T <t <tg) of the form

() = €5t + ) _20v(t),  a=12...n
j=1

Here £§(t) are fixed random functions with zero mathematical expectations and
bounded variances, 9§ (t), j = 1,2, ..., 7, are nonrandom functions specified for
each a and linearly independent on [t, — T,%,], and zj are arbitrary param-
eters, the same as in (4). The cross-correlation functions kgo ¢5(t1,,) of the

components £%(t) and £°(t) are assumed to be given.

Let us consider subspaces L' (t;,T;), ¢ = 1,2,...,m, of the space H". The
subspaces L (t;, T;) are generated by the random vector function £(¢) = {£“(¢)}
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fort, — T, <t <t,. An element h = {{,,7;,...,7,} of the space H belongs to
Ly (t;, T;) if

n T,

C(()l :Z/ §€(tz_7-)?aﬁ(tza7-)dt7 0(2172’,._’”7
g=1+/0
n T
V5 = Z/ VIt —T)Poglts, ) dr,  a=1,2,.n; j=1,2,.,r
B=1+0

where P, 4(t;,7) € HF (¢, T)), o, 8=1,2,...,n.

In the subspace LI'(t,,T) let us single out the set G of elements of the form
he = {C§, ¢ (tg + 1), -, ¢ (tg +t,) }. The random variables (§ belong to the
subspace Lj(ty,T) of the Hilbert space H{'. The first moments of the random
variables determined by the elements h® € G coincide with the first moments
of the components 7%(t) at the point ¢, + ¢, for any values of the parameters
(07

Zj'

3. The concepts introduced in paragraphs 1 and 2 make it possible to gen-

eralize and study problems of smoothing and extrapolation of random
functions.

The extrapolation errors
x¥(ty) = n*(ty +1t,) — £ (tg) = n™ —£°, a=1,2..,n

The first and second moments of the distribution of the forecast errors are
respectively m® = M (n® — £%); k%8 = M{(z® — m®)(z® —mP)}.

We shall consider two kinds of quality criteria for solving smoothing and extrap-
olation problems: R(k*?) and R(m®, k*?), depending on whether it is required
to ensure elimination of the first moments of the forecast errors. The quality
criterion for the solution of the generalized problem I of smoothing and extrap-
olation is

R(k*%) = R(h®) = R((%) = R(P ). (5)

We shall give three formulations of problem I in terms of the Hilbert spaces H",
H™, and HF),

Problem I. 1°. Tt is required to choose a system of elements h* € G, a =
1,2,...,n, on which the forecast quality criterion R(k*?) = R(h®) of the random
vector function 7(t) = {n“(¢)} at the point ¢, + ¢, attains its upper bound.

2°. It is required to choose a random vector {r = {{%} € L™(ty,T) on which
the forecast quality criterion R(k*?) = R(¢®) of the random vector function
n(t) = {n®(t)} at the point ¢, +1, attains its upper bound under the conditions
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M{n*(ty +1t,) —&*t =0 forany 28, a=12..,n; j=12,..,r (6

3°. It is required to choose a system of weight functions {f}’fﬁ(tom)} €
H)(t,,T) on which the forecast-quality index R(k*%) = R(?aﬁ) of the
random vector-function n(t) = {n(¢)} attains its supremum at the point ¢, +¢,
under the conditions

n

T
Gty 1) = > [ 6ty - Pt dr, @=L =T,
B=1"0
(7)

By virtue of the assumed linear independence of the functions ¢?‘(t), j =
1,2,...,7r, 0n [ty — T,t,] for each a = 1,2, ..., n, there exist points t,...,t% C
[to — T, ty) such that |¢F(t)| # 0. Therefore the sets G* are nonempty. For
the same reason, the systems (6) and (7) have solutions.

We restrict the choice of quality criteria R(k®?) for the solution of problem I by
the following conditions:

(a) R(k*P) is a continuous function of its arguments.

(b) Let the sequences {£9}, a =1,2,...,n, be such that

n
ZM|§§|2—>OO as s — 00.

a=1
Then, for all sufficiently large s,

R,=R(k")< sup R(E).
geL(ty,T)

Theorem 1. Problem I, under conditions (a) and (b), has a solution.

p. 4. In many problems of smoothing and extrapolation of random functions
there is no need to reduce to zero the first moments of the forecast errors. In
such problems the quality index of the solution is a function of the first and
second moments of the extrapolation errors

R(m®*, k*7) = R(h*) = R(£*) = R(Pyp). (®)

We subject the quality index R(m®, k*?) to conditions analogous to conditions
(a) and (b) of the preceding paragraph. Consider the subspace L = L™ (t,,T) of
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the Hilbert space H™ of random vectors £ = {£“} and formulate the following
smoothing and extrapolation problem.

Problem II. It is required to choose a system of random variables £€* € L, o =
1,2,...,n (or, equivalently, a system of weight functions P ,4(7) € HE)(t,,T),
a,8=1,2,...,n), on which the quality index (8) attains its supremum.

Theorem 2. Under conditions naturally adapting requirements (a) and (b) of
p. 8 to the quality index (8), problem II has a solution.

The concepts introduced in pp. 1 and 2 are used to prove Theorems 1 and
2 and to construct effective schemes for smoothing and extrapolating random
functions in accordance with the quality indices (5) and (8).

A qualitative investigation of the solution of optimization problems of smooth-
ing and forecasting in the case of a number of subspaces L"(t;,T;) (or L™(t;,T}))
reduces to the analysis of the mutual arrangement of these subspaces. In par-
ticular, the assertions of the present article carry over directly to the case of
orthogonal subspaces L (t,;,T;) (or L™(t;,T;)), i.e., to the case when the extrap-
olation errors determined by the behavior of the random vector-functions n(t)
and £(t) on different intervals (¢, — T},t;), i = 1,...,m, can be correlated only

through factors not connected with the choice of the weight functions 7, 5(t;, 7).
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