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Abstract
Full Text
UDC 51.330.115

CYBERNETICS AND CONTROL THEORY
L. Ya. LEIFMAN

ON A PROBLEM OF RESOURCE ALLOCA-
TION IN NETWORK PLANNING
(Presented by Academician V. M. Glushkov on 5 IX 1966)

1. Let a network graph (project) 𝐺(𝐸; 𝑊) be given, where 𝐸 is the set of events
(vertices), and 𝑊 is the set of activities (arcs). Connectedness of the network
graph and uniqueness of the input or output are not assumed. Each activity
is specified by its initial event 𝑥 and terminal event 𝑦 and is denoted by (𝑥, 𝑦).
Discrete time is considered on the interval (0, 𝑀], where 0 is the moment of the
start of the project, and 𝑀 is a prescribed number, called the calendar length.

Denote by 𝐸𝑓 the set of all events that are outputs of the graph 𝐺(𝐸; 𝑊);
we shall call them the target events of the network graph. For each 𝑒 ∈ 𝐸𝑓

an integer 𝑡dir
𝑒 > 0 is prescribed—the directive date for the occurrence of this

event (max{𝑡dir
𝑒 ∶ 𝑒 ∈ 𝐸𝑓} ≡ 𝑇 dir < 𝑀). Thus the general scheme includes

single-theme, multi-theme, and multi-target projects.

All resources 𝑃𝑗 used in the project are numbered by ordinal numbers 𝑗 ∶ 1 ⩽
𝑗 ⩽ 𝑛. For uniformity, concerning activities that require no resources, we shall
say that resource 𝑃0 is used on them with intensity 𝑓0(𝑥, 𝑦) = 0. For each
resource 𝑃𝑗 (1 ⩽ 𝑗 ⩽ 𝑛) and each unit of time 𝑚 ∈ (0, 𝑀], a number ℎ𝑚

𝑗 ⩾ 0 is
given—the available amount of the indicated resource in this unit of time.

For each activity (𝑥, 𝑦) ∈ 𝑊 the following information is specified: 𝐽(𝑥, 𝑦) ≠ ∅
—the set of indices 𝑗 of resources used (consumed) on this activity; moreover,
if 0 ∈ 𝐽(𝑥, 𝑦), then {1, 2, … , 𝑛} ∩ 𝐽(𝑥, 𝑦) = ∅; 𝑓𝑗(𝑥, 𝑦) ⩾ 0—the intensity of
use (consumption) of the 𝑗-th resource (i.e., the amount of the resource used
or consumed per unit time) for each 𝑗 ∈ 𝐽(𝑥, 𝑦), with 𝑓𝑗(𝑥, 𝑦) = 0 only for
𝑗 = 0; 𝜏(𝑥, 𝑦) ⩾ 0—the duration of performing the activity (in integer units),
with 𝜏(𝑥, 𝑦) > 0 if 0 ∉ 𝐽(𝑥, 𝑦).
The starting moment of activity (𝑥, 𝑦) will be denoted by 𝛼(𝑥, 𝑦). The notation
𝑥 ≺≺ 𝑦 means the existence of an activity (𝑥, 𝑦) ∈ 𝑊 , while 𝑧 ≻≻ 𝑦 means the
existence of an activity (𝑦, 𝑧) ∈ 𝑊 .

The following assumptions are postulated:

1∘. Each activity (𝑥, 𝑦) ∈ 𝑊 is performed on the time interval (𝛼(𝑥, 𝑦), 𝛼(𝑥, 𝑦)+
𝜏(𝑥, 𝑦)] of length 𝜏(𝑥, 𝑦) without interruptions.
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2∘. No two resources 𝑃𝑗 and 𝑃𝑗′ , with 𝑗 ≠ 𝑗′, are interchangeable.

3∘. The resources 𝑃𝑗 are nonstorable, i.e., the amount of a resource that was
available but remained unused in some unit of time cannot be used in any other
unit of time.

It is required to find, for each activity (𝑥, 𝑦) ∈ 𝑊 , such integer values 𝛼(𝑥, 𝑦)
that the network constraints* be satisfied:

𝛼(𝑥, 𝑦) ⩾ max
𝑧≺≺𝑥

{𝛼(𝑧, 𝑥) + 𝜏(𝑧, 𝑥)} for all (𝑥, 𝑦) ∈ 𝑊; (1)

* We adopt the convention that max{𝑓(𝑥) ∶ 𝑥 ∈ ∅} = 0.
constraints imposed by the length of the calendar:

max
(𝑥,𝑦)∈𝑊

{𝛼(𝑥, 𝑦) + 𝜏(𝑥, 𝑦)} ≡ max
𝑒∈𝐸𝑓

{max
𝑥≺𝑒

{𝛼(𝑥, 𝑒) + 𝜏(𝑥, 𝑒)}} ≤ 𝑀, (2)

and the resource constraints:

∑
(𝑥,𝑦)∈𝑊(𝑗)

𝑓𝑚
𝑗 (𝛼(𝑥, 𝑦)) ≤ ℎ𝑚

𝑗 (1 ≤ 𝑗 ≤ 𝑛; 0 < 𝑚 ≤ 𝑀), (3)

where 𝑊(𝑗) is the set of all activities using resource 𝑃𝑗: 𝑊(𝑗) = {(𝑥, 𝑦) ∶ (𝑥, 𝑦) ∈
𝑊, 𝑗 ∈ 𝐽(𝑥, 𝑦)}, and 𝑓𝑚

𝑗 (𝛼(𝑥, 𝑦)) is the intensity of use of resource 𝑃𝑗 in the 𝑚-
th unit of time for performing activity (𝑥, 𝑦), provided that its execution begins
at time 𝛼(𝑥, 𝑦):

𝑓𝑚
𝑗 (𝛼(𝑥, 𝑦)) = {𝑓𝑗(𝑥, 𝑦), if 𝑚 ∈ (𝛼(𝑥, 𝑦), 𝛼(𝑥, 𝑦) + 𝜏(𝑥, 𝑦)],

0, if 𝑚 ∈ (0, 𝑀] ∖ (𝛼(𝑥, 𝑦), 𝛼(𝑥, 𝑦) + 𝜏(𝑥, 𝑦)]. (4)

At the same time, the functional

𝐹(𝐴) = max
𝑒∈𝐸𝑓

{max
𝑥≺𝑒

{𝛼(𝑥, 𝑒) + 𝜏(𝑥, 𝑒)} − 𝑡dir
𝑒 } , (5)

must attain its minimum, where 𝐴 = {𝛼(𝑥, 𝑦)} is the vector of values 𝛼(𝑥, 𝑦),
with the number of components equal to 𝑤, the number of activities in 𝑊 (we
shall call this vector the schedule).

The formulated problem may be regarded as a mathematical programming prob-
lem in the 𝑤-dimensional space of schedules with 𝑤+𝑛𝑀 +1 inequality-type con-
straints. In this problem the functional (5) is convex piecewise-linear, and con-
straints (1)—(2) define a convex piecewise-linear region. However, constraints
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(3), owing to the nonconvexity of the functions (4), define a nonconvex region
(also piecewise-linear). Thus we have obtained an integer problem of nonconvex
piecewise-linear programming. To give an idea of the size of the problem, let us
indicate the order of magnitude of the quantities occurring in real problems:

𝑤 ≈ 104, 𝑛 ≈ 102, 𝑀 ≈ 102. (6)

This gives a problem with 2 ⋅ 104 constraints in a 104-dimensional space.

2. Passing from the space of schedules to another space by introducing, in-
stead of 𝛼(𝑥, 𝑦), new variables:

𝜉𝑚(𝑥, 𝑦) = {1, if 𝛼(𝑥, 𝑦) = 𝑚 − 1,
0, otherwise∗,

one can formulate the problem under consideration as an integer problem of
convex piecewise-linear programming in a 𝑤𝑀 -dimensional space with 2𝑤 +
𝑛𝑀 + 𝑤𝑀 + 1 constraints. For the numerical values of the problem parameters
(6), this would be a problem in a 106-dimensional space with 106 + 3 ⋅ 104

constraints—the passage from the nonconvex problem to a convex one is achieved
at the price of a considerable increase in the problem’s dimensionality. This
dimensionality increases even more substantially if one passes in the usual way
from the convex problem of piecewise-linear programming to an integer linear-
programming problem.

3. Since, for the exact solution of problems of this kind, at present it is im-
possible to indicate methods amenable to numerical implementation even
on the most powerful computers, it is necessary to seek approximate meth-
ods for their solution. However, universal approximate methods with error
estimates for problems of this class also cannot yet be constructed. There-
fore, using the specificity of the problems and their structural features,
one has to construct approximate solution methods,

* The idea of introducing these variables belongs to L. T. Petrova.

which have come to be called heuristic. The main fundamental differences of
each such method from the approximate methods usual in computational math-
ematics consist in the fact that for it: 1) the domain of its applicability is not
defined (even in the sense of sufficiency); 2) there is no estimate of the error
or, if the process is infinite, no proof of convergence. These two “nots,”while
depriving heuristic methods of rigor, nevertheless do not prevent them in many
cases from giving good results.

The structural features of the problem under consideration which should be used
in constructing solution methods are the following two properties:
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a) The system of inequalities (1) is recurrent in the sense that, if the inequal-
ities (1) are written in such an order that the jobs in the left-hand sides
of the inequalities form a topologically ordered list (in this case we shall
call the system (1) topologically ordered), then the right-hand side of each
inequality will depend only on the left-hand sides of preceding inequali-
ties and will not depend on any of the left-hand sides of the subsequent
inequalities of this system.

b) The inequalities (3) are separable—the right-hand side is constant, and
each term of the left-hand side depends only on one job (𝑥, 𝑦), on which
the other terms of this inequality do not depend. Therefore, when the
values 𝛼(𝑥, 𝑦) are fixed for one or several jobs, the system (3) is reduced
to a smaller number of dimensions by simple subtraction of the numbers
𝑓𝑚

𝑗 (𝛼(𝑥, 𝑦)) from both sides of the corresponding inequalities.

These two properties make it possible to reduce substantially the enumeration
of variants through the successive selection and fixing of the values 𝛼(𝑥, 𝑦) in the
topologically ordered system of inequalities (1) and the corresponding reduction
of the system (3). The schedule 𝐴 found by construction will satisfy the sys-
tems (1) and (3), and substitution into inequality (2) checks the admissibility of
schedule 𝐴. If it is admissible, then we accept it as an approximate solution of
the problem. In order to control the fulfillment of inequality (2) in the process
of choosing the values 𝛼(𝑥, 𝑦), one may replace (2) by the equivalent system of
𝑤 inequalities

𝛼(𝑥, 𝑦) ≤ 𝑀 − 𝜌2(𝑦) − 𝜏(𝑥, 𝑦), (7)

where

𝜌2(𝑦) = max
𝑧>𝑦

{𝜌2(𝑧) + 𝜏(𝑦, 𝑧)}.

It is easy to see that the right-hand sides of all inequalities (7) are constant
numbers.

Within the framework of the indicated general scheme, various concrete methods
can be constructed for solving the posed problem. These methods will differ
from one another in: 1) the ways of topologically ordering the list of jobs; 2) the
ways of dividing the ordered list into groups of jobs for which the values 𝛼(𝑥, 𝑦)
will be chosen simultaneously; 3) the ways of constructing the schedule for the
next group of jobs. One of such methods is described by the author in (1).
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Note: Figure translations are in progress. See original paper for figures.
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