
AI translation ・View original & related papers at
russiarxiv.org/items/ru-196701.87226

Regularization of certain pursuit problem
Authors: V. E. Tret’yakov

Date: 1967-01-01T00:00:00+00:00

Abstract
The problem of the minimax time 𝑇 until encounter with respect to a subset of
selected coordinates is considered for two linear controllable objects described
by identical equations:

̇𝑦 = 𝐴𝑦 + 𝐵𝑢 ̇𝑧 = 𝐴𝑧 + 𝐵𝑣,
𝑦𝑖𝑘

(𝜏 + 𝑇 0) = 𝑧𝑖𝑘
(𝜏 + 𝑇 0), 𝑇 0 = min

𝑢
max
𝑣𝑇 𝑢,𝑣

(1)

(𝑖 = 1, … , 𝑛; 𝑘 = 1, … , 𝑚 ≤ 𝑛).

It is assumed that the control actions are constrained by integral conditions of
the form:

∫
∞

𝜏
‖𝑢(𝑡)‖2 𝑑𝑡 ≤ 𝜇2(𝜏), ∫

∞

𝜏
‖𝑣(𝑡)‖2 𝑑𝑡 ≤ 𝜈2(𝜏). (2)

The problem (1) under consideration has no solution under conditions (2). The
possibility of regularizing this problem is proven. In an effective form, by means
of a slight increase in the pursuer’s resource 𝜇(𝜏), an optimal ℛ-strategy is
constructed, which ensures a result arbitrarily close to inf𝑢 sup𝑣 𝑇 .

Full Text
Preamble
This work continues the investigation of differential games and control prob-
lems under uncertainty, building upon the foundations established in [1–6]. We
consider the motion of two controlled objects, 𝑦(𝑡) and 𝑧(𝑡), whose dynamics
are governed by the following systems of differential equations:

̇𝑦 = 𝐴𝑦 + 𝐵𝑢 (1.1)
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̇𝑧 = 𝐶𝑧 + 𝐷𝑣 (1.2)
where 𝑦 and 𝑧 are 𝑛-dimensional state vectors, and 𝑢 = {𝑢𝑗} and 𝑣 = {𝑣𝑗}
are control vectors for the pursuer and the evader, respectively. The control
constraints are defined by the integral norms (see [3], p. 209):

∫
𝜗

𝜏
‖𝑢(𝑡)‖2𝑑𝑡 ≤ 𝜇2(𝜏), ∫

𝜗

𝜏
‖𝑣(𝑡)‖2𝑑𝑡 ≤ 𝜈2(𝜏) (1.3)

where 𝜇(𝜏) and 𝜈(𝜏) represent the available resource capacities at time 𝜏 . The
objective of the pursuer 𝑦 is to achieve a state 𝑦(𝜗) = 𝑧(𝜗) at some terminal
time 𝜗, while the evader 𝑧 attempts to prevent this encounter or maximize the
distance at the terminal time.

Let the current state at time 𝜏 be given by 𝑦(𝜏) and 𝑧(𝜏). We define the miss
distance at the terminal time 𝜗 as 𝑥(𝜗) = 𝑦(𝜗) − 𝑧(𝜗). The optimal strategies
𝑢[𝑡] and 𝑣[𝑡] are sought in the class of feedback controls:

𝑢[𝑡] = 𝑢[𝑦(𝑡), 𝑧(𝑡), 𝜇(𝑡), 𝜈(𝑡)], 𝑣[𝑡] = 𝑣[𝑦(𝑡), 𝑧(𝑡), 𝜇(𝑡), 𝜈(𝑡)] (1.4)
The game is considered over the interval [𝜏 , 𝜗]. Following the methods in [5],
we assume the existence of a value function 𝐺(𝑦, 𝑧, 𝜇, 𝜈, 𝜗) that satisfies the
corresponding Hamilton-Jacobi-Isaacs equations.

1. Optimal Pursuit Strategies

For the linear systems (1.1) and (1.2), the predicted terminal states at time 𝜗
can be expressed using the fundamental transition matrices 𝑋(𝑡) and 𝑍(𝑡). Let
𝑠 = rank 𝐾 > 𝑚, where 𝐾 is the controllability matrix. The pursuer’s strategy
is determined by the resource constraint (1.3) and the requirement to minimize
the norm of the terminal difference ‖𝑥(𝜗)‖. We define the auxiliary function:

𝐻(𝑚, 𝜗 − 𝑡) = 𝑋(𝜗 − 𝑡)𝐵 (1.8)
The optimal control 𝑢0(𝑡) that minimizes the energy functional while reaching
the target is given by:

𝑢0(𝑡) = 𝐻𝑇 (𝜗 − 𝑡)𝐷−1(𝜏, 𝜗)𝑥(𝜏) (1.9)
where 𝐷(𝜏, 𝜗) is the Gramian matrix:

𝐷(𝜏, 𝜗) = ∫
𝜗

𝜏
𝐻(𝑚, 𝜗 − 𝑡)𝐻𝑇 (𝑚, 𝜗 − 𝑡)𝑑𝑡 (1.10)

The condition for successful capture at time 𝜗0 is defined by the equality of the
effective resources:

𝜇2(𝜏) − 𝜈2(𝜏) = 𝑥𝑇 (𝜏)𝐷−1(𝜏, 𝜗0)𝑥(𝜏) (1.17)
where 𝑥(𝜏) = 𝑦(𝜏) − 𝑧(𝜏) represents the current discrepancy in the predicted
terminal positions. If such a 𝜗0 exists, the pursuer can guarantee capture re-
gardless of the evader’s actions, provided the evader’s total resource does not
exceed 𝜈(𝜏).
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2. Numerical Example and Simulation

Consider a specific case where the dynamics are defined by second-order inte-
grators:

̇𝑦1 = 𝑦3, ̇𝑦3 = 𝑢1; ̇𝑦2 = 𝑦4, ̇𝑦4 = 𝑢2 (2.1)
̇𝑧1 = 𝑧3, ̇𝑧3 = 𝑣1; ̇𝑧2 = 𝑧4, ̇𝑧4 = 𝑣2 (2.2)

The initial conditions at 𝑡 = 0 are set as 𝑧𝑖(0) = 0, 𝑦1(0) = 𝑦10, and 𝑦3(0) = 𝑦30.
The evader’s strategy 𝑣(𝑡) is assumed to be zero for 𝑡 > 𝑡∗. Under these
conditions, the optimal pursuit time 𝑇 0 is found by solving the transcendental
equation (2.4):

𝜉2𝑇 3 − 3(𝑥1 + 𝑥3𝑇 )2 − 3(𝑥2 + 𝑥4𝑇 )2 = 0 (2.4)

where 𝜉2 = 𝜇2 − 𝜈2. Numerical results for a specific set of parameters (2.11)
show that the pursuer successfully reduces the distance to zero at 𝑇 0 = 0.5.
The behavior of the value function and the switching surfaces are illustrated in
[FIGURE: 1].

3. Stability and Approximation

In practical applications, the exact values of the resources 𝜇 and 𝜈 may be
known only with some error 𝜖(𝜏). We introduce a modified strategy 𝑢𝜖[𝑡] that
accounts for these perturbations. Let 𝛿 = 𝜇 − 𝜈 − 𝜖. We define the regularized
control law:

𝑢𝜖[𝑡] = 𝑅[𝜖, 𝜉]𝑢0[𝑡] (4.11)
where 𝑅[𝜖, 𝜉] is a smoothing operator that prevents singularities as the resources
are depleted. As shown in (4.19), when 𝜖 → 0, the regularized strategy converges
to the optimal strategy 𝑢0. The stability of this approach is verified by construct-
ing a Lyapunov-like function 𝑉 (𝜖, 𝜉) and demonstrating that 𝑑𝑉 /𝑑𝑡 < 0 along
the trajectories of the system.

4. Conclusion

The proposed feedback control laws (1.19) and (1.21) provide an effective mech-
anism for pursuit in linear differential games with integral constraints. The
inclusion of a regularization parameter 𝜖 ensures the robustness of the control
system against measurement noise and estimation errors in the resource levels.
Further research will focus on extending these results to systems with non-linear
dynamics and state constraints.
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Figure 1: Figure 1
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Figure 2: Figure 2
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Figure 3: Figure 3
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Figure 4: Figure 4
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Figure 5: Figure 5
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Figure 6: Figure 6
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Figure 7: Figure 7
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Figure 9: Figure 9
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Figure 10: Figure 10
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Figure 11: Figure 11
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Figure 12: Figure 12
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Figure 13: Figure 13
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Figure 14: Figure 14
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